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FOREWORD 

Mathematics 8 MYP 3 third edition has been designed and written for the International 
Baccalaureate Middle Years Programme (IB MYP) Mathematics framework, providing complete 
coverage of the content and expectations outlined. 

Discussions, Activities, Investigations, and Research exercises are used throughout the chapters to 
develop conceptual understanding. Material is presented in a clear, easy-to-follow style to aid 
comprehension and retention, especially for English Language Learners. Each chapter ends with 
extensive review sets and an online multiple choice quiz. 

The associated digital Snowflake subscription supports the textbook content with interactive and 
engaging resources for students and educators. 

The Global Context projects highlight the use of mathematics in understanding history, culture, 
science, society, and the environment. We have aimed to provide a diverse range of topics and styles 
to create interest for all students and illustrate the real-world application of mathematics. 

We have developed this book in consultation with experienced teachers of IB Mathematics 
internationally but independent of the International Baccalaureate Organisation (IBO). It is not 
endorsed by the IBO. 

We have endeavoured to publish a stimulating and thorough textbook and digital resource to develop 
and encourage student understanding and nurture an appreciation of mathematics. 

Many thanks to Rob Colaiacovo and our other contributors for their recommendations and advice. 

We welcome your feedback. Email: info@haesemathematics.com 

Web:  www.haesemathematics.com



ONLINE FEATURES 

Each textbook comes with a 12 month subscription to the online edition and its range of interactive 

features. This can be accessed through the SNOWFLAKE online learning platform via a web 

browser or our offline viewer. 

To activate your electronic textbook, please contact Haese Mathematics by emailing 

info@haesemathematics.com with your proof of purchase such as a copy of your receipt. 

For general queries regarding SNQWIFLAKE and online subscriptions: 

e  Visit our help page: snowflake haesemathematics.com.au/help 

e Contact Haese Mathematics: info@haesemathematics.com 

SELF TUTOR 

Self Tutor is an engaging feature that supports students learning independently and in classrooms. 

Click on any example box to access a step-by-step animation with teacher voice support providing 

explanation and understanding. 

m o) Self Tutor 

Find the total surface area of this triangular prism. 
~—_ 13cm 

5cm 

We first draw a net of the solid. 13cm 

T A1 13cm 

A; =3 x 12 x 5 =30 cm® 
, = : 

Ay =7 x5 =35 cm? 
Tem¥ Ap % Ay % o 

Az =12 x 7 =84 cm? 
B ]2§m 

| 

Ay =13 x7=091 cm? 
5cm+ A1 

Surface area = 2 X Ay + As + Az + Ay 

=2x30cm? + 35cm? + 84 cm? + 91 cm? 

= 270 cm? 

See Chapter 12, Measurement: Surface area, volume, and capacity, p. 243 



INTERACTIVE LINKS 

The SNOWFLAKE icons direct you to interactive tools to enhance learning and teaching. 

These features include: 

e demonstrations to illustrate and animate concepts 

e multiple choice quizzes to test understanding 
e games to practise and build skills 

e tools for graphing and statistics 

e printable pages for use in class. 

Circumference of a cain g, 

Naw roll the 20 2 the ruler and see when th ruker sgsin, - — 

DEMO 

T I R A 

Expréasion hvadwa Q 

Here are some examples ; : 
from SNOWFLAKE. 

GAME 

Graphing Package @ 

E A A I AN i 
Propetes  zamorcept  ynleroept Soiver Tangent Intrsecton Opnur  Asympiotes  DomainRangs Derivative lwerse  briegral 

J TooL 

3 

B R S S S A T S S S 

i 

{x. ) = (53087, - 2.3520) -0 



6 TABLE OF CONTENTS 

TABLE OF CONTENTS 

GLOBAL CONTEXTS 

NUMBER 

Operations with negative numbers 

Exponent notation 

Factors 

Prime and composite numbers 

Highest common factor 

Multiples 

Order of operations 

Problem solving 

Review set 1A 

Review set 1B 

T
Q
O
T
M
E
m
g
 

Q
W
 
-
 

SETS AND VENN DIAGRAMS 

Sets 

Complement of a set 

Intersection and union 

Venn diagrams 

Numbers in regions 

Problem solving with Venn diagrams 

Review set 2A 

Review set 2B 

T
E
H
O
O
®
E
 

>
N
 

REAL NUMBERS 

Fractions 

Equal fractions 

Adding and subtracting fractions 

Multiplying fractions 

Dividing fractions 

Decimal numbers 

Rounding decimal numbers 

Adding and subtracting decimal numbers 

Multiplying and dividing by powers of 10 

Multiplying decimal numbers 

Dividing decimal numbers 

Square roots 

Cube roots 

Rational numbers 

Irrational numbers 

Review set 3A 

Review set 3B 

C
Z
Z
E
R
S
-
T
Z
O
T
E
H
I
O
W
»
 
W
 

ALGEBRAIC EXPRESSIONS 
Product notation 

Exponent notation 

Writing expressions 

Generalising arithmetic 

Algebraic substitution m
g
O
w
y
 
&
 

n 
13 

15 

17 

17 

19 

20 

22 

25 

27 

28 

29 
30 

32 

34 

36 

40 

42 

43 

45 

47 
48 

51 

52 

54 

56 

57 

58 

59 

60 

61 

62 

64 

65 

66 

69 

71 

73 

75 
76 

77 

78 

80 

81 

R
 

=
"
m
a
m
™
 

=]
 

>
 
Ut

 
Q
 

M
g
 
Q
W
 

o
 

A
T
 
I
Z
o
m
H
U
 

Q
P
 
m
o
a
w
>
 

The language of algebra 

Collecting like terms 

Algebraic products 

Algebraic fractions 

Multiplying algebraic fractions 

Dividing algebraic fractions 

Algebraic common factors 

Review set 4A 

Review set 4B 

PERCENTAGE 

Converting percentages into 
decimals and fractions 

Converting decimals and fractions 
into percentages 

Expressing one quantity as 

a percentage of another 

Finding a percentage of a quantity 

The unitary method for percentages 

Percentage increase or decrease 

Finding a percentage change 

Finding the original amount 

Profit and loss 

Discount 

VAT and GST 

Review set SA 

Review set 5B 

LAWS OF ALGEBRA 
Exponent laws 

Expansion laws 

The zero exponent law 

The negative exponent law 

The distributive law 

Factorisation 

Review set 6A 

Review set 6B 

EQUATIONS 

Solutions of an equation 

Maintaining balance 

Inverse operations 

Algebraic flowcharts 

Solving equations 

Equations with a repeated unknown 

Power equations 

Review set 7A 

Review set 7B 

84 

86 

87 

88 

89 

90 

91 

92 

93 

95 

96 

98 

99 

100 

101 

103 

106 

108 

109 

111 

113 

114 

115 

117 
118 

122 

124 

126 

128 

132 

134 

135 

137 
138 

140 

142 

145 

146 

150 

153 

156 

157



TABLE OF CONTENTS 7 

g
O
o
w
y
»
 
o
 

a
T
m
H
g
a
w
 

>
 
o
 

:
 

m
o
 
Q
W
 
»
 
=
 

Q
A
 
E
H
g
O
w
»
 

-
 
N
 

T
O
Q
T
H
E
O
m
g
 
o
W
y
 

LINES AND ANGLES 

Angles 

Parallel and perpendicular lines 

Angle propertics 

Lines cut by a transversal 

Review set 8A 

Review set 8B 

PLANE GEOMETRY 
Circles 

Triangles 

Triangle theorems 

Isosceles triangles 

Quadrilaterals 

Angle sum of a quadrilateral 

Angle sum of an n-sided polygon 

Review set 9A 

Review set 9B 

ALGEBRA: FORMULAE 

Number crunching machines 

Finding the formula 

Substituting into formulae 

Geometric patterns 

Practical problems 

Review set 10A 

Review set 10B 

MEASUREMENT: 

LENGTH AND AREA 

Length 

Perimeter 

Circumference 

Area 

Area formulae 

The area of a circle 

Areas of composite figures 

Review set 11A 

Review set 11B 

MEASUREMENT: SURFACE AREA, 

VOLUME, AND CAPACITY 

Surface arca 

Surface area of a cylinder 

Surface area of a sphere 

Volume 

Volume of a solid of uniform cross-section 

Volume of a tapered solid 

Volume of a sphere 

Capacity 

159 
160 

162 

163 

164 

166 

167 

169 
170 

172 

174 

177 

181 

184 

186 

189 

191 

193 
194 

196 

198 

201 

204 

206 

208 

211 
212 

215 

218 

222 

224 

228 

231 

236 

238 

241 
242 

244 

247 

248 

250 

254 

256 

257 

T
Q
W
p
»
 
=
 

m
o
g
 
Q
W
 
»
 
=
 

m
o
O
W
w
p
E
 
=
 

T
H
g
 
Q
W
 

=
 

T
 
Q
'
 

m
o
 
Q
W
 
»
 
=
 

Comnnecting volume and capacity 

Review set 12A 

Review set 12B 

TIME 

Units of time 

Time calculations 

24-hour time 

Time zones 

Review set 13A 

Review set 13B 

COORDINATE GEOMETRY 

The Cartesian plane 

Straight lines 

Gradient 

The gradient-intercept form of a line 

Graphing a line from its 

gradient-intercept form 

The z-intercept of a line 

Graphing a line from its axes intercepts 

Finding the equation from the graph of a line 

Review set 14A 

Review set 14B 

RATIO 

Ratio 

Equal ratios 

Lowest terms 

Proportions 

Using ratios to divide quantities 

Scale diagrams 

Review set 15A 

Review set 15B 

RATES AND LINE GRAPHS 
Rates 

Speed 

Density 

Converting rates 

Line graphs 

Review set 16A 

Review set 16B 

PROBABILITY 

Probability 

Sample space 

Theoretical probability 

Independent events 

Experimental probability 

258 

260 

261 

263 
264 

268 

271 

273 

276 

277 

279 
280 

284 

288 

292 

294 

295 

297 

297 

299 

301 

303 
304 

306 

307 

310 

311 

313 

318 

319 

321 
322 

325 

327 

330 

332 

336 

337 

339 
340 

342 

343 

347 

350



TABLE OF CONTENTS 
-
 

i
 

i
 

=
 

o
 
Q
 

Q
E
m
g
a
Q
w
 

s>
 

N
 

s
 | 

O
U
.
'
J
:
>
°
 

Q
 

F
H
U
O
U
J
;
>
-
6
 

e
l
 

T
H
O
O
W
»
N
 

Probabilities from tabled data 

Probabilities from two-way tables 

Probabilities from Venn diagrams 

Expectation 

Review set 17A 

Review set 17B 

STATISTICS 

Data collection 

Categorical data 

Numerical data 

Grouped data 

Stem-and-leaf plots 

Measures of centre and spread 

Measures of centre and spread from 

a frequency table 

Review set 18A 

Review set 18B 

352 

353 

356 

357 

359 

361 

363 
364 

367 

372 

374 

376 

378 

383 

385 

388 

CONGRUENCE AND SIMILARITY 391 
Congruence 

Congruent triangles 

Proof using congruence 

Enlargements and reductions 

Similarity 

Similar triangles 

Problem solving 

Review set 19A 

Review set 19B 

PYTHAGORAS' THEOREM 

Pythagoras’ theorem 

Problem solving 

The converse of Pythagoras’ theorem 

Review set 20A 

Review set 20B 

PROBLEM SOLVING 

Writing problems as equations 

Problem solving with algebra 

Solution by search 

Solution by working backwards 

Miscellaneous problems 

Lateral thinking 

Review set 21A 

Review set 21B 

ANSWERS 

INDEX 

392 

394 

400 

402 

404 

408 

411 

414 

416 

419 
421 

425 

427 

429 

430 

431 
432 
433 
436 
438 
440 
442 
448 
449 

451 

494



GLOBAL CONTEXTS 

The International Baccalaureate Middle Years Programme focuses teaching and learning through six 
Global Contexts: 

e Identities and relationships 

e Orientation in space and time 

e Personal and cultural expression 

e Scientific and technical innovation 

e Globalisation and sustainability 

e Fairness and development 

The Global Contexts help students to develop connections between different subject areas in the 
curriculum. 

GLOBAL CONTEXT ~ MISLEADING GRAPHS 

Global context: Fairness and development 

Statement of inquiry: Knowing the ways in which statistical graphs can 

be misleading can help us to better interpret data. 

Criterion: Communicating 

Each project contains a series of questions, divided into: 

o Factual questions (in green) 

e Debatable questions (in red). 

e Conceptual questions (in blue) 

GLOBAL 
CONTEXT 

The projects are also accompanied by the general descriptor and a task-specific descriptor for one 
of the four assessment criteria. 

RUSSIAN PEASANT MULTIPLICATION 

Scientific and technical innovation Communicating page 26 

NUTRITION INFORMATION 

Identities and relationships Applying mathematics in real-life contexts page 103 

INFLATION 

Fairness and development Applying mathematics in real-life contexts page 113 

REPRESENTING ALGEBRA 

Orientation in space and time Communicating page 156 

ICEBERGS 

Globalisation and sustainability Applying mathematics in real-life contexts page 259 

RENEWABLE ENERGY 

Globalisation and sustainability Applying mathematics in real-life contexts page 336 

ROLE-PLAYING GAMES 

Personal and cultural expression Investigating patterns page 359 

MISLEADING GRAPHS 

Faimess and development Communicating page 371 

THE AGE OF A POPULATION 

Identities and relationships Communicating page 385 

PYRAMIDS 

Personal and cultural expression Communicating page 428 
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GRAPHICS CALCULATOR INSTRUCTIONS 

Graphics calculator instruction booklets are available for the Casio fx-CG50, TI-84 Plus CE, and the 

HP Prime. Click on the relevant icon below. 

CASIO 
#x-CG50 TI1-84 Plus CE HP Prime 

x % W 
When additional calculator help may be needed, specific instructions are 

available from icons within the text. 
¢ GRAPHICS 

CALCULATOR 
J INSTRUCTIONS
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OPENING PROBLEM 

Jasmine is preparing for her wedding reception. She 

has counted out 196 white roses, 140 apricot roses, and 

84 pink roses which she will use to make identical table 

decorations, one for each table. The white roses cost $4 

each, and the coloured roses cost $5 each. 

Things to think about: 

a What is the largest possible number of tables at the 

reception? 

b Can you write two expressions involving numbers 
and symbols, which both give the total cost of the 

flowers? 

¢ Can you evaluate each expression correctly, and show that they give the same answer? 

People have used numbers since prehistoric times. We know this from ancient writings and drawings. 

Today, we live in numbered houses and apartments, have telephone numbers, registration numbers, 

bank account numbers, credit card numbers, and tax file numbers. 

We use numbers to count and measure things, and to understand the world around us. 

Numbers are thus an essential part of our lives. 

INTEGERS 

In this Chapter we study the integers or whole numbers: [ 

p v, —95, —4, =3, =2, -1, ?, 1, 2, 3, 4, 5, ... 

Zero is neither 

ositive nor negative. 
- — 

negative integers Z€0  positive integers \‘ 

The integers continue forever in either direction. We say they are infinite. 

e In the list above, we show this using dots at either end. 

e On a number line, we show it using arrows at either end. 

-5 -4 -3 -2 -1 0 1 2 3 4 5 

We also define: 

¢ the counting numbers as the positive integers 1, 2, 3, 4, 5, .... 

| | | | | 

-5 -4 -3 -2 -1 0 
- A

 TS S W 
1 2 3 4 5 

25 -4 -3 -2 -1 o0 1 2 3 4 5
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TIVE NUMBERS 
In this Section we revise rules you should have seen in previous years. 

ADDITION AND SUBTRACTION 

e Adding a negative number is equivalent to subtracting its opposite. 

e Subtracting a negative number is equivalent to adding its opposite. 

m o) Self Tutor 

Find the value of: 

a 4+-9 b 4--9 ¢ —3+-5 d -3—-5 

a 4+ -9 b 4—--9 < -3+ -5 d -3—--5 

=4-9 =449 =-3-5 =-3+5 

= -5 =13 = -8 =2 

MULTIPLICATION 

o (positive) X (positive) = (positive) Multiplying numbers with the 
same signs gives a positive. 

Multiplying numbers with 

(negative) X (positive) = (negative) different signs gives a negative. 

(negative) X (negative) = (positive) 

(positive) x (negative) = (negative) 

Find the value of’ 

a Ix4 b 3x—4 ¢ —3x4 d -3x-4 

a 3x4=12 b Ix—-4=-12 € —3Ix4=-12 d —3x-4=12 

DIVISION 

e (positive) + (positive) = (positive) Dividing numbers with the 

o (positive) + (negative) = (negative) same signs gives a positive. 
Dividing numbers with 

(negative) <+ (positive) = (negative) different signs gives a negative. 

(negative) <+ (negative) = (positive) 
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Example 3 
Find the value of: 

a 14+2 b 14+ -2 ¢ —14+2 d —14+-2 

a 14+2=7 b 14+ -2=-7 ¢ —14+2=-7 d —14+-2=7 

EXERCISE 1A 

1 Find the value of: 

a 14-5 b 144+ -5 1445 d 14—--5 

e 5—14 f —14+5 g —14-5 h —-14— -5 

2 Find the value of: 

a 13427 b 13-27 ¢ 134 -27 d 13— -27 

e —13-—-27 f —13+27 g —13+4+-27 h —-13 - -27 

3 Find the value of: 

a —3+-8--2 b 3—-8+-2 ¢ 3——8--2 

d —-12+7—-4 e 12—--7—-14 f —12—-7+4 

4 Find the difference between: 

a 6and 15 b —6and 15 ¢ 6and —15 d —6and —15 

5 Find the value of: 

a 4x9 b 4x -9 ¢ —4x9 d —4x-9 

e 3x11 f 3x-11 g —3x11 h —-3x-11 

i 4x2x7 j 4x-2x7 k 4x—-2x-7 | —4x-2x-7 

6 Determine the missing number: 

a Ox—-7T=-42 b —5x0O=40 ¢ Ox9=063 

d —12x0=-36 e Ox—-12=-132 

7 Find the value of: 

a 32+8 b 32+ -8 ¢ 

e 357 f 35+ -7 g 

i 54+6 j b4+—-6 k 

8 Determine the missing number: 

a 24+-0=-3 b O+b5=-4 

d O0+11=5 e —108+-0=12 

9 Determine the missing number: 

a 7TxO=-70 b O0-3=-4 

d 25+-0=-5 e Ox —-8=40 

g O0+2=-20 h 4-01=6 

j O0+—-6=-12 k Ox10=100 

f —15x0O=60 

-32+8 d —-32+-8 

-35=7 h —-35+ -7 

—54+6 | —54+—-6 

¢ —-18+0=6 

f O0+-6=-8 

¢ 1I5+0=-1 

f -8+0=2 

i ~-18+0=0 

I 9—-0=18
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We often deal with numbers that are repeatedly multiplied together. Mathematicians use exponents 

or indices to represent such products more easily. 

Rather than writing 2 x 2 x 2, we can write 23. We call this exponent, index, 

exponent notation. 2 3 or power 

We say that 2 is the base and that 3 is the exponent, index, or base 

power. 

23 reads “two cubed” or 
“two to the power three”. 

If n is a positive integer, then a™ is the product of n factors of a. 

a" =axaXxXaXaX..xXa 
v 

n factors 

| Example 4| «) Self Tutor 
Evaluate: 

a 28 b 22 x52x7 

a b 2P x5x7 [ calcutaTor 
=2x2x2x2x2 =2x2x2x5x5x%xT LY INSTRUCTIONS 

=32 =8x25x7 
= 1400 

NEGATIVE BASES 

Consider the following patterns: 

(-t =-1 (—=2)' = —2 

(-1)?=-1x-1=1 (~2)2=-2x-2=4 
(-1 =—-1x-1x-1=-1 (=28 =-2x-2x-2=-8 
(-1 =—-1x-1x-1x-1=1 (—2)*=-2x -2x-2x-2=16 

These patterns lead us to conclude that: 

e A negative base raised to an odd power is negative. 

e A negative base raised to an even power is positive.
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| Example 5| %) Self Tutor 

Evaluate: 

a —5° b (—5)2 ¢ -3% d (-3)3 

a -5 b (-5 I~ 
=—-bxXb = -5x -5 ¥ GRAPHICS 

KAL) CALCULATOR 
—25 =25 LAY INSTRUCTIONS 

¢ -3 d (-3)® 
=-3x3x3 =-3x —-3x -3 

EXERCISE 1B 

1 Copy and complete the values of these common powers. Try to remember them. 

a2l=..., 22=_.., 2=..., 2=, 5=, 286=_. 

b 3=..., 3=.., F=.., 3=... 

¢ Bl=..., B2=.., 5B=..., B*=... 

d '=... , T’=... , TP=.... 

2 Evaluate: 

a 2x3? b 22x3x5 c 22x33 d 32x52 

e 2x32x53 f 25 x3x7? g 3x52x11 h 2% x53x13 

3 Write using exponent notation: 

a 2x2x%x3 b 2x3x3x5b ¢ 3x3x5x5 

d 2x2x2x5x%x5H e 3xIxd xTxT f 2x2x2x2x3x3x3x%x5 

4 Evaluate: 

a (-1)* b (-1)° ¢ —15 d —(-1)° 

e —2¢ f (-2)* g —(-2)* h —(-5) 
i —(-5)% j —53 k (—3)* I -7 

5 Evaluate: 

a (-1¥x22x3 b —2x3x-5 ¢ 32x(-5)3x -2 

6 Write as a power of 2: 

a 4 b 8 ¢ 32 d 128 

7 Write as a power of 5: 

a 25 b 125 ¢ 625 

8 By considering 3!, 32, 33, 3¢, 35, ... and looking for a pattern, find the last digit of 320, 

9 Find the last digit of: 

a 287 b 9% ¢ 74
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EEEEET racroRs 
The factors of a natural number are the natural numbers which divide exactly into it. 

For example: 

e 65+5=13, so 5 is a factor of 65. 

e 65+ 13 =05, so 13 is a factor of 65. 

e 65+ 8 = 8 remainder 1, so 8 is not a factor of 65. 

We can write 65 as 5 x 13 where 5 and 13 are both factors of 65. We say that 5 and 13 are a 
factor pair. 

When a number is written as a product of factors, we say it is factorised. 

EXERCISE 1€ 

1 a Isb a factor of 40?7 b Is 4 a factor of 50?7 ¢ Is 7 a factor of 26?7 

d Is 8 a factor of 56? e Is 6 a factor of 82? f Is 3 a factor of 877 

2 List all the factors of: 

a 6 b 15 c 24 d 63 e 23 f 25 

3 Write all the factor pairs of: 

a 45 b 48 c 72 d 100 

4 Write in factorised form in as many ways as you can without using 1 as a factor: 

a 20 b 36 ¢ 64 

Is it sensible to talk about the factors of zero? If so, what are they? 

A prime number is a natural number which has exactly two distinct factors, 1 and itself. 

A composite number is a natural number which has more than two different factors. 

For example: 

e 17 is a prime number since it has only 2 factors, 1 and 17. 

e 26 is a composite number because it has four factors: 1, 2, 13, and 26. 

e 1 is neither prime nor composite.
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The Fundamental Theorem of Arithmetic states that: 

Apart from order, every composite number can be written as a product of prime factors in one 

and only one way. 

For example, 60 =2 x 2 X 3 x 5 is the only way of writing 60 as the product of prime factors. 

Using exponent notation, we write 60 = 22 x 3 x 5. 

We call this the prime factorisation of 60, and say that 60 is written in prime factored form. 

There are two methods we can use for writing a composite number in prime factored form: 

In repeated division, we systematically divide the number by prime numbers which are its 

factors, starting with the smallest. 

In a factor tree, we find a factor pair for the number and use these factors as branches of 
the tree. We continue finding factor pairs for each branch until we are left only with prime 

numbers. 

% Self Tutor 
Write 504 in prime factored form. 

Repeated division or Factor tree 

2 | 504 504 
2| 252 / \ The symbol .. 
2| 126 126 means “therefore”. 

3| 63 / RER/AN 
3| 21 

I / \ / \ 
1 

Lob04=2x2x2x3x3xT7 C.h04=2x2x2x3x3x7 

=22x32x7 =28x32x7 

EXERCISE 1D 

2 

3 

4 

List the set of all prime numbers less than 50. 

Find two consecutive odd numbers between 60 and 80 which are both prime. 

A number between 20 and 30 has 2 prime factors and 3 composite factors. Find the number. 

Write as a power of a prime: 

a 16 b 81 ¢ 64 d 243 e 169 f 256 

Write in prime factored form: 

a 24 b 40 ¢ 36 d 54 e 66 f 84 

g 100 h 132 i 320 ] 324 le 588 I 945 
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6 a Write 1960 in prime factored form. 

b Hence explain why 22 x 7 =28 is a factor of 1960. 

7 The most abundant number in a set of numbers is the number which has the highest power of 

2 as a factor. 

Find the most abundant number in each set: 

a 1,2,3,4,5,6,7,8 9,10 b 41, 42, 43, 44, 45, 46, 47, 48, 49, 50 

¢ 151, 152, 153, 154, 155, 156, 157, 158, 159, 160 

8 Find integers a and b greater than 1 such that a® x b® = 800. 

GAME e 

Click on the icon to play a game which involves writing numbers as the product GAME 

of prime factors. See if you can get the highest score in your class. * 

ACTIVITY 1 

A highly composite number is a number which has more 

factors than any other number before it. 

For example, the factors of 6 are 1, 2, 3, and 6. The 

numbers from 1 to 5 all have less than 4 factors, so 6 is a 

highly composite number. 

What to do: 

1 Find the only highly composite number that is also 

prime. 

2 Find all highly composite numbers less than or equal to 100. 

The highest commeon factor or HCF of two or more numbers is the largest factor which is 

common to all of them. 

For small numbers, we can find the HCF mentally or by listing the factors. 

For example: The factors of 18 are 1, 2, 3, 6, 9, and 18, 

The factors of 45 are 1, 3, 5, 9, 15, and 45. 

So, the HCF of 18 and 45 is 9.
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For larger numbers, we can find the HCF by first writing each number as a product of primes. 

| Example 7 | %) Self Tutor 

Find the HCF of 180 and 324. 

2 | 180 21 324 180=2x2x3x3x5 

21 90 21 162 324 =2x2x3x3x3x3 

g i S —8—1— 2 x 2% 3x3 is common to the factorisations. 
3| 15 3| 27 
5 5 3 9 So, the HCF of 180 and 324 is 2x 2 x 3 x 3 = 36. 

1 3 3 

1 

EXERCISE 1E 

1 Find the HCF of: 

a 12 and 16 b 9and 15 ¢ 14 and 56 

d 16 and 40 e 24 and 60 f 35 and 50 

g 55 and 121 h 24 and 42 i 80 and 96 

2 Farmer Giles has a field 45 m x 60 m. He wishes to divide it into square yards of equal size. 

What is the biggest size the yards could be? 

3 Find the HCF of: 

a 12, 16, and 24 b 18, 30, and 36 ¢ 32,48, and 60 

4 Find the HCF of: 

a 160 and 172 b 124 and 156 ¢ 132 and 168 

d 169 and 208 e 252 and 490 f 280 and 308 

5 In the Opening Problem on page 12, what is the largest number of tables that could be at 

Jasmine’s wedding reception? 

6 Suppose a, b, and c¢ are different prime numbers. Find the HCF of: 

a a’b and ab® b a3b?c and ab3c? 

¢ adbic, ab®c?, and a*bPcP 

@ mumeLes 
The multiples of any natural number have that number as a factor. They are obtained by 

multiplying it by 1, then 2, then 3, then 4, and so on. 

The lowest common multiple or .LCM of two or more natural numbers is the smallest multiple 

which is common to all of them.
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Example 8 =) Self Tutor NG, 

Find the lowest common multiple of 9 and 12. are the first 
two common 

multiples of 

The multiples of 9 are: 9, 18, 27, 36, 45, 54, 63, 72, 81, .... 

The multiples of 12 are: 12, 24, 36, 48, 60, 72, 84, .... 

the LCM of 9 and 12 is 36. 

Another method for finding lowest common multiples is to first write each number as the product 

of its prime factors. We write matching factors on top of each other, then include each factor only 

once in the LCM. 

Example 9 o) Self Tutor 

Find the LCM of: 

a 9and 12 b 15, 20, and 24. 

a 9= 3 x3 b 16 = 3 x5 

12=2x2x3 20 = 2 x 2 %X B 

. LCM=2x 2 x 3 x 3 4=2x2x2x3 

. LCM =36 L LCM=2x2x2x3x5 

. LCM = 120 

EXERCISE 1F 

1 List the first five multiples of: 

ar b 11 ¢ 18 d 21 e 30 

2 Find the: 

a smallest multiple of 9 which is greater than 400 

b largest multiple of 6 which is less than 800. 

3 List the common multiples of 3 and 5 between 50 and 100. 

L Find the LCM of: 

a 5and8 b 4and 6 ¢ 8and 10 d 15 and 18 

e 12 and 15 f 14 and 20 g 12 and 27 h 42 and 45 

5 Find the LCM of: 

a 2,3, and 4 b 5,7, and 10 ¢ 4,6,and 8 d 5,8 and 9 

e 8,10, and 12 f 9,15, and 20 g 14, 18, and 21 h 20, 25, and 30 

6 Chris has a piece of rope. It can be cut exactly into either 10 metre or 18 metre lengths. Find 

the shortest length that Chris’ rope could be.



22 NUMBER (Chapter 1) 

7 A wildlife sanctuary has three shows: 

e “Brilliant Birds” is 60 minutes long. 

o “Meet a Monkey” is 90 minutes long. 

e “Cuddle a Koala” is 45 minutes long. 

The shows run continuously throughout the day. 

If all three shows start together, how long will it be 

before all three shows start together again? 

8 Gloria is an avid coffee drinker. Every day, she drinks a coffee at each of these cafés: 

Keen Beans: “Buy b coffees, get 1 free!” 

The Caffeine Club: “Buy 7 coffees, get 1 free!” 

Espresso Yourself: “Buy 9 coffees, get 1 free!” 

Today, Gloria had a free coffee at each of the cafés. How long will it be before she next has: 

a 2 free coffees in one day b 3 free coffees in one day? 

9 Suppose a, b, and ¢ are different prime numbers. 

Find the LCM of: 

a a?b and abc b ab’c and a?bc? 

10 Explain why the product of any two whole numbers is equal to the product of their HCF and 

their LCM. 

INVESTIGATION 

In this online Investigation you will discover which whole numbers can be SUMsgfj:s:;ECT 

written as a sum of three or fewer perfect squares. ||| 

Some expressions contain more than one operation. To evaluate these expressions correctly, we use 

the following rules: 

e Perform the operations within Brackets first. The word BEDMAS 

e Calculate any part involving Exponents. may help you remember 
this order. 

e Starting from the left, perform all Divisions 

and Multiplications as you come to them, 

o Restart from the left, performing all Additions 

and Subtractions as you come to them. 
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Brackets are grouping symbols which indicate a part of an expression which should be evaluated 
first. 

e If an expression contains one set of brackets, evaluate that part first. 

o If an expression contains two or more sets of brackets, one inside the other, evaluate the 

innermost set first. 

Example 10 o) Self Tutor 

Evaluate: 

a 32-15+5+5 b 5+-8x3 

a 32 -15+5+5 {exponent first} 

=9-15+5+4+5  {+ before — and +} 

=9-3+4+5 {+ and — from left to right} 

=11 

b 5+—8x3 {x before +} 

=5+ 24 

=5-24 

=-19 

EXERCISE 1G 

1 Evaluate: 

a 3+7-5 

d 5—42 

g 5x8+2 

j 13—-2x6+4 

m 18—5x2+7 

2 Evaluate: 

a 3+4=+-2 

d —3x-2-—4 

g 7T—3x-3 

b 6+9+3 

e 4x3-11 

h 2x4-72 

lk 3x5+4x%x6 

n 5x4—-24+6 

b -14+-3x2 

e 2—-6+-3 

h —4x-5-12 

Evaluate: 2x(3x6—4)+7 

o) Self Tutor 

¢ §—-342 

f 6+-2x3 

i 12+442x5 

I 5+46x3+9 

o 32_-8x5+23 

c 8+--2+4+5 

f —2x4+-7 

i 3—-6=+--6 

If you do not follow the 
order rules, you are likely 

to get the wrong answer. 

2x (3X6~4)+7 
=2x(18—4)+7 

=2x14+7 

=28+7 

=35 

{brackets first, x before —} 

{brackets first} 

{x before +} 
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3 Evaluate: 

a (5+4)+3 b 3x(4-2) ¢ (5+4)? 

d (4+7)x8 e 2x(4-17)?2 f 12+3+7)+5 

g 9+6x(8-5) h 18— (7+4) i (6—-3)x11—-12 

j 16+ (17-11) k (3+8)x(6-—2) I 3-8)—(5+2)2 

& Evaluate: 

a (124+3)+5+2x4 b (13—-5)+(1+3)+2 

€ 23—(6+24+7)+4 d 5x2-6)x(3—-6+2) 

e 7T—(4%x3-8)+18+3 f (3+4)x5+6x7—38 

5 Evaluate using your calculator: 

a 87+27x13 b (29+17) x 19 ¢ 136 +-8416 

d 136+ (8+9) e —67+64+—4 f 33+ (17-2%) 

Example 12 | 
Evaluate: 5+ [13 — (8 + 4)] Evaluate the 

innermost 

brackets first. 5+[13—(8+4)]  {innermost brackets first} 

=5+[13 - 2] {remaining brackets} 

=5+11 

=16 

6 Evaluate: 

a [(3+5)x8—4 b 3+ [(5x8)—4] ¢ 3+B5x(8—4) 

d [(15-12)+3]+3 e 15—[(12+3)+ 3] f 15—[12=(3+3)] 

7 Replace each (0 with either +, —, X, or + to make each statement true: 

a 70304=6 b 40603=21 c 120403=9 

d 3050604=-2 e 3080205=2 foO30204=11 

8 Insert brackets, if necessary, to make each statement true: 

a 9-7x4=8 b 80+8x2=5 € 80+8x2=20 

d 4x8—-7—-1=26 e 4x8-7—-1=3 f 4x8-7-1=0 

g 5+2x6-3=239 h 5+2x6-3=11 i 5+2%x6-3=21 

ACTIVITY 2 

Click on the icon to run the BEDMAS Challenge. BEDMAS 
CHALLENGE 

How fast can you go? *
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PUZZLE ~ 

Consider the statement 2 [ 2, 

If O is replaced by an operation, we get 2+2=4, 2—2=0, 2x2=4, or 2+2=1. 

So, there are three possible results: 0, 1, or 4. 

How many possible results are there if each [ is replaced by an operation in: 

a 200202 b 20202027 

In this Section we consider some real-world problems where more than one operation is involved. 

We need to decide: 

e what operations we need to perform 

e which order we need to perform them in. 

This allows us to write a mathematical expression involving numbers and operations, for what we 

want to calculate. 

If necessary, we can use brackets to make sure the operations are performed in the correct order. 

m =) Self Tutor 

Gemma bought 2 bags of 50 marbles, and Jerome bought 3 bags of 35 marbles. Gemma and 

Jerome shared the marbles equally between themselves and 3 other friends. 

a Write an expression for the number of marbles each child received. 

b Calculate the number of marbles each child received. 

a The total number of marbles was 2 x 50+ 3 x 35. 

The total number of children was 2 + 3. 

So, the number of marbles each child received was (2 x 50+ 3 x 35) =+ (2 + 3). 

b (2x50+3x%x35)+(2+3) 

= (100 4 105) =+ 5 
=205+5 

=41 

Each child received 41 marbles. 

EXERCISE 1H 

1 For Lunar New Year, Phuong received five $10 notes, three $20 notes, and a $50 note. 

a Write an expression for the total amount of money Phuong received. 

b Calculate the total amount of money Phuong received.
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Ian aims to drink at least 4000 mL of water every day. 

So far today, Ian has drunk two 900 mL bottles of water and five 250 mL glasses of water. 

a Write an expression for the amount of water lan still needs to drink to reach his goal. 

b Calculate the amount of water Ian needs to drink. 

Priya and Van are sending a 5 kg parcel and a 3 kg parcel to London. Postage costs $12 per 

kilogram. The girls will split the cost of postage equally between themselves. 

a Write an expression for the amount of postage each girl will pay. 

b Calculate the amount of postage each girl will pay. 

On Saturday, Lucas cycled 45 km to visit his friends. On his way home, he cycled at 20 km 

per hour for 2 hours before he had a flat tyre. 

a Write an expression for the distance Lucas was from home when he had the flat tyre. 

b Calculate the distance Lucas was from home when he had the flat tyre. 

Penclope baked a cake using the recipe alongside. 

The cake is shared equally between 8 peopl flour 225 ¢ ec -e is shared equally between 8 people. ' butter 200 g 

a Write an expression for the amount each person receives. 
sugar 175 g 

b Calculate the amount each person receives. ARs GO h 

A cat had eight kittens. Each kitten grew up and had eight kittens of its own. 

a Write an expression for the total number of kittens born. 

b Calculate the total number of kittens born. 

In the Opening Problem, Jasmine has 196 white roses, 140 apricot roses, and 84 pink roses. 

The white roses cost $4 each and the coloured roses cost $5 each. 

a Write two expressions for the total cost of the flowers. One of your expressions should 

contain brackets. 

b TUse each expression to calculate the total cost of the flowers. 

Mr D’Arcy has brought these two chocolate bars 

for his students to share at their volleyball practice. 

Mr D’ Arcy normally has 7 girls and 8 boys in his 

squad, but today 2 students are away sick. 

a Write an expression for the number of 

chocolate blocks each student will receive. 

Use exponents in your expression. 

b Calculate the number of chocolate blocks 

each student will receive. 

GLOBAL CONTEXT SSIAN PE T MULTIPLICATION 

Global context: Scientific and technical innovation GLOBAL 
CONTEXT 

Statement of inquiry: Awareness of alternative methods of multiplication 3 

can help people perform calculations. 

Criterion: Communicating
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QUICK QUIZ 

MULTIPLE CHOICE QUIZ % 

REVIEW SET 1A 

1 

11 

Find the value of: 

a 4+ -7 b -8x9 ¢ —3x-—12 d 54+ -6 

Find the integer equal to: 

a 2% x5? b 21 x52x 7! ¢ (—5)° 

List the factors of: 

a 21 b 32 ¢ 37 

List the prime numbers between 40 and 50. 

Write in prime factored form: 

a 450 b 212 

Find the lowest common multiple of: 

a 6andl15 b 4and 11 ¢ 5,8, and 10 

Find the HCF of: 

a 12 and 14 b 24 and 56 ¢ 18, 27, and 45 

Evaluate: 

a 24+-3x2 b 13-5x2—42 € 5x(8-2) 

d 8+-(5—-1)x3 e 15— [3x (8—6)—2 

A passenger train goes through a 2-track level crossing 

every 8 minutes. A freight train goes through the same 

level crossing every 52 minutes. 

A passenger train and a freight train go through the level 

crossing at the same time. How long is it before a 

passenger train and freight train next pass through the level 

crossing together? 

A greengrocer sells nectarines by the bag, and each bag contains the same number of 

nectarines. The greengrocer sold 126 nectarines yesterday, and 198 nectarines today. What 
is the greatest number of nectarines that could be in each bag? 

Replace each O3 with either 4+, —, %, or <+ to make each statement true: 

a 30504=11 b 800603=6
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12 An outdoor cinema has received bookings for 200 adults at $20 each, and for 150 children 

at $8 each. 

Each customer must also pay a $4 booking fee. 

a Write an expression for the total amount paid by the customers. 

b Calculate the total amount paid by the customers. 

REVIEW SET 1B - 

1 Find the value of* 

a 15—-9 b 64+7--3 ¢ 49+ -7 

2 Determine the missing number: 

a O+2=-7 b O0+--3=—-4 ¢ 5x0O=-55 

3 Write as a power of 3: 

a9 b 27 ¢ 81 

4 List the first five multiples of 8. 

5 Write 54 in prime factored form. 

6 Find three consecutive odd numbers less than 100, which are all composite. 

7 For the numbers 18 and 30, find: 

a the highest common factor b the lowest common multiple. 

8 List the square numbers between 700 and 800. 

9 Evaluate: 

a 3+15+-3 b 42+ (7-5) ¢ [29-(3—-2)]+6 

10 Insert brackets to make each statement true: 

a 12+6-2=3 b 6+4+243=2 € 18+14+2x4=2 

11 Amy has some lollies in a bag, which she will share with her friends at a party. She knows 

she can share them equally whether there are four, five, or six children present. What is 

the smallest number of lollies Amy could have? 

12 16000 votes need to be counted for an election. There are 12 officials available to count 

the votes. The eight junior officials are each given 1200 votes to count, and the rest of the 

votes will be divided equally between the senior officials. 

a Write an expression for the number of votes each senior official will count. 

b Calculate the number of votes each senior official will count. 

¢ Given that the senior officials can count 8 votes each minute, how long will each senior 

official take to count their votes?
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OPENING PROBLEM = 

In a survey of 50 tea-drinkers, 32 people have their tea 

with milk, 19 have their tea with sugar, and 10 have 

their tea with both milk and sugar. 

Things to think about: 

a How can we represent this information using a 

diagram? 

b How many of the people surveyed have their tea with: 

i milk but not sugar ii milk or sugar fii neither milk nor sugar? 

The tea-drinkers in the Opening Problem can be placed into different groups according to what 

they have with their tea. We call these groups sets. 

In this Chapter we will look at some properties of sets, and how we can describe relationships 

between them. We will also study Venn diagrams which we use to display sets and to solve 

problems. 

Al UL 
A set is a collection of objects or things. 

Each object is called an element or member of the set. 

When we record a set, we write its members within curly brackets, separated by commas. 

We often use a capital letter to represent a set so that we can refer to it easily. 

For example: 

e The colours of the French flag can be written as the set 

C = {blue, white, red}. 

We say “C is the set of colours of the French flag.” 

e The multiples of 4 which are less than 30 can be written 

as the set M = {4, 8, 12, 16, 20, 24, 28}. 

We do not repeat an element in a set. 

For example, the set of letters in the word BABY is {B, A, Y} rather than {B, A, B, Y} 

SET NOTATION 

€ means “is an element of” or “is in”. 

¢ means “is not an element of” or “is not in”. 

n(A) means “the number of elements in set A”. 

For example, if M = {4, 8, 12, 16, 20, 24, 28} then 12€ M, 19¢ M, and n(M) ="7.



SETS AND VENN DIAGRAMS (Chapter 2) 3_1 

EQUAL SETS 

Two sets are equal if they contain exactly the same elements. 

For example, {2, 3, 5, 7} = {5, 3, 7, 2}. 

SUBSETS 

Set A is a subset of set B if every element of A is also an element of B. We write A C B. 

For example, if A ={1,3,6} and B ={1,2, 3,5, 6, 7}, then every element of A is also an 
element of B. A is a subset of B, and we write A C B. 

EMPTY SET 

The empty set @ or { } is a set which contains no elements. 

For example, the set of multiples of 5 between 1 and 4 is the empty set. 

The empty set is a subset of all other sets. 

|_Example 1 %) Self Tutor 
Let P be the set of all multiples of 6 less than 20, and @ be the set of 
all positive even numbers less than 20. 

a List the elements of P and Q. 

b True or false? i 10eP ii 10¢Q ili 12¢P 

¢ Find: i n(P) ii n(Q). 

d s PCQ? 

P={6,12,18}, Q={2,4,6,8, 10,12, 14, 16, 18} 

b i 10 isnot an element of P, so 10 € P is false. 

ii 10 is an element of @, so 10 ¢ Q is false. 

iii 12 is an element of P, so 12 € P is true. 

¢ i n(P)=3 {P has 3 elements} 

ii n(Q)=9 {Q has 9 elements} 

d Every element of P is also an element of @, so P C Q. 

EXERCISE 2A 

1 List the elements of each set: 

a {days of the week} b {letters in the word FOOTBALL} 

¢ {prime numbers less than 20} d {vowels} 

e {factors of 21} f {colours of keys on a piano} 

g {whole numbers between 42 and 48} h {continents}
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2 Let S=1{2 3,58 11,12} and T = {2, 4, 5, 12}. 
a Find: i n(S) it n(T). 

b True or false? 

i 58 it 5T ili 12¢T iv 4¢ 8 

¢ Is TCS? 

3 Suppose A = {positive square numbers less than 10}, 

B = {composite numbers less than 20}, and C = {factors of 36}. 

a List the elements of: i A ii B iii C. 

b Find: i n(A4) ii n(B) iii n(C). 

¢ True or false? i ACB ii ACC 

4 For each set S, list the elements of S and hence state n(S): 

a § = {factors of 6} b S = {multiples of 6 less than 40} 

¢ S = {factors of 17} d S = {positive square numbers less than 50} 

¢ S = {prime numbers less than 30} 

f S = {composite numbers between 10 and 30} 

5 Find n(A) for: 

a A = {months of the year} b A = {consonants} 

6 List all the subsets of: 

a {z} b {8 9} ¢ {p.gr} 

7 Let A be the set of colours on spinner 1, and Spinner 1 Spinner 2 

B be the set of colours on spinner 2. 

a List the elements of A and B. 

b Is green € B? 

¢ Find: i n(4) it n(B). 

d Is ACB? 

8 Suppose F ={2,3,5,6,7,10,11,12}, G ={10, 5, z, 2, 12}, and G C F. 

What possible values could = have? 

The universal set U is the set of all elements we are considering. 

For example, if we are considering the letters of the English alphabet, the universal set is 

U=1{ab,c,defghijklmnonpqtstuv,wxy,z}. 

From this universal set we can define subsets of U, such as V = {vowels} = {a, ¢, i, 0, u} and 

C = {consonants} = {b, ¢, d, f, g, h,j,k, L mn,p,qrs,t v, WXy, 2z}
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The complement of a set A is the set of all elements of U that are not elements of A. 

The complement of A is written A’. We say that A and A’ are complementary. 

For example: 

o If U={1,2,3,4,56,7,809} and A={2 3,57}, then A’ ={1,4,86,8,9}. 
o If U = {letters of the English alphabet}, V = {vowels}, and C = {consonants}, then 
V'=C and C'=V. 

EXERCISE 2B 

1 Let U={1,2,3,4,5,6,7,8,9}. Find the complement of: 

a A={24 6} b B={1,3,5,7 9} ¢ C=1{84,7,3} 
d D={1,2,3,7,89} e E={1,2345,6,7,8,9} 

2 Suppose U = {whole numbers between 0 and 20}, P = {factors of 12}, and 
@ = {prime numbers between 10 and 20}. List the elements of: 

a P b Q ¢ P d Q. 

3 Let U = {letters of the English alphabet}, X = {letters in the word INHABITANT}, and 
Y = {letters in the word MILLION}. 

List the elements of: 

a X b Y c X’ d Y. 

4 Alongside is a list of sports played at a school. i 

Let K be the set of sports that involve hitting a ball with a bat or SPO—R.‘-S a 

racquet. A?:??V | 

a List the elements of: Vol\eeyt')c::s“ 

i U ii K i K. Baseball ‘ 

b What do the elements of K’ represent? Cricket | 
Archery 

Netball 
Tennis 

5 a Suppose U=14{2,3,4,5,6,7,8}, A={23,4,7}, and B ={2,5}. Find: 

i n(U) ii n(A) iii n(A’) iv n(B) v n(B'). 

b Suppose U={A,00,% ¢, 0, A, L@, %k, $, ¥}, 
A = {shapes which are shaded}, and B = {polygons}. Find: 

i n(U) i n(4) iii n(A") iv n(B) v n(B). 

¢ Copy and complete: 

For any set S within a universal set U, n(S) +n(S") =...... 

6 Let U = {positive whole numbers}, F = {even numbers}, and O = {odd numbers}. 

Are E and O complementary? Explain your answer. 

7 Let U = {positive whole numbers}, P = {prime numbers}, and C = {composite numbers}. 

Are P and C complementary? Explain your answer.
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Sam and Tess are planning a holiday around the world. 

The set of languages Sam can speak is 

S = {English, French, German, Spanish}. 

The set of languages Tess can speak is 

T = {English, German, Japanese}. 

INTERSECTION 

Sam and Tess can communicate with each other in any language spoken by both of them. 

By inspecting the sets S and T, we can see that Sam and Tess can both speak English and German. 

The set {English, German} is called the intersection of sets S and T'. 

The intersection of two sets A and B is the set of elements that are in both set A and set B. 

The intersection of sets A and B is written AN B. 

For example, if A= {2,5,7,9} and B ={3,5,9, 10}, then ANB = {5, 9}. 

Two sets A and B are disjoint if they have no elements in common. We write ANB = . 

UNION 

When deciding which countries to visit on their trip, Sam and Tess want to make sure that af least 

one of them can speak the native language. 

By inspecting the sets, we can see that between them, Sam and Tess can speak English, French, 

German, Spanish, and Japanese. 

The set {English, French, German, Spanish, Japanese} is called 

the union of sets S and T'. 
In mathematics, 

“A or B” means 

. . A or B or both. 
The union of two sets A and B is the set of elements that are in 4 

either set A or set B. 

The union of sets A and B is written AU B, 

For example, if 4 = {2,5,7,9} and B = {3, 5, 9, 10}, then 

AUB={2,3,5,7,9, 10}. 

Notice that the elements 5 and 9 are in both A and B. They are 

inctuded in the union AU B.
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| xompiea | 0 seit utor 
Let P={b,c, f,g h} and Q ={c, d, g,i}. Find: 

a PNnQ b PUQ. 

a PnQ ={c g} {c and g are elements of both sets} 

b PUQ=1{bcd, f. g h, i} {elements of either P or Q} 

EXERCISE 2C 

1 Suppose A={1,3,5,7} and B ={3,5,6,9}. Find: 

a ANB b AUB. 

2 Find PNQ and PUQ for: 

a P = {Dragons, Tigers, Roosters, Raiders}, @ = {Tigers, Storm, Dragons, Knights} 

b P={1,36,10,15}, Q={l,4,9,16} 
¢ P={d, e g k,m}, Q={g, h I, mp} 

3 Let A = {blue, green, yellow}, B = {green, red, pink}, and C = {orange, blue, black}. 

Which pair of sets is disjoint? 

4 Suppose X = {prime numbers less than 20} and Y = {factors of 20}. 

a List the elements of X and Y. 

b Find: 

i XNnY il n(XNY) iii XUuY iv n(XUY). 

5 Suppose A is a set in a universal set U. Find: 

a Ang b Auw. 

6 Suppose A and B are sets in a universal set U. 

Explain why n(ANB) < n(A) < n(AUB). 

7 Sarah has gardenias and roses in her garden in 

New Zealand. Her gardenias flower every year 

from September to December, and her roses flower 

from October to March. 

Let G be the set of months when the gardenias 

flower, and R be the set of months when the roses 

flower. 

a State the universal set U in this case. 

b List the elements of G and R. 

¢ Find GNR. What does this set represent? 

d Find GUR. What does this set represent? 

e Find (GUR)’. What does this set represent? 
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8 Holly is baking scones and cake for a morning tea. The 

ingredients needed for her recipes are shown below: 

Let S be the set of ingredients needed to make the scones, and C be the set of ingredients 

needed to make the cake. 

a List the elements of S and C. 

b Find SN C. What does this set represent? 

¢ Find SUC. 

d How many different ingredients will Holly use in her baking? 

9 Suppose A = {multiples of 4 which are less than 10} and B = {factors of 16}. 

a List the elements of A and B. 

b Is AC B? 

¢ Find: i AnB ii AUB. 

d Copy and complete: “If AC B then ANB=...... and AUB=...... » 

A Venn diagram consists of a universal set U represented by a rectangle, and sets within it that 

are usually represented by circles. 

Venn diagrams are used to represent sets visually. 

F(.)r ?xample,-thls Venn diagram shows the set A = {1, 4, 8} We place the 

within the universal set U = {1, 2, 3, 4, 5, 6, 7, 8, 9}. AT A 
inside the circle, 

A 5 and all other 

2 6 clements outside it. 

9 

3 7 
U 

The complement of a set A is represented by the region outside 

the circle which represents A. 

A/ 
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VENN DIAGRAMS FOR TWO SETS 

If we are representing two sets A and B on the same Venn diagram, there are several layouts we 

can choose from. 

e If A and B have elements in common, but neither is a 

subset of the other, the circles for the sets overlap. A B 

U 

Notice that: 

» The intersection of A and B is the » The union of A and B is the region 

region which is in both circles. which is in either circle. 

ANB AUB 
A 7 B A B 

U U 

e If A is a subset of B, then every element of A is also an 

element of B. 

We place a circle representing A completely within the 

circle representing B. 

U 

e If A and B are disjoint then there are no elements in both 
A B 

A and B. 

We represent A and B using circles which do not overlap. 

U 

m o) Self Tutor 

Let U={1,2,3,4,5,6,7, 8} Draw a Venn diagram to represent: 

a C={237 b A={1,3,46}, B=1{23,6,8} 
Put elements in 

the intersection 

AN B on the 

a C=1{2,37} b AnB={3, 6} Venn diagram first. 

C'={1,4,5,6, 8} AUB=1{1,23,4,6,8} 

1 C 6 A B 

5 e 

4 8 5 7 
U Ul 
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m o) Self Tutor 

Let U ={1,2,3,4,5,6}. Draw a Venn diagram to represent: 

a A={2,5}, B={1,24,5,6} b A=1{1,3,6}, B={2 4} 

a Every element in A is also in B, b ANB =g, so A and B are disjoint 

so ACB. sets. 

EXERCISE 2D 

1 Let U=1{1,2,3,4,5,6,7, 8} Draw a Venn diagram to represent: 

a A={1,2 3} b A={2 5} ¢ A={3,4,78} 

2 Consider the Venn diagram alongside. 

List the elements of: 

a A b B 

¢ ANB d AUB 

e A f B 7 3 

g U u 

3 Let U=1{1,2,3,4,5,6,7,8,9}. Draw a Venn diagram to represent: 

a A=1{3,56,8} b A={1,357, B={23058} 
¢ A=1{2,3,4,5}, B={4,56,7,8 d A={1,49, B=1{26,8} 
e A=1{3,48}, B={1,2,3478 f A={2,367, B={1,35,6,719} 

4 Let U={a,b,c,d e f,g, h,t, j}. Draw a Venn diagram to represent: 

5 George’s cricket team has training on Mondays and 

Thursdays, and matches on Saturdays. Hugh’s cricket 

team has training on Tuesdays and Thursdays, and 

matches on Sundays. 

Let (G be the set of days that George plays cricket, and 

H Ve the set of days that Hugh plays cricket. 

a List the sets G and H. 

b Draw a Venn diagram to illustrate G and H. 

¢ List the elements of G’. Explain what this set represents. 

d List the elements of G'N H. Explain what this set represents. 
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6 Let U = {whole numbers from 1 to 10}, A = {prime numbers less than 10}, and 

B = {factors of 10}. 

a List the elements of A and B. b Illustrate the sets on a Venn diagram. 

¢ List the elements of: i AUB ii (AUB). 

«) Self Tutor 

Shade the region of a Venn diagram representing: 

a inAand B b in A but not in B. ‘@ 

B 

Lf 

a b 

A ) C@ 

U U 
l 1 

Elements in this region are in both Elements in this region are in A but 

A and B. not in B, 

8 Describe, in words, the shaded region: 

a b c 
X Y X 14 

7 On separate Venn diagrams like the one illustrated, shade 1 

the region representing: B 

a notin A b inB 

¢ in B butnotin A d in either A or B. 

)@Y 
U U U 

9 Suppose U = {whole numbers from 2 to 12}, X = {multiples of 2 up to 12}, and 

Y = {prime numbers less than 13}. 

a List the elements of X and Y. 

b Find: i XNnY i XUY. 

¢ Draw a Venn diagram to illustrate the sets. 

d How many elements are in: 

i Y butnotin X ii vV jii XorY?
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In many situations there are too many elements to list on a Venn diagram, and we are more interested 

in the number of elements in each region. 

To indicate the number of elements in each region of a Venn diagram, we write the number in 

brackets. 

Example 6 o) Self Tutor 

State the number of elements in: 

a A b B A B 

¢ AbutnotB d B 

e AUB f U. 

8 7 (8 

a n(A)=6+4=10 b n(B)y=4+3=7 

¢ n{Abut not B) =6 d n(B)=6+8=14 

e n(AUB)=6+4+3=13 f n(U)y=6+4+3+8=21 

EXERCISE 2E 

1 State the number of elements in: 

a A b B A B 

¢ ANB d AUB 

e A butnot B f U. 

7 o ) 

2 State the number of elements in: 

P Q a P b Q 

¢ () but not P d PUQ 

e P or @ but not both. 

(2) 
U 

3 Suppose n(A) =9, n(B) =12, n(ANB) =5, and 

n(U) = 20. 

Copy and complete the Venn diagram. 

N
 

o)
 



SETS AND VENN DIAGRAMS (Chapter 2) 41 

m o) Self Tutor 

Suppose n(A) =11, n(B) =15, n(ANB) =6, and 
n(U) = 24. Copy and complete the Venn diagram., A B 

{ () 

On(ANB)=6 @) n(B) = 15, so there are 
—— 15— 6 = 9 elements in B 

but not A. 

(@) n(A) =11, sothereare [, ; g @ n(U) = 24, so there are 
11 — 6 = 5 clements in 7 24 5-6—9 =4 elements 

A but not B. in neither A nor B. 

4 Suppose n(P) =14, n(Q) =8, n(PNQ) =3, and 
P Q n(U) = 30. Copy and complete the Venn diagram. 

U () 

5 Suppose n(A) =10, n(B) =13, n(ANB) =6, and n(U) = 20. 

a Represent this information on a Venn diagram. 

b Hence find the number of elements in: 

i B butnot A ii AUB. 

6 Suppose n(A)=17, n(AUB)=n(ANB)+2, and n(U) = 10. 

Draw possible Venn diagrams to show the number of elements in each region. 

7 Suppose U = {positive integers from 1 to 100}, 

P = {prime numbers less than z}, and P Q 

@ = {factors of z}, where z is a positive integer. 

It is known that n(P) =17, n(Q) =12, and 
n(PNQ)=3. 

a Copy and complete the Venn diagram. U ¢ 

b Determine the value of z. 

¢ List the elements of: 

i PNQ i PPnQ.
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By considering the number of elements in different regions, we can use Venn diagrams to solve 

problems. 

Example 8 

There are 30 houses on a street. 16 of the houses have a 

burglar alarm, 22 houses have a security door, and 10 houses 

have both a burglar alarm and a security door. 

a Place this information on a Venn diagram. 

b How many houses on the street have: 

i a burglar alarm but not a security door 

ii either a burglar alarm or a security door? 

a Let B represent the set of houses with burglar alarms, and S represent the set of houses 

with security doors. 

®On(BNS)=10 B) n(S) = 22, so there are 
—~——— 22 — 10 = 12 houses in S 

but not B. 

U 4 
@) n(B) = 16, so there /a" \ @) n(U) = 30, so there are 

are 16 — 10 = 6 houses — L 30—6—10-12 = 2 houses 
in B but not S. in neither B nor S. 

b i 6 houses have a burglar alarm but not a security door. 

ii 6 10+ 12 = 28 houses have either a burglar alarm or a security door. 

EXERCISE 2F 

1 A group of 26 people are discussing which drinks they like. 18 of them like iced tea, 20 of 

them like water, and 13 of them like both of these drinks. 

a Place this information on a Venn diagram. 

b How many people in the group like: 

i iced tea or water ii water but not iced tea 

iii iced tea but not water iv neither iced tea nor water? 

2 Nicola is inspecting her 45 apricot trees after a pest outbreak. She finds that 17 trees have ants 

and 26 have aphids. 9 of the trees have both ants and aphids. 

a Place this information on a Venn diagram. 

b How many trees have: 

i ants but not aphids i neither ants nor aphids iii ants or aphids but not both?
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3 Answer the Opening Problem on page 30. 

4 A pizza shop sells 15 types of pizza. 6 of them are vegetarian, and 5 are gluten free. 3 of them 
are both vegetarian and gluten free. 

a Place this information on a Venn diagram. 

b How many pizza types are: 

i vegetarian but not gluten free ii neither vegetarian nor gluten free 

iii either vegetarian or gluten free, but not both? 

5 14 of the 32 nations that competed in the 2018 FIFA World Cup were European. 10 European 
nations advanced to the final 16 knockout stage of the World Cup. 

a Display this information on a Venn diagram. 

b How many non-European nations competed in the World Cup? 

¢ How many European nations were eliminated before the knockout stage? 

d How many non-European nations advanced to the knockout stage? 

6 In one night, a hospital admitted 43 emergency patients. 24 patients required stitches, 21 

required an X-ray, and 6 required neither stitches nor an X-ray. 

a Display this information on a Venn diagram. 

b How many of the patients required: 

i both stitches and an X-ray i stitches but not an X-ray 

iii either stitches or an X-ray, but not both? 

ACTIVITY 

Click on the icon to obtain this Activity. VENN DIAGRAMS 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 2A o ol 

1 Suppose A = {factors of 12} and B = {multiples of 2 less than 10}. 

a List the elements of A and B. 

b Find: i n(4) ii n(B). 

¢ True or false? 

i 8¢B ii 8¢ A ili 10¢A4 iv BCA
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Let U = {months of the year}, and A = {months which contain the letter R}. 

a Describe the set A'. b List the elements of A’. ¢ Find n(4’). 

For the following sets, determine whether X C Y~ 

a X={247, Y=1{1,23,46,8} 
b X=0, Y={abcd e} 

¢ X = {cats, dogs, ferrets, birds}, Y = {birds, cats, dogs, ferrets} 

d X = {prime numbers between 10 and 20}, Y = {odd numbers between 10 and 20} 

List all subsets of {2, 4, 6}. 

Suppose S = {positive square numbers less than 50} and 

E = {positive even numbers less than 20}. 

Find: 

a SNE b SUE. 

Consider the set of whole numbers from 1 to 15. 

Let A = {factors of 15} and B = {multiples of 3 less than 16}. 

a List the elements of: 

i A ii B iii ANB iv AUB v (AUB). 

b Illustrate the sets A, B, and U on a Venn diagram. 

Let U={1,23,4,5,6,7, 8,9} Draw a Venn diagram to represent: 

a P={2,528,9} b P=1{1,4,506,8}, Q@=1{2,46,7} 

¢c P={3,7}, Q@=1{1,3,4178} d P={2,6,7}, Q=1{1,4,9} 

On separate Venn diagrams, shade the region 

representing: 

a inY butnotin X 

b in neither X nor Y. 

U 

State the number of elements in: 

PO N\ a P b Q 

<(9) (6) (4)) ¢ PnQ d neither P nor Q 

\ 7 - e PUQ f U 

U g P butnot @ h @ butnot P 

Judy has tickets numbered 1 to 20 in a bag. Let P = {prime numbers from 1 to 20}, and 

S = {square numbers from 1 to 20}. 

List the elements of: i P ii S. 

Find PN S. Comment on your result. 

Draw an appropriate Venn diagram to display the sets. 

Find: i n(P) ii n(S) il n(PUS). 

What do you notice about your answers in d? ®
 
&
 
n
 
O
 
o
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11 Twins Mark and Stephen are organising a joint 
birthday party. Each makes a list of people they MARK ST EPH EN 

want to invite to the party. Micic';ael WNI:HGT 

Let M be the set of people Mark wants to invite, Bg:d:;y Kj; 

?I?;tf be the set of people Stephen wants to Sally David 

) _ Alistair Sam 
a Find MNS. What does this set represent? Kylie Craig 

b Find MUS. Emma Luke 

¢ How many guests will be invited to the Nigel 
party? 

REVIEW SET 2B B | 

1 List the elements of each set: 

a {multiples of 6 between 0 and 50} b {factors of 40} 

2 Suppose C = {composite numbers less than or equal to 20}. Find n(C). 

3 Let U={1,2,3,45,6,7,809}, A={357}, and B={2 3,45, 6,7} 
a Find the complement of: i A ii B. 

b True or false? i ACB ii BBCA 

4 Suppose A={2,3,4,57,9,6 12,15}, B={2,12, 2,9}, and BC A. 

What possible values could z have? 

5 Let A={c, d,e,h}, B={a,c,e,i}, C={bd, f,h}, and D = {a, b, f, i} 

Which pairs of sets are disjoint? 

6 Suppose S = {square numbers less than 40}, and P ={factors of 32}. 
Find: 

a SuUP b SN~ 

7 Consider the set of uppercase letters in the English alphabet. 

ABCDEFGHIJKLMNOPQRSTUVWXYZ 

Let A = {letters with straight edges only}, and V = {vowels}. 

a List the elements of: 

i A i v ilii ANnV. 

b Illustrate the sets A, V, and U on a Venn diagram. 

8 Describe in words the shaded region: 

a b 

P Q P Q 
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10 A class of 40 students attended their school’s 

11 

Suppose n(A) = 12, n(B) =10, n(ANB) =3, 
A/"_XF“‘“\ B and n(U) = 26. 

( () 6)) ()> Copy and complete the Venn diagram. 

R ‘\/} / 
e R Sy 

U (er) 

swimming and athletics carnival. 

28 students competed in swimming events. 

37 competed in athletics events. 

25 students competed in both swimming and 

athletics events. 

a Place this information on a Venn diagram. 

b How many students competed in: 

i athletics events only 

ii either swimming events or athletics events, but not both 

iii none of the events? 

Tom and Margot have the choice of these cable television channels: 

Drama Movies Plus Classics 

Foreign Movies Sport News 

History Food Music 

Sci-Fi Soapfest Cartoons 

The channels they wish to see are listed in the following sets: 

Tom T = {History, News, Movies Plus, Classics, Sci-Fi, Sport} 

Margot M = {Movies Plus, Classics, Soapfest, Sport, Food} 

a Display these sets on a Venn diagram. 

b Are the sets M and T disjoint? Explain your answer. 

¢ List the elements of (M UT)’. What does this set represent? 

d Which channels are on Tom’s list but not on Margot’s list?
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OPENING PROBLEM I 

Qi-Zheng has a circular pond with radius 1 m. He 

wants to know its surface area, so he asks his family 

for help. Their responses are given in the table below: 

Area (m?) 

Dad 3.14 

22 
Mum 7 

Brother | ~ 3.141592653..... ) 

Things to think about: 

a Can all of the answers be illustrated on a number line? 

b i Use your calculator to write a decimal approximation for % 

ii Can you write 2—72 exactly as a decimal? 

¢ Consider the three answers in decimal form. In which answer does the decimal: 

i keep repeating in a pattern ii stop or terminate 

il go on forever without repeating? 

The set of real numbers includes all numbers which can be placed on the number line. It includes 

the set of whole numbers or integers, as well as the fractions and decimals between them. 

In this Chapter we first revise fractions and decimals. We will see how the set of real numbers can 

also be divided into rational numbers and irrational numbers. 

2 Eng N 

il P" N 

a 0.0 o . . a 
The division a — b can be written as the fraction or common fraction 7 

The numerator is the number of parts we are looking at. 

& . The bar indicates division. 
) 

™~ The denominator is the number of equal parts in a whole. 

A fraction is a proper fraction if its numerator is /ess than its denominator. 

A fraction is an improper fraction if its numerator is greater than its denominator. 

An improper fraction can also be written as a mixed number, which is the sum of a whole number 

and a proper fraction.
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For example: 

. g is a proper fraction. A whole has been divided into 5 equal parts, 
3. _ = is shaded 

and we are looking at 3. B 

° g is an improper fraction. It can also be written as the mixed number 

2%, which represents 2 + % 

| Example 1 [N <) Self Tutor 

Write: 

a 3% as an improper fraction b —1?7 as a mixed number. 

4 4 17 15 | 2 {the largest multiple of 3 
a 3x=3+g = 3-373 less than 17 is 15} 

15 4 2 
= — - S 5 = N ME 

2 
_ 19 ) 

=5 17 ’ 2 -5 =53 

NEGATIVE FRACTIONS 

Since the bar of a fraction indicates division: Division between numbers with 

e the fraction —71 means (—1)+2= _% different signs gives a negative. 

. 1 . 1 
e the fraction —; means 1 (-2) = —3 

-1 1 1 

S =5 7% 

] | —a a a 
n general: —_——=— = - ¢ b —b b 

PLACING FRACTIONS ON A NUMBER LINE 

We can represent fractions on a number line by dividing each whole into the number of parts in 

the denominator. By extending the number line either side of zero, we can represent positive and 

negative fractions. 

o
 

f
-
—
 =
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1 Describe the following as proper fractions, improper fractions, or mixed numbers: 

3 
d2§ 

EXERCISE 3A 

2 8 7 
a = b - < - 

7 5 8 

2 Convert these mixed numbers to improper fractions: 

3 1 1 
a 1Z b 35 < 45 

3 Write as a division and hence evaluate: 

12 42 45 = i ¢ = 
a 4 ® 6 5 

L Write as a division and hence evaluate: 

56 —56 26 b =0 
a 7 7 

99 —99 

T Ty 

5 Write as a mixed number: 

11 16 e b 2 

6 Place on a number line: 

1 2 5 1 

R T U L 

3 4 
7 a Pl =, —1= ace 5 15, 1 

b Hence write the fractions in ascending order. 

1 
g: 

2 

5 
—=, and —% on a number line. 

124 (5-7) 
Evaluate: 8= (653 

o) Self Tutor 

124 (-7 _ 12+(=2) 
18+ (6+3) 18=9 

10 
2 

=5 

{brackets first} 

{evaluate numerator and denominator} 

8 Evaluate using the rule of BEDMAS: 

33 

15 -4 

5xX246 

8 

32+4 

(12-2)=2 

1 10 1 d 5l 10 f 1k 
53 9 12 

1 1 
e —1§ f —35 

108 132 ¢ 8 
9 11 5 

56 —56 20 d —2° 
-7 -7 

99 —99 

5 h =7 

10 26 13 

-3 €3 iy 

3 6 2 44 _10 
77 7’ ’ 7 

In a fraction, we assume 

the numerator and 

denominator each have 

brackets around them. 

13+7 

6—11 

(5-3)+4 
5— (3+4) 



REAL NUMBERS (Chapter 3) 51 

9 Evaluate using your calculator: 

39 139 -7 —15x 2 
a ——18 A 3 4x 11 ¢ 7-(6+8) 
g 11848 —240 — 120 (10-2) x 3 

IxT 3x4x5 32—-(4x5) 

Two fractions are equal if they have the same value. 

QUAL FRACTIONS 

Multiplying or dividing both the numerator and denominator by the same non-zero number 
produces an equal fraction. 

m o) Self Tutor 

Write: a % with denominator 32 b % with denominator 11 

s 3_3x8_2 p 24_2423_ 8 
47 4x8 32 33 33:-3 11 

LOWEST TERMS 

A fraction is written in lowest terms or simplest form if it is written with the smallest possible 
integer numerator and denominator. 

To write a fraction in lowest terms, we divide both the numerator and denominator by their highest 
common factor (HCF). This is achieved either by writing the divisions or by cancelling common 

factors in the numerator and denominator. 

m ) Self Tutor 

Write ;—(5) in lowest terms. 

10 10 w2 
% ar —1 or 2"3— -g 

105 

25 -5 

B
 

DO
 

x
 

(
S
 

{HCF of 10 and 25 is 5} = 

I 
(
S
 
-
 
X
 

| 
T
l
 

ot
 

X
 

(
S
 

EXERCISE 3B 

1 Write with denominator 20: 

7 
a ) b 

26 15 
40 d 100 W

 
o
 

(4
] I
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2 a Write the fractions l, é, 
10° 5 

b Hence write the fractions in descending order. 

3  Write in lowest terms: 

and % with denominator 30. 

8 15 25 21 

i ° 3% ST 4% 
-5 36 8 . 22 i = h — i = 

! 15 s 48 —20 32 

12 15 80 —75 

5 - ™ " 30 
4 Evaluate, giving your answer in lowest terms: 

6 3x4 50 =2 

@ 5410 b 20— 2 3+7 

4%3—4 18—-6+3 6 x (5—12) 
8§—-3x6 6x(9—17) 6x5—12 

e —2 
12 

. —42 

! 28 

120 

e —45 

10 — 14 

32+2 

h 14 -7 x12 

(3—6)%x5 

5 27 beginners, 25 amateurs, and 8 professionals competed in a golf tournament. 

a How many players competed in the tournament? 

b TFind, in lowest terms, the fraction of competitors who were: 

ii professional i amateur 

To add or subtract fractions: 

ili either amateur or professional. 

e If necessary, write the fractions with the lowest common denominator (LCD). This is the 

lowest common multiple of the original denominators. 

e Add or subtract the new numerators. The denominator stays the same. 

o) Self Tutor 

. 3.1 g 2.1 

3 1 3 2 1 
a  gt3 b i73t3 

_ 3, 1x4 i _3x3 2x4  1x86 _ 

_8+2><4 {LCD = &} T 4x3 3><4+2><6 {LCD = 12} 

_3,8 _9 8.6 
=373 RECRET R 

7 _9-8+46 
8 - 12 

T 
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EXERCISE 3C 

1 Find: 

2 5 8 3 3 1 1 1 

5Ts ® 1w cs5t% 4371 
5 3 5 3 4 4 1 5 

¢ 5t3 f 571 s 7+3 h3-% 
. 1 3 5 1 3 1 2 4 

o3t I —3+3 K =573 I =37+3 
2 Find: 

7 2 2 7 7 1 19 4 3 1 1 1 

T5t3 % © 175%3 ‘75T d35+1 3 

Example 6 ) Self Tutor 

e 
Find: 2—2- 15 

1 2 

5 7 . ; . 
= {write as improper fractions} 

_9%x5 7Tx2 . 

T 2x5 B5x2 {LCD = 10} 

_%_u 
T 10 10 

11 1 

% 15 

3 Find: 

3 1 5 3 

1 3 2 4 3 4 

4 Carter read é of a book during a flight from London to Glasgow, and another g of the book 

during the flight back. What fraction of the book: 

a has Carter read b remains for Carter to read? 

5 A recipe requires g cup of self-raising flour and 1% cups of plain flour. 

a In total, how much flour is used in the recipe? 

b How much more plain flour is used than self-raising flour? 

6 Use your calculator to evaluate: 

1 1 1 1 7 29 5 3
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To multiply a fraction by a whole number, the numerator is multiplied by the whole number 

and the denominator remains the same. 

We usually look to cancel common factors so the result is written in lowest terms. 

|_Example 7 <) Self Tutor 

During a season, Joe hit % of his team’s 40 home runs. The word “of” 

tells us to multiply. 

How many home runs did Joe hit? 

Joe hit % of 40 = % x 40 

_2x40° 
T 5 

= 16 home runs. 

To multiply two fractions, we multiply the numerators together and 

multiply the denominators together. 

a c a Xc 
X — = 

b d bxd 

To make multiplication easier, we can cancel any common factors in the numerator and denominator 

before we multiply. 

Example 8 o) Self Tutor 

ind: 3,2 1,3 Find: a ?x5 b 13><5 

3, 2 1 3 
a §><5 b 1§Xg 

1 _ 3x2 ___éx,’é 

7%X5 31 5 

_6 _4 
T35 T 

EXERCISE 3D 

1 Find: 

1 3 3 1 
a§x60 be16 c:4><g de5 

5 2 3 7 
e EXM f21x? g §X12 h 18><§
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Find: 

2 3 5 a -5-of50 b gof24 < ?of35 

d L ofs60 e 3of30m f 3 0f80 ke 4 6 10 

4 3 . 10 g gofikg h 2 of 28 ha i o7 of $132 

Lee is travelling 700 km from Barcelona to Monaco. He stops at Marseille, having travelled 

1—70 of the way. How far has Lee travelled? 

Find: 

2 4 3.5 3 5 11 4 
a3%5 b 1%37 € 5%% d $x5 

4 6 1 2 5 3 1 3 2 e 5%x= flix'f g 1§><E h 3 X5 X3 

2 N 1\ 2 12 

() ' (3) < (3) (5) e 
1 8 3 2 2 1 2 1 1 m8x(§) n ZX(§> ol§x2§ p2Z 1-3; 

4 2 1 1 2 6 a —=Xg3 b 2Z X (—§> . (—5) X (—g) 

4 3 2 
1 2 3 8 ¢ (3) < () JONIC) 

% of the money raised at a charity event is given to the local hospital. The hospital spends % 

of the money on a new X-ray machine. What fraction of the total money raised by the charity 
was spent on the X-ray machine? 

Trevor ate % of a lasagne. Eleanor ate % of what remained. What fraction of the lasagne: 

a did Eleanor eat b is left over? 

Emma buys two identical bottles of shampoo. She uses g of one of them at home, and uses 

% of all of the remaining shampoo while she is on holidays. In total, how much shampoo 

remains? 

Use your calculator to evaluate: 

4 
2 24 77 6 143 2 

a(fl ® %X TR TR
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For any fraction 2 where ¢ # 0, notice that g X 

£ and g are called reciprocals because their product is one. 
d 

To divide by a fraction, we multiply by the reciprocal of that fraction. 

a c a v d 

b'd b c 

Example 9 o) Self Tutor 

Find: a4.3 I:13.5 

21 g8 1.2_4.2 a4—§—4><1 b1 F=aTE 

4x3 4 o 

12 37 2 

_1o 
T 3 

1 _3§ 

EXERCISE 3E 

1 Ewvaluate: 

3.5 1,1 u,:2 5 

4 1,3 3..1 2, 53 
e8—3 flgTZ s : 12 h13 24 

2 Evaluate: 

—— bg,(5> c4.(5) d 23.5 

3 Tina uses % tablespoon of butter to make an apricot loaf. 

How many loaves can she make with 4 tablespoons of butter? 

4 Use your calculator to evaluate: 

W
=
 

+
 

o
o
 

22 , 132 
a s =+ 51 2 

3 O
f
 
b
 

2
]
 

| 
S
 
E
N
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A decimal number is a number which contains a decimal point. The decimal point separates the 
whole number part from the fraction part. 

The place value of each digit after the decimal point corresponds to a fraction of a whole, with a 
denominator that is a power of ten. 

We can therefore write a decimal number in several equivalent forms: 

Decimal form 14.062 Place value table 

@ 7} 

Expanded form | 14+ S 1 _2_ 4|8 
P 100 ' 1000 .| 3|8 

w | & g2 8 
5|E| |[B|2|8 

: 62 - 2 S 
Mixed number | 1 T 14 o6 2 

When we convert a decimal number to a fraction, we usually give the answer in lowest terms. 

Example 10 o) Self Tutor 

Write as a fraction in lowest terms: 

a 0.6 b 0.045 

_ 6 . 45 
a 0.6= T b 0.045 = Tl 

_ 62 4555 
T 102 T 1000 = 5 

5 ~ 200 

DECIMAL NUMBERS ON A NUMBER LINE 

To represent decimal numbers on a number line, we divide each interval according to the place value 
of the smallest decimal place. 

For example, when representing 0.2, 0.9, 1.3, and 1.8, the place value of the smallest decimal 
place is tenths. We therefore divide each whole into tenths. 

0.2 0.9 1.3 1.8 

[ — l ] & L L I & | 1 & i po-. < & — & + > 

EXERCISE 3F 

1 Write in expanded form: 

a 1.2 b 1.02 ¢ 1.0234 d 9.0909 e 0.0382
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2 Write in decimal form: 

5 6 9 5 2 

3 8 5 1 4 

766 T 1000 ¢ 2+ om0 t 4+ 75 * 10000 

3 State the value of the digit 7 in: 

a 7295 b 571 ¢ 0.724 d 0.078 e 0.000237 

L Write as a fraction in lowest terms: 

a 0.2 b 0.17 ¢ 0.74 d 0.04 

e 0.025 f 0.008 g 0.625 h —-0.8 

5 Place on a number line: 

a 04,07,1.1,15 b 0.5, -0.3, -0.6,1.2, —1.4 ¢ 0.1, 0.35, 0.6, 0.95 

We are often given measurements as decimal numbers. We can approximate decimal numbers by 

rounding to a certain number of decimal places or to a certain number of significant figures. 

RULES FOR ROUNDING DECIMAL NUMBERS 

When rounding decimal numbers, we use the same rule as when rounding whole numbers: 

To round to a particular place value, look at the digit in the place value to the right of it. 

o If this digit is 0, 1, 2, 3, or 4, we round down. 

o If this digit is 5, 6, 7, 8, or 9, we round up. 

Example 11 LR AIRITETS [ We count significant 
] figures from the 

Round 39.748 to: first non-zero digit. 

a 2 decimal places b 3 significant figures. 

a 39.748 ~ 39.75 {the third decimal place is 8, so we round up} r 

b 39.748 ~ 39.7  {the fourth significant figure is 4, so we 

round down} 

EXERCISE 3G 

1 Round to the nearest whole number: 

a 6.326 b 7.543 ¢ 18.72 d 199.6 

2 Round to 1 decimal place: 

a 4.21 b 6.39 ¢ 11.54 d 6.87
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3 Round to 2 decimal places: 

a 7.542 b 3.967 ¢ 21649 d 8.995 

4 Round to 3 significant figures: 

a 5.2374 b 37.1356 ¢ 0.2409 d 0.01925 

5 Round to 4 significant figures: 

a 27.0394 b 0.25724 ¢ 4.00187 d 0.01020038 

6 a Use your calculator to find the value of %. 

b Round this value to: 

i 4 decimal places il 2 significant figures ili 4 significant figures. 

As a class: 

¢ Round 0.945 to 1 decimal place. 

e Round 0.945 to 2 decimal places, and then the result to 1 decimal place. 

Discuss your results. 

'NUMBERS 
To add or subtract decimal numbers, we write the numbers under one another so the decimal points 
and place values line up. We then add or subtract as we do with whole numbers. 

Example 12 o) Self Tutor 

Find 15.3 +9.26. We write the 0 at the end of 

15.3 so the numbers have the 

same number of decimal places. 
15.30 

+19.26 

24.56 

EXERCISE 3H 

1 Find: 

a 2.31+4.57 b 49+6.3 ¢ 14.248.64 

d 19.876 +5.1 e 3.2+51+44.38 f 21.3+4.78+3.9 

g 3.9244.076 h 22.019 + 9.3042 i 37.9+1.576+0.49
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o) Self Tutor 

Find: 

a 4.632 —1.507 b 8-—0.706 

212 7 9910 

a 4.632 b B.008 

- 1.507 - 0.706 

3.125 7.294 

2 Find: 

a 7.84—3.22 b 9.8—-5.36 ¢ 11.58 — 3.7 

d 17—4.85 e 14—9.227 f 26.702—18.8 

g 47.08 —3.942 h 1.9-0.137 i 0.032—-0.00579 

3 For an interstate holiday, Tony has packed a suitcase weighing 11.6 kg and a backpack weighing 

6.75 kg. Find the total weight of Tony’s luggage. 

4 In a long jump competition, Samantha jumped 5.23 m. 

This was 1.37 m further than Theresa’s jump. How far 

did Theresa jump? 

5 At the supermarket, Margaret bought a tub of margarine 

for $3.95, a carton of milk for $1.85, and a bottle of 

sunscreen for $12.90. 

a How much did Margaret spend? 

b How much change will she receive from a $20 

note? 

¢ How much more did the sunscreen cost than the other two items together? 

MULTIPLYING BY A POWER OF 10 

When we multiply a number by 10, each digit moves one place to 

the left. 

This has the effect of moving the decimal point one place to the 

right. 

When multiplying by a power of 10, the power tells us how many 
places to move the decimal point to the right. 

[72] 

£ = 
= o 
=8 

w 9 3 
2} o g 4 

2 2 B g B8 
8 = L 3 F 

2 4 3 7 

s // 
2 4 . 

/‘\ 

2.437 x 10 = 24.37
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DIVIDING BY A POWER OF 10 

When we divide a number by 10, each digit moves one place to the 
right. 2 = 

- 
This has the effect of moving the decimal point one place to the left. w 2 ) —g § 

g F = g 
|5 Q = 

When dividing by a power of 10, the power tells us how many =7 === 

places to move the decimal point to the left. 3 0 . 1 7 

NN\ 
3 .0 1 7 

30.17 = 10 = 3.017 

EXERCISE 31 

T Multiply 15.328 by: 

a 10 b 100 ¢ 1000 d 104 e 105 

2 Divide 936.7 by: 

a 10 b 100 ¢ 103 d 104 e 10° 

3 Find: 

a 5.7x10 b 0.046 x 100 ¢ 0.06 x 10000 

d 0.00001 x 1000 e 7=100 f 3.2<1000 

g 0.022=10 h 0.091 + 10000 i 2.005= 10000 

To perform multiplication with decimal numbers, we first convert the decimal numbers to fractions 

with denominators that are powers of 10. We multiply the fractions without cancelling, then convert 
the result back to a decimal number. 

|_Example 14| %) Self Tutor 
Find: 2.57x4.3 

2.57 x 4.3 257 

_ 257 x43 2.2 
= 100x10 + 10280 
11051 11051 
1000 

=11.051 
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EXERCISE 3) 

1 Find: 

a 6x0.8 b 0.7x9 ¢ 09x04 

d 1.2x0.7 e 0.6 x0.15 f 0.08 x0.11 

g —0.5x12 h 0.3 x(—0.4) i (—0.9)x (-0.8) 

2 Find: 

a 32x1.6 b —1.7x4.2 ¢ 6.4x95 

d 4.1 x0.58 e 10.4x6.9 f 1.84 x (—3.8) 

3 Dominic drank 2.2 litres of water each day for 8 days. How much water did he drink in this 

time? 

4 Each kilogram of beef contains 0.8 grams of cholesterol. How many grams of cholesterol are 

in a 0.250 kg serving of beef? 

5 Bernard buys 4 bottles of water costing $2.35 each, and 3 fruit bars costing $1.15 each. How 

much money has Bernard spent altogether? 

To divide a decimal number by a whole number: 

MAL NUMBERS 

e We divide each place value in turn, starting with the largest place value. 

e If a digit is too small to be divided on its own, we exchange it in the next column, 

e We place the decimal point in the answer directly above the decimal point in the question. 

o If necessary, we write extra zeros at the end of the decimal number we are dividing into. 

For example: 1.36 + 5 =0.272 0.272 

5/1.'3%"0 

Rather than dividing two decimal numbers, we instead write the division as a fraction, then multiply 

the numerator and denominator by the same power of 10 to make the denominator a whole number. 

‘We then perform the division using the method above. 

m ) o) Self Tutor 

Find: 

a 2.7+0.3 b 0.002 =-0.08 

a 2.7+0.3 b 0.002 = 0.08 

_27x10 __0.002 x 100 
T 03x10 T 0.08 x 100 

0.025 
27 0.2 

=3 -y 810.2 0% 

=9 = (.025 
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EXERCISE 3K 

1 Find: 

a 2364 b 1047+3 ¢ 3.187+5 

2 Find: 

a 1.6+0.2 b 4+08 ¢ 0.56 +0.07 

d 2+0.05 e 0.03+0.2 f 0.006 +0.03 

g 0.0008 = 0.05 h —1.7+01 i (—4.2)+(-0.7) 

3 Find: 

a 3.54+0.3 b 536+0.8 ¢ 0.448 = 0.07 

4 A mother duck weighs 2.8 kg. Her baby duckling weighs 0.7 kg. How many times heavier is 
the mother than her baby? 

5 A drinks machine contains 90 litres of water. How many 0.3 litre cups of water can be filled 
from the machine? 

INVESTIGATION 1 

In this Investigation we think about whether it is meaningful to divide a number by zero. 

What to do: 

1 There are many pairs of numbers whose product is 60. Each of them corresponds to a 
division, 

For example, 3 x 20 =60 so 60+ 3 = 20. 

a Copy and complete: 

15 x ...... =60 so 6015 =.... 

10 x ...... =60 so 6010 =.... 

5X et =60 so 605 =..., 

2X e =60 so 60+2 =.... 

%x ...... =60 so 60+-21- = toooas 

0.1x%...... =60 so 60+0.1=... 

b i What is the result when you multiply any number by zero? 

il Is it possible to complete the following statement? 

0X...... =60 so 60+-0=.... 

¢ We say that 60 = 0 is undefined. 

What can you say about the division of any non-zero number by zero? 

2 Consider the statement: ...... x0=0. 

a What numbers can you think of that will correctly complete the statement? 

b The division corresponding to the statementis 0+0 = ...... 

Can we define a unique value for 0+ 0?
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oL SQUARE ROOTS 
We have seen previously that we can multiply a number by itself to produce its square. 

We now consider the reverse process: 

What number do we need to multiply by itself to give a particular number? 

The square root of the number a is the non-negative number 

which, when squared, gives a. 

Y is called the 
square root or 

radical symbol. 
We write the square root of a as v/a. 

va x va=a 

The square root of a is a real number only if a > 0. 

For example: 

o Since 32=9, v/9=3. 

e Since 02=0, v0=0. 
e There is no real number whose square is —1, so +/—1 is not a real number. 

Some people say that since 22 =4 and (—2)2 =4, both 2=+/4 and —2=—+/4 should 

be regarded as “square roots” of 4. There are reasonable arguments for this. 

However, in this course we choose to define “the square root of 4” as the positive value Vi=2 

only. We do this to avoid confusion in what we say. 

How could we be clear in distinguishing /4 from —+/4 if they were both said as “the square 

root of 4”7 

If a number is not a perfect square, then its square root will not be a whole number. In this case, 

we can estimate the square root of the number by considering the square numbers either side of it. 

=) Self Tutor 

Between which two consecutive integers does /11 lie? 

Check your answer using a calculator. 

The square numbers either side of 11 are 9 and 16 .- /W ’ GRAPHICS 
5 CALCULATOR 

/11 is between +/9 and /16 INSTRUCTIONS 

V11 is between 3 and 4. 

Using a calculator, /11 ~ 3.3166. 
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EXERCISE 3L 

1 Without using a calculator, find the value of: 

a V1 b V16 c V25 d /100 

e V49 f 64 g V121 h 81 

2 Use your calculator to find: 

a /289 b 484 ¢ V576 d V1521 e /2304 

3 Between which two consecutive integers do the following values lie? 

a 6 b V12 ¢ V28 d V73 e V103 
Check your answers using a calculator. 

4 Use your calculator to find, correct to 4 decimal places: 

a V7 b 23 ¢ /105 d /186 e /310 

5 Use your calculator to find, correct to 4 decimal places: 

a V3 b /300 ¢ /30000 d /3000000 

In a similar way to how we defined square roots, we define: 

The cube root of the number a is the number which, when cubed, gives a. 

We write the cube root of a as /. 

Jax Jax Ja=a 

For example: 

e Since 4% =64, V64=14. 

o Since (—4)% =64, ¢/—64=—4. 

Notice that, in contrast to square roots, the cube root of a negative number is itself a real negative 
number. 

EXERCISE 3M 

1 Find, without using a calculator: 

a 1 b ¥—1 c I8 d J—8 

e 27 f ¥—-27 g V125 h ¥-125 

i Y0 i /1000 k {/=1000 

2 Use your calculator to find, correct to 3 decimal places if necessary: : 

a 216 b 343 ¢ 729 / GRAPHICS 

d {2107 %) t INSTRUCTIONS e 

g 44 h /250
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HISTORICAL NOTE 

Brahmagupta (598 - 668) was an Indian mathematician 

and astronomer. 

His most famous work, the Brahmasphutasiddhanta 

(“Correctly Established Doctrine of Brahma™), contained 

methods for computing square roots and cube roots, rules 

for summing the square numbers and cubic numbers, and 

techniques for solving linear and quadratic equations. 

It also provided one of the first treatments of zero. 

Brahmagupta treated zero as a number, rather than simply 

as a placeholder digit. He defined zero as the result of 

subtracting a number from itself, and noted that: 

e When zero is added to or subtracted from a quantity, the quantity remains unchanged. 

e When a number is multiplied by zero, the result is zero. 

Brahmagupta also believed that zero divided by zero gives zero, although the modem view is 

that zero divided by zero is undefined. 

Brahmagupta’s work on the number zero allowed him to develop rules for operating with positive 

and negative numbers. 

L NUMBERS aeWwETE ; b 

A rational number is a number that can be written in the form % 

where a and b are integers and b # 0. 

For example: 

2 . 
* and Z are rational numbers. 

e Mixed numbers such as 1% are rational, since 1% = —g- 

e Whole numbers such as 5 and —3 are also rational, since 5 = % and -3 = _T3 

We can express any rational number in decimal form by performing the division of these integers. 

When we convert a rational number to decimal form, the result may either be a terminating decimal 

or a recurring decimal. 

TERMINATING DECIMALS 

A terminating decimal has only a finite number of non-zero digits after the 

decimal point. 

For example, 4.256 is a terminating decimal, as it finishes or terminates after 3 decimal places.
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When written as a fraction in lowest terms, a rational number will convert to a 

terminating decimal if its denominator has no prime factors other than 2 or 5. 

For example, % has denominator 20 = 22 x 5, which has only 2 and 5 as its prime factors. 

7 
20 =0.35. So, T converts to a terminating decimal. In fact, 3 

20 

We can convert fractions like these to terminating decimals by first writing the fraction so its 

denominator is a power of 10. 

_Example 17| %) Self Tutor 
Write as a terminating decimal: 

3 7 5 
a3 ° % 3k 

3 7 5 
a3 b SR 

_3x2 _ Tx4 _ 5x125 

T B5x2 T 25x4 T 8x125 

_5 B _ 625 
T 10 ~ 100 ~ 1000 

=0.6 =0.28 = 0.625 

RECURRING DECIMALS 

If you enter 1+ 3 into your calculator, it will give the answer as either % or 0.333333333, 

depending on the settings. 

If the answer is given as a decimal, your calculator can only show a finite number of decimal places. 

However, the series of 3s after the decimal actually continues forever. We say this is a recurring 

decimal. 

In a recurring decimal, the same sequence of digits is repeated without stopping. 

When written as a fraction in lowest terms, a rational number will convert to a 

recurring decimal if its denominator has at least one prime factor other than 2 or 5. 

For example, % = 0.72727272.... is a recurring decimal since the denominator has the prime 

factor 11. 

We indicate a recurring decimal with a line over the repeated digits. 

For example, % =0.3 and % =0.72. 

There may be some non-repeating digits in the decimal before the repeating digits start. 

For example, % =0.83333.... = 0.83.
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Example 18 =) Self Tutor 

i i imal: A 5 Some decimals have long strings of Write as a recurring decimal: a b 11 digits which repeat. For example, 

1 
— = 0.0588235204117647 

7 
7 0.058 823529411 764 

g 
= 0.7777 0.7 77 7... 

=07 9|7.0707070.... 

5 

8 
= 0.454545.... 0.45454.. 

-0735 11 [5.0%50%°%0.... 

EXERCISE 3N 

1 Show that each number is rational by writing it in the rational form % where a and b are 

integers and b # 0. 

a 1% b 7 ¢ 36 d —4 e 0.3 

3 49 . . f —23 v h 0.01 i 0 /341 z Y : 
2 Without using your calculator, state whether each rational number will convert to a terminating 

decimal or a recurring decimal. 

3 2 4 13 

LT, b3 < 2 d 0 
2 5 75 

e 7 T S h 5 
Use your calculator to check your answets. 

3 Otliver notices that % has a prime factor of 3 in the denominator, so he thinks the fraction will 

convert to a recurring decimal. 

9 _os. However, when he enters it into his calculator, he finds that 5 

Can you explain Oliver’s mistake? 

4 Write as a terminating decimal: 

9 
10 
31 
50 e 

b 
17 

20 

3 

8 

5 Write as a recurring decimal: 

A
~
 
W
l
 

b 

[
{
=
1
 

<
 
o
Y
 

B 
3
 

25 

L3 
125 

o
 
o
=
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6 Use your calculator to write as a recurring decimal: 

8 6 20 13 15 11 a — — c = == = = 13 b 37 27 d 30 ¢ % f 14 

1 e We have seen that 0.3 = 7+ What can we say about 0.9? 

e If your calculator only displays 10 digits, how can you tell which digits in the decimal form 

of % are repeated? 

An irrational number is a number that cannot be written in the form % 

where a and b are integers. 

For example: 

e /2~1.41421356.... is an irrational number, 

Note that fractions such as % = 14142857 are sometimes used to approximate +/2, but they 
can never be exact. 

e 7 ~3.14159...., read as “pi”, is also irrational. 

In the Opening Problem, Qi-Zheng was calculating the surface area of 
a circular pond with radius 1 m. His family helped him with different 
approximations, but the exact answer he needed was 7 m2. 
In general, the area of any circle is 7 times the square of its radius, and 
the perimeter or distance around the boundary is 27 times its radius. 

2mm 

HISTORICAL NOTE £ = il 

Proving that some numbers such as +/2 are irrational is relatively easy, and can be done with 
school level mathematics. However, proving that = is irrational is particularly difficult! 

One of the very greatest mathematicians Leonhard Euler believed 7 was irrational but was 
unable to prove it. 

The first proof that « is irrational was achieved by the Swiss mathematician Johann Heinrich 
Lambert (1728 - 1777) in the 1760s. 

Although 7 is irrational and its sequence of decimal digits will never recur, calculating the 
decimal places of 7 continues to be a topic of interest for mathematicians and computer scientists 
alike. The current world record is 50 trillion decimal places which took 303 days to compute!
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Together, the rational numbers and irrational numbers make up the set of all real numbers which 

can be placed on a number line. 

rational numbers 

' 1 ! 

—/30  —42 -7 -3 03 V2 
[ | | gl | il i I + Py I - 

—6 -5 -4 -3 ) -1 0 1 
t 1 t 

irrational numbers 

W
 

a
a
f
=
 

3 4 5 6 
t 

A 

[
 

S
8
 
R
 

[ 
2 

5 

We have seen that every rational number can be written as either a terminating decimal or a recurring 

decimal. 

By contrast: 

The decimal form of an irrational number neither terminates nor recurs. 

For example, /2 to its first 30 decimal places is: 

V2~ 1.414213 562 373 095 048 801 688724 209 ... 

We could keep writing these digits forever, and they would never terminate nor get into a loop of 

repeating digits. 

INVESTIGATION 2 

In this Investigation we will consider the decimal form of the irrational number +/20. 

V20 is the positive number such that (\/2_0)2 = 20. 

Notice that: 

o 42=16 and 52 =25, so /20 is between 4 and 5. 

o 4.42=19.36 and 4.5% = 20.25, so v/20 is between 4.4 and 4.5. 

What to do: 

1 Show that /20 is between 4.47 and 4.48. 

2 By trial and error, find the closest numbers either side of v/20 which have: 

a 3 decimal places b 4 decimal places 

¢ 5 decimal places d 6 decimal places. 

Check your answers by evaluating +/20 on your calculator. 

EXERCISE 30 

1 a State whether each number is rational or irrational. It may help to view the numbers in 

decimal form using your calculator. 

i g i V5 i 0.2 v T 

v V4 vi T—2 vii —3 viii v/2-2 

b Place the numbers in a on a number line.
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2 Decide whether each statement is true or false: 

a The negative of an irrational number must also be irrational. 

b 3 more than an irrational number must also be irrational. 

¢ An irrational number multiplied by 2 must also be irrational. 

d The square of an irrational number must also be irrational. 

("
] 

Give an example of an irrational number between 0 and 1. 

&
=
 

Is the sum of two irrational numbers always irrational? Explain your answer. 

Denes says that the reciprocal of any rational number is also rational. 
There is one rational number that proves Denes wrong. What is it? 

e Can you show that there are infinitely many rational numbers? 

¢ Are there infinitely many irrational numbers? 

e Are there more rational numbers than irrational numbers? 

QUICK QuIZ 

MULTIPLE CHOICE QUIZ 

1 Place the fractions %, —%, —%, 221- on a number line. 

2 Write as a division and hence evaluate: 

54 88 120 

Lo > 3 < =5 
3 Write in lowest terms: 

3 16 49 42 —8 

3 33 > 5 € % G o ¢ % 
& TFind; 

2 1 1 1 1 2 

3373 ® 571 € 33-2% 
1 5 2 2 1 son 2. (_2 f 9-9- d 1= x 5 e E ( 3> 9 

5 State the value of the digit 5 in: 

a 25.7 b 1.252 ¢ 0.0005 d 4.502
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6 

1 

12 

13 

14 

Round: 

a 2.5732 to 2 decimal places b 10.0694 to 3 significant figures 

¢ 0.051549 to 4 decimal places. 

Find: 

a 2.18+6.275 b 13.46-58 € 8—-6.27 

Find: 

a 6.349 x 100 b 52971000 ¢ 0.7x8 

d 55x(—2.1) e 0.048+0.6 f 0.561 +0.03 

Carolyn bought 3 tumblers and a water jug from a homewares store. The tumblers cost 

$6.78 each and the water jug cost $18.90. How much did Carolyn spend? 

In a hammer throw event, Brooke threw 34.5 m and 

Bronwyn threw 38.16 m. 

a What was the combined distance of the two throws? 

b How much farther was Bronwyn’s throw than 

Brooke’s throw? 

¢ Bronwyn’s shotput distance was i of her hammer 

throw distance. How far did she throw the shotput? 

In my family there are four people. My father has an apricot pie which he divides between 

us. He takes a quarter of the pie for himself, and then gives my mother a third of what is 

left. My sister gets a half of what is left after that, and I get all of the rest. 

a How much pie is left after my father has taken his share? 

b How much of the pie does my mother get? 

¢ How much of the pie does my sister get? 

d [Is my father’s method of sharing fair? Explain your answer. 

Between which two consecutive integers does /180 lie? 

Find, without using a calculator: 

a /1000000 b &-1000000 

Write as a terminating decimal: 

4 19 11 27 3 

a3 ® % ¢ % 4% ¢ % 

a Without using your calculator, state whether each rational number will convert to a 

terminating decimal or a recurring decimal. 

i 16 = 7 a D s, 119 v 29 
3_7. ] fi m E 1Y) 250 8_8 

b Use your calculator to write each number in a as a terminating or recurring decimal.
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REVIEW SET 3B S 

1 Write as a mixed number: 

11 23 19 
a — b = - 

2 Evaluate, giving your answer in lowest terms: 

1248 b 4x(7—3) ¢ 36+0-9) 
9-4 54+9x%x3 3x6+2 

3 Find: 

2 2 4 2 

d 6134 e Zx2; f 21.3—18.52 

4 % of Peter’s garden beds are used to grow fruit and vegetables. Of these, i of the growing 

space is taken up by eggplants. What fraction of Peter’s garden beds is taken up by 

eggplants? 

5 Place the decimals 0.2, 0.6, —0.4, 1.1, —1.3 on a number line. 

& Write as a fraction in lowest terms: 

a 0.22 b 0.65 ¢ 0.092 

7 Multiply 0.0359 by: 

a 10 b 100 ¢ 10000 

8 Find: 

a 0.12x0.07 b 3:-06 ¢ 1.967-=0.07 

9 Mrs Austen is having trouble with her printer. The 
first quarter of her book is printed in red, the next 

sixth in blue, the next seventh in red again, and all 

of the rest in black. 

a What fraction of the book has black printing? 

b The book has 252 pages. What page numbers 

are in blue? 

¢ 100 of the pages were also creased. Find, in 

lowest terms, the fraction of pages that were 

creased. 

10 Without using your calculator, write g as a recurring decimal. 

11 Between which two consecutive integers does /75 lie? 

12 Use your calculator to find, correct to 3 decimal places if necessary: 

a V1331 b /1800
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13 State whether each number is rational or irrational. If it is rational, write it in the form %, 

14 

where a and b are integers. 

8 b 6 ¢ /81 

6§ e —35 f V341 

Write % as a recurring decimal. 

Hence write as a terminating or recurring decimal: 

i 02+03 il 0.2x03 iii 03+0.2 iv 0.3x0.2 

Write % and % as recurring decimals. 

Use the numbers %, %, and % to give an example where the quotient of two recurring 

decimals is: 

i arecurring decimal ii a terminating decimal.
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OPENING PROBLEM 

Nadia’s brother Tim is 2 years younger than she is. Her 

mother Melanie is three times Nadia’s age. Nadia’s father 

Peter is 4 years older than Melanie. 

Things to think about: 

a Suppose Nadia is 13 years old. How old is: 

i Tim il Melanie iii Peter? 

b Now suppose Nadia is n years old. Can you write 

an expression involving n, for the age of: 

I Tim ii Melanie iii Peter? 

¢ Can you use your expressions in b to check your answers to a? 

Algebra is a powerful tool used in mathematics. The letters of the 

In algebra we use letters or symbols to represent alphabet are also 
unknown values or variables. el T ol 

Together with numbers and operation signs, we use 
variables to construct mathematical expressions. 

For example, the area of any rectangle is found by multiplying its length by its width. 

If someone asked you to draw a rectangle, you would probably respond by asking how big the 

rectangle should be. 

The length and width of the rectangle are unknown or variable. T 

If we let [ represent the length of the rectangle, and w represent w 

its width, the area of the rectangle can be written as ! X w, or ‘l‘ 

lw. - z - 

In algebra the variables are included in expressions as though they are numbers. 

However, we obey some rules which help to simplify the appearance of algebraic expressions. 

Product notation is used to represent the sum of identical terms. 

For example, justas 3+3+3+3=4x3=12 {4 lots of 3} 

we can write b+b+b+b=4xb=4b {4 lots of b} 

[ Example 1 | ) Self Tutor 
Simplify: ar+r+r+s+s b d+d—(a+a+a+a) 

a r+r+r+s+s b d+d—(a+a+a+a) 

=3r+2s =2d—4a 
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In algebra we agree: 

¢ to leave out the X signs between multiplied quantities 

e to write numbers first in any product 

e where products contain two or more letters, we write them in alphabetical order. 

For example: e 3b is used rather than 3 x b or b3 

e 3bc is used rather than 3cb. 

~Example 2 _ <) Self Tutor 
Write in product notation: 

a tx6s b 4xk+mx3 ¢ 3x(r+s 

a t X 6s b 4xk+mx3 < 3 (r+s) 

= Bst =4k + 3m =3(r+s) 

EXERCISE 4A 

1 Write using product notation: 

a b+b b g+qg+q¢q Cc rt+zrzt+yt+yt+yty 

d c+c+e+e e 3+z+y+y f ata+at+a+7 

g g+g+2+g+g h 3—(d+d+4d) i s—t+t 

j s—(+1) k d+r+r+r+1 Il 2+a+a+b+b 

2 Write using product notation: 

a bxzx b cx2 c gx7 d fxdg 

e 6gxp f rx9s g 2ax3b h mx4n 

i axbxb ] gx2xp k 7xkxl I pxhxd 

3 Write using product notation: 

a pxg+r b 4xzx+5xy ¢ 2xa—b 

d bxa—c e b—axec f f—gxT7 

g cXxa+dxa h 12—-rxsx6 i z—3xyxx 

4 Write using product notation: 

a 3x(z+y) b 5x(d—1) ¢ (w—z)x8 d pxgx(r—2) 

Exponent notation is used to represent the product of identical terms. 

For example, justas 3 x 3 x 3 x 3 =34, 

we can write bx bx bxb=5b%
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| Example 3 | %) Self Tutor Remember the 

a 8xbxbxaxaxa b k+k—3xdxdxd 

a 8xbxbxaxaxa b E+k—-3xdxdxd 

= 8a%p? = 2k — 3d° 

EXERCISE 4B 

1 Write using product and exponent notation: 

a rTXxTXzx b nxnxnxn c 3xkxk 

d dxaxaxa e 2xdxdxdxd f Adxpxgxgq 

g sxtxtxt h 3xfxgxfxg i wXxwxzXyxyxy 

2 Write in expanded form: 

a ot b 4p° ¢ 3td 

d 522y e 7f%4° f (5a)? 

g 5a? h p?+2¢ i p3—3¢® 

3 Write using product and exponent notation: 

cxec+2xd 

nXnXn+n 

a zxz+3 

m+mxXm 

axa+T7xa 

gxXp—2xp 
hxhx2—hxj 

axXa+2xbxbxb—axbxb 

< 

e YXy—2z XXX 

g 8xb—bxbxbd 

i 2XxpXgXxg+6xXrXrxs 

k Ixr+bxXxxXITXI 

It is important to be able to convert algebraic expressions into words, and to concisely write worded 

expressions using algebraic symbols. This can often be done in several ways. 

Examples for each operation are given in the following table: 

Operation | Algebraic Expression Written in Words 

- z add 5, z plus 5, 5 more than z, 

e £+5 the sum of z and 5, the total of x and 5 

Subtraction 3_ 4 3 minus z, x less than 3, 3 take x, 3 subtract x, 

subtract 2 from 3 

s 2 times z, 2 multiplied by =, twice z, 
Multiplication 2z el 

Ditisicn z z divided by 5, the quotient of x and 5, « over 5, 

5 zonb 
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Operation | Algebraic Expression Written in Words 

Powers z2 x squared, the square of z, z to the power 2 

(@ — 5)? x minus 5 all squared, ] 
the square of all of z minus 5 

Roots NG the square root of 

i self Tutor 
Write in words: 

a 32-5 b % ¢ (p+g)? 

a 3x—5 is “b less than the product of 3 and z”. 

b % is “the product of p and r, divided by 2”. 

¢ (p+gq)? is “the sum of p and g, all squared”. 

EXERCISE 4C 

1 Write in words: 

a y+2 b z+y < 

e m f 4b? g 

i xyz I vz—3 k 

3 3a 
m 7 n % o 

2 Write in words: 

a 22+y b (5z)2 c 

:1?2 €T 2 

i a? -7 i V3a—T7 k 

| Example 5 | %) Self Tutor 

Write as an algebraic expression: 

a the product of 3 and m, plus 5 

b the sum of m and the square of n 

¢ m minus n, all squared. 

a 3m+5 b m+n? ¢ (m—n) 

Brackets are 

grouping symbols. 

d 3—-2x 

h 3y—2z 

) B 
a 

d y2—£L‘2 

h (2+0b)?2 

| :c3—y3 

Since m —n 

is all squared, 

we need to 

use brackets. 
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3 Write as an algebraic expression: 

a the sum of p and 7 

¢ the quotient of z and y 

4 Write as an algebraic expression: 

a the sum of a and b squared 

¢ the square of the sum of a and b 

bz less than the product of y and = 

d 3 times z, minus 15 

b the sum of a squared and b 

d a plus the square of b 

e the sum of a and b, all squared 

5 Write as an algebraic expression: 

a the product of 7 and = squared b the quotient of 7 and x, all squared 

¢ a squared minus b squared d a minus b, all squared 

e the square root of z, subtract p 

6 Suppose we start with a number z. Write an algebraic expression for the final result, if we: 

b subtract it from 3, then double the result 

¢ add 2 to it then take the square root of the result. 

D | RALISING ARITHMETIC 
To find algebraic expressions for many real world situations, we first think in terms of numbers or 

numerical cases. We then proceed to more general cases. 

Example 6 - 

Find: 

a the cost of z bananas at y cents each 

b the change from $50 when buying 3 books at $6 each. 

a square it then add 4 

First work out 

how to do the 

problem using 

numbers. 

a The cost of 7 bananas at 30 cents each is 7 x 30 cents. 

*. the cost of z bananas at 30 cents each is 2z x 30 = 30x cents. 

-, the cost of x bananas at y cents each is T X y = xy cents, 

b The change when buying 5 books costing $6 each is 50 — (5 x 6) dollars. 

the change when buying y books costing $6 each is 

50 — (y x 6) = (50 — 6y) dollars. 

EXERCISE 4D 

1 Find the total cost of buying: 

a b caps at $20 each b a caps at $20 each ¢ a caps at $d each. 

2 Rick is now 14 years old. How old was he: 

a 6 years ago b z years ago? 

3 Find the change from $100 when buying: 

b h hammers at $15 each a 3 hammers at $15 each ¢ h hammers at $p each.
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4 Patrick decided to go jogging each morning. As a result, he lost 6 kg. If he initially weighed 
w kg, how much does he weigh now? 

w
n
 

There were 20 people at a party, then m more people arrived and n people left. How many 
people are now at the party? 

6 Laura buys a apricots and p peaches. Find the total cost (in dollars) if each apricot costs 
60 cents and each peach costs 90 cents. 

~
 

Tia is walking to her friend’s house, 600 m down the road. Each step she takes is 80 cm long. 
If Tia has walked z steps, find: 

a how far she has walked b how far she is from her friend’s house. 

8 a A cyclist travels at an average speed of 15 km per hour for 3 hours. How far has the 
cyclist travelled? 

b How far would the cyclist travel at an average speed of s km per hour for ¢ hours? 

9 a Jan has 96 cupcakes to share amongst 8 tables. How 
many cupcakes does each table receive? 

b If Jan had c cupcakes to share amongst n tables, how 
many cupcakes would each table receive? 

10 Suppose we have b bags which contain some apples. Find how many apples are present if each 
bag contains: 

a  apples, and there are 3 left over b y apples, and there are 4 left over 

¢ t apples, and there are 7 left over d m apples, and there are n left over. 

11 Frank buys b balls at $m each and r racquets at $n each. Find the total cost of these items. 

- SUBSTITUTION 
If we know the values of the variables in an expression, we can substitute the values for the 
variables. This allows us to evaluate the expression. 

When we evaluate a mathematical expression, we calculate its value for particular numerical 
values of the variables or unknowns. 

For example, the area of a triangle with base b units and height 

h units is given by the expression %bh units?, 

If we are given the base and height of a triangle, we substitute 
the given values into the expression to find the area. 

For example, if the base b =15 cm and the height A = 2 cm, 

then the triangle has area % X 5x2=>5cm2. 

If we need to substitute a negative value, we write it in brackets. This helps us obtain the correct 
sign of each term, and ensures that we do not perform the wrong operation.
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|_Example 7§ i ) Self Tutor| We place negative 
substitutions 

If a=2, b=-1, and ¢ =3, evaluate: inside brackets. 

a 3a—2b b 2+b 

a 3a-2b b A+b 
=3x2-2x(-1) =32+ (-1) 
=6+2 =9-1 

=8 =8 

EXERCISE 4E 

1 If f=2, g=4, and h=1, evaluate: 

a f+h b 39 ¢c h—g d 7+4f 

e 2—gh f fg—nh g 5(g—h) h 2g° 

2 If w=3, z=-1, y=4, and z = —2, evaluate: 

a w+az b 5z ¢ 2x+y d dw—2z2 

e z° f7—w? g 5z+2y h 322 

i yz+2w i 2(y—2) k y?—wz I z(y—3z) 

Example 8 o) Self Tutor 

If p=3, q=-2, and r = —4, evaluate: 

4 P4 p Lo 
T p+r 

a P—¢_3-(-2 b F4or _ (=2°+3x (-4 
T (—4) p+r 3+ (—4) 

342 _4-12 

) ] 

_5 _ -8 
T4 ] 

__5 =8 
T4 

3 If =5, k=-3, {=2, and m =4, evaluate 

m 25 +1 J k—j 
Y b = ¢ T % d = 

i—1 l+k 3l 15—m 

o t $ 776 h %3 

k2 . k K 8-k | m 
504+ m I 73 Im—5 j2—21 

4 Evaluate the expression a(b? —4) for: 

aa=2 b=3 b a=4, b=2 ¢ a=-1, b=5 d a=7, b=-4
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5 If a=3 and b=1, evaluate: 

a vb b Va+b ¢ VaZ+T7b d Via—3b 
6 Answer the Opening Problem on page 76. 

7 The area of a triangle with base length & cm and height 2 cm is given by %bh cm?, 
Find the area of the triangle with base 6 cm and height 9 cm. 

8 The density of an object is given by %n where m is the mass in grams, and V is the volume 

in cm®. The units of density are g/cm3, 

a Find the density of an object with mass 130 g and volume 26 cm3. 
b A3 cmby 5 cm by 2 cm block of iron has mass 234 g. Find the density of the block. 

9 A stone is dropped off a cliff. Its speed after it has fallen s m is given by 1/19.6s m/s. 
a Find the speed of the stone, correct to 2 decimal places, after it has fallen: 

i 1m il 5m. 

b The cliff is 12 m high. What is the stone’s speed just before it hits the ground? 

ACTIVITY 1 

Two expressions are equal if their numerical values are equal no matter what values of the 
variables are chosen. 

For example, 2(z+3) and 2z + 6 are equal for any value of z. 

We can get an idea whether two expressions are equal by choosing several values of the variables 
and trying each of them. 

If any counterexample is found where a particular value of the variable results in the expressions 
taking different numerical values, then the expressions are not equal. 

For example, 2(z +3) and 2z +3 cannot be equal, because when z = 1, 

2(z+3) whereas 2z +3 
=2(1+3) =2x1+3 
=2x4 =2+3 
=8 =5 

1 Consider the expressions (z —1)2, 22 —1, and 2° — 2z + 1. 

a Copy and complete this table: ' (z—1)2 |22 -1 |22 -2zc+1 T 

1 

0 

4 

-1 

b Which of the expressions do you think are equal?
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2 Consider the expressions a + E, a—:—b, % + b, and (ZL —+ g 

a Copy and complete this table: e T 

8| 4 

3| 5 

6| —2 

b Hence decide which expressions you think are equal, and which are definitely not 

equal. 

3 Use a table to test whether the following expressions are equal: 

a (2¢)? and 2z% using 2=0,1,2,3 

b 180—(a+b) and 180 —a —b using: 

i a=0, b=10 ii a=20, b=30 

¢ (x+y)? and 22 +y? using: 
i z=1, y=2 ii z=-1, y=3 

d (z—y)? and z?—2zy+y* using: 

ii z=2, y=0 i z=3, y=1 

Y 
o gy 

i a=40, b="75 

i z=3 y=5 

iioz=4, y=-1 

GE OF ALGEBRA 
The table below defines some key words which we use in algebra: 

or — signs, the signs being included 

Word Meaning Example(s) 

; an unknown value that is represented by | In S = [? + 4hl, the variables 
variable ’ 

a letter or symbol are S, h, and [. 

e eion numbgrs and variables joined by % +y—1, 2a+b 
operations c 

equation | two expressions joined by an = sign 3x+8=-1, Z ; Ly 

terms algebraic forms which are separated by + | 3z —2y+xy —7 has four terms: 
3z, —2y, zy, and —7. 

terms with the same variables to the same 

powers 
like terms 

In 4z + 3y + zy — 3=z 
e 4z and —3x are like terms 

e 4z and 3y are not like terms 

e zy and 3y are not like terms. 

In 3z —y>+7+23, theterm 7 
constant | a term which does not contain a variable | . 

1S a constant. 

In 4z + 2zy — y°: 

coefficient | the number factor of an algebraic term 0 & (5 CEs HE 6 
e 2 is the coefficient of zy 

e —1 is the coefficient of y3. 
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Example 9 el Tutor| 
Consider 4y? — 6z + 22y — 5 + z2. 

a Is this an equation or an expression? 

b How many terms does it contain? 

¢ State the coefficient of: iz il z2 

d State the term which is a constant. 

a This is an expression, as it does not contain an = sign. 

b There are five terms: 4y?, —6x, 22y, —5, and z2. 

¢ | The coefficient of = is —6. ii The coefficient of z? is 1. 

d The constant is —35. 

EXERCISE 4F 

1 Decide whether each of the following is an expression or an equation: 

a zy+2x+1 b dz—y=13 ¢ dz—-5=1 

d 28 ¢ T g2 f 2?2 +72+10 
2 z 3 

2 State the number of terms in: 

a 4z +4z+1 b p?+¢®—5pg+17 c m3—2w2+5:c—%—1 

3 State the coefficient of z in: 

a 3x b —8z ¢z d —2z 

e 3+4z f zy—b5z g 3z — 422 h 222 -2z +1 

4 State the coefficient of y in: 

a by b -5y ¢ 14y d —Ty 

e 3r—vy f 2z+6y—3 g y?+2zy+3y h 3% —2y+5 

5 State the constant in: 

a 3r+4+2 b 5z2—-4 ¢ 3+z d %+2—:c 

6 Consider 222+ 5z — Tzy + 5y% — 2y + 1. 

a Is this an equation or an expression? 

b How many terms does it contain? 

¢ State the coefficient of: 

i z? i g2 i xy iv y. 

d State the term which is a constant. 

7 Identify the like terms in: 

a 3r+2+4 5z b 4z +2y—-3-~3y 

¢ 22+ 2z — 52— 10 d zy+ 3z%y — 22y + 2%y 

e 5w—3m2+g—1 f 3x2y? +7—zy? — 2+ 2%y?
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We have seen that like terms have the same variable form. They contain the same variables to the 

same powers. 

— = 

Algebraic expressions can often be simplified by adding like terms. This process is called 

collecting like terms. 

When we add like terms, we add the coefficients of the terms. 

For example, since 244 =6, 

2a + 4a = 6a. 

We can see this by expanding the product notation: 

20+4a=a+t+a+t+a+a+a+a=6a 

2a 4a 

o) Self Tutor 

Where possible, simplify by collecting like terms: 

a 3z+ 2z b Ta—3a ¢ 224+3—-=z d 3bc+be e 2zr—z° 

a 3z+2z=>5z {3z and 2z are like terms} 

b 7a—3a=4a {7a and —3a are like terms} 

¢ 2z+3—-2z=-3z+3 {—2z and —z are like terms} 

d 3bc+bc=4bc {3bc and be are like terms} 

e 2z —x? cannot be simplified {2z and —z? are not like terms} 

EXERCISE 4G 

1 Where possible, simplify by collecting like terms: 

a 24zx+4 b ¢g+5+6 ¢ b+3+b+0b 

d a+a+7 e d+d f g+149g+4 

g 5y—3y h 42—z i ¢>+4° 

i 5z+5 k 5w? — dw? I 3z — 3z? 
m 3z—=z n 3ab+ 6ab o m+m+m+m 

2 Simplify, where possible: 

a 8 —8p b 8 —0p ¢ 8 —8 

d Tpg—pq e ab+ 3ab f p®+2p 

g 3w+ 4w + 5w h 8zy+ Syx i 2z2+5z—42 

I 2m+3m—5m k 5d+4d -9 I n—6n->5n 

m 45 —95—4 n 2a+a?-—-a o 3g+4g—Tg° 

P s+ 3s+4s2 q 22242z +2 r 202 —b?
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3 Simplify, where possible: 

a —x+4+Tx b —7z—2 ¢ —~1lm —4m 

d —y— -8y e 8y——y fy——4y 

9 —2a+4+3a-4a h 3z -4z - 22 

|_Example 11| i seif Tutor| 
Simplify by collecting like terms: 

a 24+3a—-3—2a b z2 -2z + 3z — 222 

a 2+3a-3-2a b 2’ —2z+ 3z~ 27 
=3 —2a+2-3 =z?—22% - 22+ 3z 
=qa—1 =—z?+z 

{3a and —2a are like terms, {z? and —2z? are like terms, 
2 and —3 are like terms} —2z and 3z are like terms} 

4 Simplify by collecting like terms: 

a x+5—-3zx—6 b 8+4-3t—1 

¢ z+5y—6y—3z d pg+3+5pg—T7 

e —cd+ 2¢d + 9ed f 20-64+6—3a 

g 1222 4+5—T22 -7 h —5n+3+2n—-6 

i 2v—Tv+4+w—6w j —3x3 — 222 4 32° — 22 

k 40a—-3b~ —a—4b I —22-3-32—-4 

m 2p+4pg—3pg—p R 3n—5—n—6n 

o —6mn+ 3m —mn —5m 

1 IC PRODUCTS 
When two numbers are multiplied together, the result is called a product. If we are dealing with 
integers, we talk about writing a number as a product of factors. 

We also use these words in algebra. 

For example: 

3z? x —2z 

=3XzXxxx—-2xx {expanding each product} 

=3x—-2xzxxzxz {changing the order} 

= —62° {multiplying the numbers and using exponent notation} 

We can therefore say that: 

e the product of 322 and —2z is —6z3 

e 3z? and —2z are factors of —6z3.
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To find an algebraic product, we: 

e multiply the numbers, including any signs 

e write the product of the variables using exponent notation where appropriate. 

) Self Tutor 

=2xXax3xXa 

Simplify: 

a 2ax3a b —32% x 4zy 

a 2a X 3a b —3z% x 4y 

==-3xzrxzrx4dxzTxXy 

=6xa? =-12xa3 xy 
= 6a? = —12z3y 

EXERCISE 4H 

1 Simplify: 

a 5x4k b z2x23 

d 5z x 6z e mx 8m3 

g (5y)2 h 3zxzx4 

2 Simplify: 

a —2z x4z b 5a xab 

d m? x 3mn e —4a’b x 3b 

g Tz? X —bx h (49)2 x g 

j Tx—a3 k (-3z)2 

m z3 x —z? n 5rx (—r)? 

p 9zy° x 3z%y a (2y)° 

With practice, 

you should 
not need all 

of these steps. 

¢ 4z x Tz? 

f 2¢% x 5g° 

i 4z x 322 x 22 

¢ 6cx—c 

—4p X —5p 

i 82242 x 3zy 

I s2 x —2st 

o —3x%x 2z 

ro(—2z)3 

Is there a way of simplifying algebraic products such as = 

out all the factors? 

8x 3 
w2 and % are examples of algebraic fractions, also known as algebraic quotients. They can 

Ui 

4 x 2% and z% x =z 9 without writing 

be simplified by cancelling common factors in exactly the same way as for numerical fractions. 

For example, just as 

222 _ 

2 

8  2xA_2 
12 3x4 3 

2XEXx 2 

TXTXTXEXZ 13
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| Example 13 | %) Self Tutor 

. . 623 4:vy2 
Simplify: a — 
Bl 3z 1222y 

@___%’xxxwxxl b 4xy? =14><;;:1><y><y1 
3z Bx 1202y Xz Xz XY 

_ 2% _ Y 
= 3z 

= 22 

EXERCISE 4l 

1 Simplify: 

10z 12 5a 9k 

a5 r Y 4 5 
2 2 T z 2c 3Im 

¢ T = s = h s 
2 Simplify: 

5 3 5 a 2 b & ¢ 2 ol 
T T 3x T 

Ty a 2cd 822 
e — S — 

x f ab s c? h 10zy 

i £ i 2mn? k 15p3q I 3w2y 

a3 14m?2n?2 3p 9y3 

125242 n E ° x2y3z P 10a2bc® 

852t kS xyz2 12ab2 

7 
Is there a way of simplifying algebraic fractions such as % and :—% without writing out all 

T z 

of the factors? 

The rules used for multiplying algebraic fractions are identical to those for numerical fractions. 

To multiply two fractions, we multiply the numerators 

together and multiply the denominators together. 

a (&4 aXc ac 

b~ d bxd bd 
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To write the result in lowest terms, we cancel any common factors in the numerator and denominator. 

N «) Self Tutor 

2 . . z Yy a 3 
: - xz — X = Simplify a = X9 b = B 

2 2 T Yy _TXY a® 3 __a“x3 

4 5X3 T Fx2 » 6§ "2 6xa 

_ Ty lgxax3 
10 X 

— ¢ 
T2 

EXERCISE 4J 

1 Simplify: 

a _ b z 10 _m 5_6 
a =x- —X =z € — X — d —x - 

3><4 o Y 7 m 2 z Yy 

2 3 P 2 a b T Y t T 
—x = f =x- — X % h —x- 

€% P b2 " 4 g y2 o z2 r ot 

2 Simplify: 

2 2 3 

y 8 T v 6y 3y 5 

W= XY AIC FRACTIONS 

a  c a d 

b'd b ¢ 

m o) Self Tutor 

Simplify: a —;—;—% b ;8;—% 

z.y 8.2 
a 53 b m "~ m 

=%y 3 g il 
5 Ty T m 2 

_zx3 8 xm! 

5 Xy VX 2y 

_ 3z = == 
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EXERCISE 4K 

1 Simplify: 

a ., b 5 .y c . 4 p.gq 
a --—+- b —+2 = - - = 

7 4 T 8 ¢ 2 ¢ d g 6 

2 2 2 2 

2 3 4 7 t s y Y 

2 Simplify: 

2 
a a_+i b 2_5_]?. &_g_b d @_2_13 

4 " 3a ' m b2 " q? 5 a 

When multiplying algebraic fractions, we cancelled common factors one at a time in the numerator 
and denominator. 

Just as a numerical fraction is simplified to lowest terms by dividing the numerator and denominator 
by their highest common factor, the same is true for algebraic fractions. 

In this Section we study algebraic common factors in more detail. 

Example 16 o) Self Tutor Write each term 

. . d f 
Find the highest common factor of: as;s I;razt:::!o 

a 8aand12b b 4z? and 62y 

a 8a=2%x2x2xa b 4 =9%x2x s Xz 

126=2x2%x3xb by =2%x3I Xz Xy 

- HCF=2x2 ;. HCF=2x=2 

EXERCISE 4L 

1 Find the missing factor: 

a 3x0O=6a b 3xO=15b ¢ 2x0=28zy 

d 2z xO=822 e O x 2z =272 f Ox 5z = —10z2 

g —axO=ab h Oxa? = 4a® i 3zx0O=-922y 

2 Find the highest common factor of: 

a 2aand 6 b 5c and 8¢ ¢ 8r and 27 

d 12k and Tk e 3and 12a f 5z and 15z 

g 25z and 10z h 24y and 32y i 4z and 32 

j 15z and 1022 k 9r and r3 I 63 and 21
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3 Find the HCF of: 

a 36b and 54d b 3g and gr 

¢ 62 and zy d 36ab and 120 

e 23aband Tab f abc and 6abc 

9 3pg and 6pg® h 2a?b and 6ab 

i 6xy and 18z2y? i 15a, 20ab, and 30b 

k 12wzxz, 12wz, and 2dwxyz | 24p%qr and 36pgr? 

ACTIVITY 2 

Instructions: 

You‘ may move horizonta.lll}'f or 6m| 2a | 3 |9¢2| 3¢ | 2 | np | 2p? 

vertically to an adjacent cell if it has 1 6 5e | 25 15 1 
a common factor (other than 1) with | mre) On | o€ myn p 
the cell you are currently on. 8y | xzy | n | 6z | 222 | mn|6n%| 4 

Find a path from the start to the exit. Ty | 21 |3z |5z | 3y | 22| 3p| p —exit 

ab | 5b | yz | zy |15z | yz | p* | 3b 
PRINTABLE 
MAZE da | 9q [ 3q| g% | 63 | Ty | b2 | b 

start— 12| 9 | 10 |10b| 12 | 85 | 95 | 3 

6a | a® | 5a | 3a | 4z | zy | 2z | 22 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ 

REVIEW SET 4A 

o 

1 Write using product and exponent notation: 

a "TXxax3xaxb 

€ 2xdxdxd—-3xdxd 

2 Write in expanded form: 

a 7tt b (3v)3 

3 Write in words: 

a % b (3z)2 

& Write as an algebraic expression: 

a the total of @, b, and ¢ 

¢ the sum of k and the square of A 

b bxbxb+b+b 

d ax2xa—3x(b+b—a) 

¢ 2b%2 —3c° 

€ a+x? 

b 5 more than the square root of z
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5 Gina bought a bag of 18 apples. How many apples will be left in the bag if she eats: 

a 2 apples per day for the next 3 days b a apples per day for the next 3 days 

¢ a apples per day for the next d days? 

6 If p=-2, ¢g=6, and r = -3, find: 

2 p—r 

2q 
ar b p?qr 

7 An object with mass m kg and acceleration a m/s? has a force of ma newtons acting upon 
it. Find the force acting on: 

a a bicycle with mass 8 kg and acceleration 9 m/s? 

b an arrow with mass 54 g and acceleration 5 m/s2. 

8 Decide whether each of the following is an equation or an expression: 

a 212 -4z 47 b (r-—2)? € zy+2y=-7 

9 State the coefficient of p in: 

a 3+p2—p b 2p2+7p+% 

10 Simplify by collecting like terms: 

a 7k+6k—6 b —2+3+2z-1 ¢ 9f+39—(—8f)—8g 

11 Consider the expression 5g + 12gh — 2h + 3gh + 4. 

@ How many terms does it contain? b State any like terms. 

¢ State the coefficient of h. d State the term which is constant. 

e If possible, simplify the expression by collecting like terms. 

12 Simplify: 

a 522 x4z b —a®x2a € 4y x —2z%y 

13 Simplify: 

E b _5m_2_y_ 14a2b 

3 10zy? 863 

14 Simplify: 

m 10 
a T X —= b 

15 Find the HCF of: 

a 30z and 24 b 3a2b and 6ab 

]
|
 

| 
w
l
y
 

k3
 [
 

fl
 

REVIEW SET 4B g 

1 Write using product and exponent notation: 

a atat+axa b 4xpxp—6xpxpxgqg 

2 Write as an algebraic expression: g minus the square of p. 

3 Write o® — 7a2b® in expanded form.
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10 

11 

13 

14 

ALGEBRAIC EXPRESSIONS (Chapter 4) 

Find the change from $20 when buying: 

a 3ice creams at $2 each b 3 ice creams at $p each € c ice creams at $p each. 

If a=3, b=-1, and ¢ = —4, evaluate: 

a a?b b (a—c)? 

A cake stall had 20 muffins. n customers bought 2 muffins each, then a new batch of 

m muffins arrived. How many muffins does the stall now have? 

State the: 

a coefficient of z in 322 + 2z —5 b constantin y® —3+ 9. 

Simplify by collecting like terms: 

a 3z—82+42 b t4+5u—6t+Tu ¢ 322 4+4x—Tx+5 

Consider the expression 3s + 7t — 10st — 2 — 9¢. 

a How many terms does it contain? 

b State the coefficient of st. 

¢ State the term which is constant. 

d If possible, simplify the expression by collecting like terms. 

¢ Evaluate the expression if: 

i s=0and t=3 ii s=-1and t=-2 

When Sinbad went fishing, he cast his net out » times 

and caught 6 fish each time. In addition, 3 flying fish 

jumped into the boat. 

a Write an expression for the total number of fish in 

Sinbad’s boat. 

b How many fish did Sinbad return to shore with, if 

he cast his net out: 

i twice ii seven times? 

¢ Suppose Sinbad cast his net out seven times. When he returned to shore, he shared his 

haul with his four brothers. How many fish did each brother get? 

Simplify: 

a (3d)? b —2* x5z ¢ 2y x —zy 

Simplify: 

150> p lda’® 
3z 4ab? 

Simplify: 

Find the HCF of: 

a 6y? and 8y b 10zy and 4z2
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OPENING PROBLEM , 

Theo carves wooden figurines and sells them online. 

The wood for each figurine costs $4.50. He sells each 

figurine for $12. 

Things to think about: 

a How much profit does Theo make on each 

figurine? 

b How can we express this profit as a percentage? 

¢ Why might Theo be interested in knowing the percentage profit rather than the profit in 

dollars? 

d Suppose the price of the wood increases by 5%, and Theo sells his figurines at the same 

price. Does Theo’s profit decrease by 5%? Explain your answer. 

Percentages are used around us every day, so it is important to understand what they mean and how 

to use them. 

A percentage is used to compare a portion with a whole amount. 

The whole amount is represented by 100%, which has the value 1. 

% reads percent, which means “in every hundred”. 

xT 
m? _ 

°= J00 

The word percent is derived from the Latin phrase per centum. In Latin, cenfum means 

“hundred”. 

Explain how each of the following words is related to one hundred: 

e centimetre e cents e century e centigrade 

e centenary e centenarian e centurion 

To convert a percentage into a decimal or a fraction, we divide by 100%. 

100% = 100 _ 1, so dividing by 100% does not change the value of the number. 
100
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= Write as a decimal: Rl 1.0 0%, 
move the decimal 

a 88% b 116% point 2 places to 

a 88% -] 116% 

='88.% =116.% 
=0.88 =1.16 

EXERCISE 5A 

1 Write as a decimal: 

a 48% b 110% 

e 49% f 2% 

i 1000% j 0.0025% 

2 Write each percentage as a decimal: 

¢ 101% d 62.5% 

g 552% h 0.01% 

k 235.2% I 27.3% 

@ A bank offers 6.5% interest on its savings account. 

b Football attendances are down 13.8% this year. 

o) Self Tutor 

Write as a fraction in lowest terms: 

a 115% b 12-;-% 
When we convert a percentage 

1 into a fraction, we write the 
a 115% b 125% result in lowest terms. 

115 

= 100 =2+ 100 

N 2 7 160, 
23 

=35 =1 
8 

3 Write as a fraction in lowest terms: 

a 55% b 32% 

e 2% ¢ 37%% 

i 33%% i 120% 

¢ 210% d 16% 

g 3%% h 144% 

k 0.01% I 0.75% 

4 On an average day, 5% of students are absent and 24% of students are late. 

Write down the fraction of students who are: 

a absent b not absent ¢ late d on time.
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To convert a decimal or a fraction into a percentage, we multiply by 100%. 

For some fractions, we may end up with a percentage with many decimal places. In this case we 

often round the percentage to 1 or 2 decimal places. 

m 
o) Self Tutor 

Write as a percentage: 
3 1 

a 0.042 b = . - 

i~ 3 3 1 1 
a 0.042 = 0.042 x 100% b S 100% € - =:X 100% 

=42 L — 60% _ 100, 
6 

2 
= 165% 

~ 16.7% 

EXERCISE 5B 

1 Write as a percentage: To multiply by 100%, 

a 0.02 b 04 c 037 move the decimal point 
d 0.65 e 0.416 f 3.2 2 places to the right. 

g 1.25 h 0.015 i 0.333 

j 0.0062 e 0.0304 I 1.057 

2 Write as a percentage: 

3 9 21 1 

ST ® % ¢ % 41 
13 4 17 

e 2 f % s : h i 

-7 - 29 1 

3 Convert into a percentage, giving your answer exactly: 

2 2 5 8 1 
a 3 b 5 ¢ 0.83 d 5 e 

4 Use your calculator to write these fractions as percentages, rounding your answers to 1 decimal 

place: 

3 8 6 18 

a g b 3 ¢ % d =
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We can compare /ike quantitics using percentages. 

To express one quantity as a percentage of another, we write them as a fraction, then convert the 
fraction to a percentage. 

We must make sure that the quantities are compared in the same units. 

Express as a percentage: 

a Mike ran 10 km out of 50 km 

b Rani spent 5 months of the last two years overseas. 

) Selt Tutor | 

o l0km _ 1042 
50km 50 ~ 2 

20 
~ 100 

= 20% 

So, Mike ran 20% of 50 km. 

i 

5 months 5 months 

2 years 24 months 

_ 5 
_flxloo% 

_ 
YA 
~ 20.8% 

So, Rani spent about 20.8% of 
the last two years overseas. 

EXERCISE 5C 

1 Express as a percentage: 

a 17 marks out of 20 marks 

8 km out of 60 km 

4Loutof25L 

3 hours out of 2 days 

28 mL out of 2 L -
 
0
 
0
 
n
 

5
 
-
0
 
T
 

[ 

$10 out of $25 

9 months out of 3 years 

800 g out of 30 kg 

20cmout of 1.2 m 

138 mm out of 3 m 

2 Of'the 40 passengers on a tour bus, 12 are from South Africa. What percentage of the passengers 
are South African? 

3 Last week, Jemima was given $15 pocket money and Henry was given $18. Of this money, 
Jemima saved $6 while Henry saved $7. Who saved the greater percentage of their pocket 
money? 

4 At the cinema, Michael spent €15 on his movie ticket, €8 on popcorn, and €3 on a drink. He 
paid for these items out of the €30 he had in his wallet. What percentage of his money did 
Michael spend on: 

a the ticket b adrink ¢ popcorn d his outing to the cinema?
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5 Every year, firefighters take part in The Sky Tower Climb in Auckland, New Zealand. There 

are 1103 steps in the climb. The progress of four firefighters is shown in the table below. 

Copy and complete the table by finding the percentage of the race each person has run, and the 

percentage he or she has remaining. 

Name | Steps climbed | % already run | % remaining PRINTABLE 

Marcel 813 TARLES 

Ariel 672 * 

Shane 901 

Emma 866 

6 This table shows the number of votes and registered voters in the most recent Romanian 

presidential elections. 

Year : Votes fRe_gistered voters | Vofizr_turnout %_ 

2019 | 9359673 18286 865 

2014 | 9723232 18284 066 

2009 | 9946748 18293277 

2004 | 10791215 18449344 

2000 | 11559458 17699 727 

a Copy and complete the table, rounding each percentage to 1 decimal place. 

b In which year was the: 

i highest voter turnout ii lowest voter turnout? 

To find a percentage of a quantity, we convert the percentage to a decimal, then multiply to find 

the required amount. 

Example 5 o) Self Tutor 

Find 4.5% of $210. 
“of” indicates that 

we multiply. 

4.5% of $210 = 0.045 x $210 

= $9.45 

EXERCISE 5D 

1 Find: 

a 80% of 30 b 15% of 60 ¢ 25% of 110 kg 

d 70% of 400 m e 35% of $250 f 6% of 30 L 

g 7.5% of 12 km h 85% of 8 m i 38.5% of £360 

i 4%% of ¥64.000 000 I 0.5% of 3500 kg I 8%% of $900
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2 Annette spends 32% of her wage on her mortgage. If Annette is paid $52000 in a year, how 
much does she spend on her mortgage? 

3 A mixture of water and lime cordial concentrate contains 12% cordial concentrate. How much 
water is required to make 6 litres of this lime cordial mixture? 

4 A car salesman receives 3.5% commission for every used car he sells. How much does he 
receive for a car which he sells for $12 500? 

5 Kerrie harvested 4900 pears from her orchard. Of these, she found that 12% were rotten. How 
many rotten pears did Kerrie need to throw away? 

6 Tax on vehicles imported into a country is 33%. If the total value of vehicles imported is 
$52 500 000, how much tax will be charged? 

7 A whitegoods manufacturer receives 35% of the sale price of their goods sold by a department 
store. How much does the manufacturer receive if the store sells whitegoods worth: 

a $45000 b $70000? 

8 Tom ate 40% of a 175 g bag of crisps. Teresa ate 85% of an 80 g bag of crisps. 

a Find the total amount of crisps Tom and Teresa ate. 

b Who ate more crisps? 

Sometimes we know a part or a percentage of a quantity, but we do not know the whole amount. 

For example, suppose Michelle and Brigette own a business. Brigette receives 25% of the profits 
each month. Last month, Brigette received $2080. How can she work out the total profit made by 
the business last month? 

To answer this question, we can use a method called the unitary method. 

In the unitary method, we first use division to find 1% of the quantity. We then multiply by 100 
to find the whole amount, or by another number to find that percentage of the quantity. 

Example 6 ) Self Tutor 

Brigette receives 25% of the company profits each month. Last month, 

she received $2080. Find the total company profit last month. 

25% of the profit = $2080 

1% of the profit = $2080 + 25 = $83.20 

100% of the profit = $83.20 x 100 

So, the total company profit last month was $8320. 
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EXERCISE 5E 

1 Find 100% if: 

a 10% is 40 mL b 45%is 225 g ¢ 6% is €72 

d 70% is 49 kg e 53% is $159 f 95% is 38 minutes 

2 229% of students at a school ride their bikes to school. If 132 students ride their bikes to school, 

how many students attend the school? 

3 The area of Wales is approximately 20800 km?. Wales is approximately 9% of Great Britain. 

Estimate the total area of Great Britain. 

m . o) Self Tutor 

18% of the students at a school are in Year 8, and 16% of the students are 

in Year 9. If the school has 126 Year 8 students, determine the number of 

Year 9 students. 

18% of the school = 126 students 

1% of the school = 11%6 =7 students 

16% of the school = 7 x 16 = 112 students 

So, the school has 112 Year 9 students. 

a Find 40% of an injection if 5% of the injection is 7 mL. 

b Find 84% of a packet of nuts if 14% of the packet is 21 g. 

¢ Find 72% of the contents of a bottle if 9% of the contents is 80 mL. 

d Find 18% of a wage if 54% of the wage is $630. 

5 An alloy contains 15% manganese and 85% iron. 37.5 kg of manganese is used to make the 

alloy. 

a How much alloy is produced? b How much iron is used? 

6 When Vivian bakes cookies, she always burns 20% of 

them. How many cookies does Vivian need to bake so 

that she finishes with 28 unburnt cookies? 

7 The children at a camp each chose either canoeing, hiking, 

or swimming for their afternoon activity. 45% of the 

children chose canoeing, 18 children chose hiking, and 

15 children chose swimming. How many children were 

at the camp? 

8 When churning cream to make butter, 48% of the cream comes out as butter, and the remainder 

as buttermilk. 

a How much butter will you get from 3.5 kg of cream? 

b Amy needs 120 g of butter for a recipe. How much cream does she need to churn?
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9 Maddie operates an ice cream van. The table alongside shows Flavour | % of sales 
the sales for each flavour in the last week, expressed as a Tis i Chocolate 36% percentage of the total number of ice creams sold. 

. ill 1 a What percentage of ice creams sold were strawberry Vel 31% 
flavoured? Strawlbelry 22% 

b Given that Maddie sold 124 vanilla ice creams, determine: Mint 7.5% 

Banana 3.5% i the number of chocolate ice creams sold 

ii the number of mint ice creams sold Total 100% 
il the total number of ice creams sold. 

Looking back over the unitary method, is there a way to make the process quicker? Can you 
perform the two operations together by multiplying by a single fraction? 

GLOBAL CONTEXT NUTRITION INFORMATION 
Global context: Identities and relationships y 1l bl 

CONTEXT 
Statement of inquiry. Reading nutrition labels can help us identify the 

foods we should eat as part of a healthy diet. 
Criterion: Applying mathematics in real-life contexts 

There are many situations where quantities are either increased or decreased by a certain percentage. 

For example: 

e class sizes are increased by 10% 

e the price of goods increases by 4% 
e a man on a diet reduces his weight by 8% 

e a store has a 25% discount sale. 

We will now examine two methods for increasing or decreasing 
a quantity by a given percentage. 

PERCENTAGE CHANGE USING TWO STEPS 

To apply a percentage increase or decrease, we can: 

e find the size of the increase or decrease, then 

e apply this change to the original quantity by addition or subtraction.
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Example 8 

Use two steps to: 

a increase $5000 by 20% 

o) Self Tutor 

b decrease $80 000 by 12%. 

a 20% of $5000 = 0.2 x $5000 b 12% of $80000 = 0.12 x $80 000 

= $1000 = $9600 

the new amount the new amount 

= $5000 + $1000 = $80 000 — $9600 

= $6000 = §70400 

EXERCISE 5F.1 

1 Perform these operations using two steps: 

a increase 160 kg by 10% 

¢ increase $28 500 by 5% 

e increase 200 L by 2.5% 

b decrease 12 km by 25% 

d decrease 650 mL by 40% 

f decrease €450 by 18% 

2 At the end of last year, Arthur’s international student group had 65 members. It has increased 

this year by 20%. Find the number of: 

a new students who have joined the group b students now in the group. 

3 The annual profit of a telecommunications company fell by 65% this year. If the profit in the 

previous year was $324 million, find: 

a the decrease in profit this year b the actual profit this year. 

PERCENTAGE CHANGE USING A MULTIPLIER 

Before we change a quantity, its original amount is regarded as 100%. 

e If we increase a quantity by 20%, then in total we have 100% + 20% = 120% of the original 
amount. So, to increase a quantity by 20%, we multiply the original amount by 120% or 1.2. 

e If we decrease a quantity by 20%, then we are left with 100% — 20% = 80% of the original 
amount. So, to decrease a quantity by 20%, we multiply the original amount by 80% or 0.8. 

The value we multiply by is called a multiplier. 

Example 9 

Use a multiplier to: 

a increase $5000 by 20% 

o) Self Tutor 

b decrease $80 000 by 12%. 

b To decrease by 12%, we multiply by 
100% — 12% = 88%. 

-, the new amount = 88% of $80 000 

= 0.88 x $80000 

= $70400 

a To increase by 20%, we multiply by 

100% + 20% = 120%. 

.. the new amount = 120% of $5000 

= 1.2 x $5000 

= $6000 
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In summary, when calculating the change in a quantity, the 

original amount X multiplier — new amount 

EXERCISE 5F.2 

1 Find the multiplier for: To increase a quantity, the 

a an increase of 5% b a decrease of 6% multiplier is greater than 1. 

¢ an increase of 12% d a decrease of 256% To decrease a quantity, the 
. ltiplier is less than 1. 

¢ a decrease of 49% f an increase of 34% S e 

g a decrease of 7 %% h an increase of 3.8%. 

2 Perform these operations using a multiplier: 

a increase $750 by 12% b decrease 145 kg by 8% 

¢ decrease 800 m by 16% d increase 800 L by 65% 

e increase $850000 by 32%  f decrease 12.5 L by 85% 

g decrease 240 m by 9%% h increase $328 by 7.5% 

3 A Pacific island has area 850 km?. Due to rising sea levels, its area is predicted to decrease by 

7% by 2040. Find the predicted area of the island in 2040. 

4 Rita currently pays $250 rent per week, but has been told her rent will increase by 6%. How 

much rent will she pay after the increase? 

5 Edis 160 cm tall. His sister Peggy is 8.5% taller. How tall is Peggy? 

6 In March, the price of a bus ticket was $5. 

a If the price rose by 10% in May, what was the new price? 

b If the price rose again by 10% in November, what was the new price? 

¢ Explain why the price increase was greater in November than in May. 

7 When increasing a quantity by 10% and then decreasing the result by 10%, the overall result 

is to decrease the original quantity by 1%. Use multipliers to explain why this occurs. 

8 In 2017, farmer Chris produced 1000 tonnes of wheat. The 
table below describes the percentage change in his wheat 

harvest each year in comparison with the previous year. 

2018 | 2019 2020 

+20% | —37.5% | +44% 

a How much wheat did Chris produce in 2020? 

b In which year did Chris produce: 

i the most wheat ii the least wheat? 
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When calculating the change in a quantity, the 

original amount x multiplier = new amount. 

Dividing both sides by the original amount, the multiplier for a change is given by: 

new amount 
multiplier = —— 

original amount 

We can then use the multiplier to determine the percentage change. 

o) Self Tutor 

Determine the percentage change when: 

a 50 kg is increased to 70 kg b $160 is decreased to $120. 

a multiplier = 2€W amount b multiplier — 1Y amount 
original amount original amount 

_ T0kg _ $120 
" 50kg T $160 

=14 =0.75 

This corresponds to a 40% increase. This corresponds to a 25% decrease. 

EXERCISE 5G 

1 Write down the percentage change corresponding to the multiplier: 

a 

e 

2 Find the percentage change when: 

-
 
0
 
0
 
a
 
O
 

1.2 b 0.8 ¢ 1.35 d 0.65 

1.63 f 0.37 g 24 h 0.995 

A multiplier greater than | 
$20 is increased to $22 shows an increase. 

80 mL is decreased to 68 mL A multiplier less than 1 

45 g is decreased to 27 g Sl © G, 

90 cm is increased to 1.35 m 

2 minutes is decreased to 102 seconds 

840 g is increased to 1.22 kg. 

3 Describe the percentage change when: 

a 

b 

the price of a haircut rises from $30 to $34.50 

150 people attended a community picnic last year, but it rained this year so only 108 people 

attended 

Jorge bought a house for 3 200 000 pesos, and it is now worth 3 600000 pesos 

Casey threw the javelin 56.33 m, breaking the previous school record of 52.40 m 

John completed a half-marathon in 1 hour and 52 minutes, improving on his previous best 
time of 2 hours and 8 minutes.
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&L 

5 

The population of swallows migrating this year was 29 400, compared with 34300 last year. 
Find the percentage change. 

This year at school there are 186 Year 8 students and 169 Year 9 students. 
Last year there were 147 Year 8 students and 138 Year 9 students. 
Which year group increased by a greater percentage? 

Harriot really loves snakes. For her birthday in 2017, 
she was given a pet carpet python by her uncle. Since 
then, she has measured its length on her birthday each 
year. 

Year 2017 2018 2019 2020 

Length | 58 cm | 79 cm | 94 cm | 107 cm 

a Calculate the percentage by which the snake’s 
length increased from: 

i 2017 to 2018 il 2018 to 2019 ili 2019 to 2020. 
b Calculate the overall percentage increase for the 3-year period. 

The table alongside shows the estimated number of internet users Year | Internet users 

gf‘fi;":entthyears' by which the mummber of intermet 1990 | 2.6 million Calculate the percentage by which the number of internet users 1995 | 44.4 million 
increased from: 2000 | 412.8 milli 

.8 million 1 2 1 ¢ 1235 t0 2000 : 2010 0 2306 2005 | 1.026 billion 
¢ 199010 1995 000 to 2005. 2010 | 1.992 billion 

2016 | 3.408 billion 

Source:  ourworldindata.org 

The table alongside summarises the top host | 2000 2 2020 
destlgatlons for.h1gher education students 1.6 million students | 5.6 million students 
studying abroad in 2000 and 2020. — 

. USA 28% | USA 20% a Use the data to estimate the number of 
UK 14% | UK 10% students going to the USA for higher 

education in each year. Germany  12% | Canada 9% 
b Hence estimate the percentage change in France 8% China 9% 

the number of students going to the USA Australia 7% Australia 8% 
gz)rz(l)ligher education between 2000 and Japan 49, France 6% 

. . Source: OECD, Project Atlas, UNESCO ¢ Estimate the percentage change in the ouree roject Atas 
number of students going to each of 

these countries for higher education 
between 2000 and 2020: 

i UK il Australia il France 

9 The attendance at council meetings has dropped by 15% each month for the last 3 months. 
Find the overall percentage decrease in attendance over this period.
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H INDING THE ORIGINAL AMOUNT 
When calculating the change in a quantity, the 

original amount x multiplier = new amount. 

Dividing both sides by the multiplier, the original amount is given by: 

. new amount 
original amount = —— 

multiplier 

" Example 11 | ) Self Tutor 
Between 2009-10 and 2019-20, the number of students in universities in Germany during 

winter semesters rose by 36.3% to 2.89 million. (Source: Statistica, 2021) 

Estimate the number of students in Germany during the winter semester in 2009-10. 

new amount 

multiplier 

~ 2.89 million 

T 1.363 

~ 2.12 million 

original amount = 

{100% + 36.3% = 136.3%} 

During the winter semester 2009-10, there were about 2.12 million students in universities in 

Germany. 

EXERCISE 5H 

1 Find the original amount given that: 

a after an increase of 20%, the length was 24 cm 

after a decrease of 15%, the mass was 51 kg 

after an increase of 3.6%, the amount was $129.50 

after an increase of 130%, the capacity was 9200 L 

®
 
O
 
n
 
O
 

after a decrease of 0.8%, the attendance was 49 600 people. 

2 In 2018, 92 nations participated in the Winter Olympics. This was a 15% increase from the 

2006 Winter Olympics. How many nations participated in the 2006 Winter Olympics? 

3 A clothing store is having a 15% off sale. The price of a coat has been reduced to £119. How 

much does the coat usually cost? 

4 In 2020, a music festival included 747 songs. The festival director said this was an increase of 

66% since 2016. How many songs were included at the 2016 festival? 

5 Joan has just received an electricity bill of $283.50. This is 32.5% less than her previous bill. 

How much was Joan’s previous bill? 

6 From 1993 to 2020, the recorded number of black rhinoceroses has increased by 127.5% to 

5630. Estimate the black rhinoceros population in 1993.
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In order to run a successful business, a shopkeeper must sell their products at prices that are greater 

than what they paid for the products. For each individual product, we define: 

The cost price is the price at which the business buys a product. 

The selling price is the price at which the business sells a product. 

If the selling price is greater than the cost price, the business has made a profit on that product. 

If the selling price is Jess than the cost price, the business has made a loss on that product. 

profit or loss = selling price — cost price 

o) Self Tutor 

Find the profit or loss when: 

A positive value 

means a profit. 

A negative value 

means a loss. a an electronics store buys a television for $180 and sells it for $295 

b a car yard buys a car for $900 and sells it for $650. 

a selling price — cost price b selling price — cost price 

= $295 — $180 = $650 — $900 

= $115 = —$250 

So, a profit of $115 is made. So, a loss of $250 is made. 

PERCENTAGE PROFIT OR LOSS 

By itself, knowing that you made $2 profit on an item is not always very useful. $2 would be a 

very small profit on an expensive item like a washing machine, or a very large profit on a cheap 
item like a chocolate bar. 

It is often more useful to express a profit or loss as a percentage of the cost price. 

profit 
e percentage profit = — X 100% 

cost price 

loss 
e percentage loss = ——— x 100% 

cost price 

EXERCISE 51 

1 Copy and complete: Cost price .. Selling price | Profit or loss 

$600 $450 $150 loss 

a $35 $65 

b £225 £160 

¢ $520 $670 

d | €26500 €33000 
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2 Copy and complete: Cost price | Selling price | Profit or loss 

a $56 $20 profit 

b $420 $75 loss 

% $580 $195 profit 
d $200 $65 loss 

m %) Self Tutor 

A microscope was purchased for $600. It sold two years later for $450. 
Find the profit or loss as a percentage of the cost price. 

loss 
selling price — cost price Percentage loss = — x 100% 

cost price 

= $450 — $600 . 

= —$150 =255 < 100% 

So, a loss of $150 was made. = 25% 

For each of the following transactions, find: 

i the profit or loss ii the percentage profit or loss, rounded to 1 decimal place. 

Janet bought a toy car set for $45 and sold it for $65. 

Dave bought a motorbike for €7000 and sold it for €56850. 

I bought a kettle for $38 and sold it for $15. 

Lana sold a stereo for $250 which cost her $190. 

Robert sold a chainsaw for $330 which cost him $240. ®
 
O
 
n
 
O
 
o
 

A boat was purchased for $26 000 and three years later was sold for $19 000. Find the loss as 

a percentage of the cost price. Round your answer to 1 decimal place. 

A retailer buys a lounge suite for $680 and sells it for $1120. Find the profit as a percentage 

of the cost price. Round your answer to 1 decimal place. 

A used car salesman buys a car for RM13 500, then sells it three days later for RM18 000. 

a Find the profit made on the sale of the car. 

b Express this profit as a percentage of the cost price. 

A department store purchased 15 handbags for a total of CNY1650. The store then sold them 

for CNY450 per handbag. 

a Find the total profit made by the department store. 

b Express this profit as a percentage of the cost price. 

A sweets shop buys 1600 fruit gums for 20 cents each. 910 of the fruit gums are sold for 

35 cents each. The remainder are thrown out because they have reached their expiry date. 

a Determine whether the shop has made a profit or loss on the fruit gums. 

b Express the profit or loss as a percentage of the cost price.
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12 

13 

Find the selling price of goods purchased for $150 and sold at a 20% profit. 

For a 20% profit we must increase $150 by 20%. 

To increase by 20%, we multiply by 120%. 

So, the selling price = 120% of $150 

=1.2 x $150 

= $180 

Find the selling price of goods bought for: 

a $600 and sold at a 30% profit b €450 and sold at a 20% loss 

¢ $3500 and sold at a 15% loss d $25000 and sold at a 12% profit. 

Deanna bought a bedroom suite for $2400 and sold it for a profit of 8%. At what price did she 
sell the bedroom suite? 

Aaron bought a wardrobe for $200, but was forced to sell it at a 30% loss. At what price did 
he sell the wardrobe? 

Answer the Opening Problem on page 96. 

Andy bought a broken washing machine for $50, then spent a further $26 on parts to fix it. He 
sold the washing machine for a 120% profit. At what price did he sell the washing machine? 

EEEER Dpiscounr 
In order to attract customers or to clear old stock, many 

businesses reduce the price of items from the marked 
price shown on the price tag. 

The amount of money by which the marked price of the 
item is reduced is called discount. 

selling price = marked price — discount 

A dishwasher has a marked price of $495. During a sale, a $120 

discount is offered. Find the sale price of the dishwasher. 

selling price = marked price — discount 

= $495 — $120 

= $375 

So, the dishwasher is on sale at $375. 
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Discount is often stated as a percentage of the marked price. It is thus a percentage decrease. 

) Self Tutor 

The marked price of a video projector is $1060. If a 22% discount is offered, 

find the actual selling price. 

For a 22% discount we must decrease $1060 by 22%. 

To decrease by 22%, we multiply by 100% — 22% = 78%. 

So, the selling price = 78% of $1060 

=0.78 x $1060 

= $826.80 

EXERCISE 5) 

1 Find the selling price of: 

a a lamp with a marked price of $49, if a $15 discount is offered 

b a cordless drill which has been discounted by $80 from its marked price of $329. 

2 The marked price of a billiard table is $2450, and an 8% discount is offered. Find the actual 

selling price of the billiard table. 

3 A television marketing company advertises exercise equipment for £180. It offers a 12% 
discount for the first 50 callers. Find the actual selling price if you are one of the first 50 callers. 

4 A toaster with a marked price of $50 has been discounted to $42. Find the percentage discount. 

A department store is offering the following discounts: 

o 5% off for customers who spend more than $100 

o 7.5% off for customers who spend more than $200 

e 10% off for customers who spend more than $500. 

Find the final price paid by a customer who buys: 

a a television set marked at $180 b a washing machine marked at $320 

¢ a dishwasher marked at $890. 

6 Copy and complete: 

Marked price | Discount | Selling price | Discount as a % of marked price 

a $160 $40 

b $500 34% 

(3 $2.40 15% 

d $0.75 $3.40 

e $252 $163 

f €88.20 18% 

g $3379 38% 
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VAT AND GST 
In most countries a tax is payable on the sale of items. This tax  Country | VAT or GST rate 
has various names depending on the country where the items Chil 19% ' 
are sold. The two most common names are: - 0 

Sweden 25% 
¢ value-added tax (VAT) ) 

os and ices tax (GST) Australia 10% 
e goods and services tax . 

g Ghana 12.5% 
The standard rate of tax varies from one country to another. Russia 20% 
Examples are shown in the table. . 

Singapore ™% 
The tax is applied as a percentage increase to an item’s price. 

EXERCISE 5K 

1 Find the amount of tax which needs to be paid on an item which costs: 

a 624 krona plus 25% VAT b 8550 rubles plus 20% VAT. 

2 Find the total amount paid by the customer for an item which costs: 

a $26.40 plus 10% GST b 4800 cedi plus 12.5% VAT. 

3 Find the percentage tax which has been added if the price of the item increases from: 

a $250 to $267.50 b 82000 pesos to 97 580 pesos. 

4 Find the price of the item before tax was added, if the customer pays: 

a HRK76250 and the tax was 25% b CHF2154 and the tax was 7.7%. 

In some countries, shops are required to include the tax in the marked price of an item. 

e Do you think this helps customers understand how much they are spending? 

e Do you think this should be done in all countries? 

GLOBAL CONTEXT INFLATION 

Global context: Faimess and development GLOBAL 
h CONTEXT 

Statement of inquiry:  Using percentages to measure change allows us to 

make more meaningful comparisons. 

Criterion: Applying mathematics in real-life contexts 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ *
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REVIEW SET 5A 

1 Write as a percentage, rounded to 2 decimal places if necessary: 

ag b 25 cl% d 0.015 e% fg 

Write as a decimal: 

a 83% b 27.4% ¢ 152% d 0.4% 

Write as a fraction in lowest terms: 

a 48% b 15% ¢ 55% d 0.1% 

Vince brought 25 pumpkins to the market, and sold 18 of them. What percentage of his 

pumpkins did Vince sell? 

An elephant eats 5% of its body weight in 

vegetation each day. Find the weight in kilograms 

of vegetation eaten each day by: 

a a 3 tonne elephant 

b a 4.8 tonne elephant. 

A hospital has 36 doctors who make up 24% of the 

total hospital staff. How many people work at the 

hospital? 

A group of hotel guests were asked to rate the hotel’s performance in a number of categories. 

The results are presented in the table below: 

Excellent | Good | Fair | Poor 

Cleanliness 20% 31% | 35% | 14% 

Staff 32% 27% | 15% | 26% 

Restaurant 9% 19% | 37% | 35% 

Value for money 12% 16% | 28% | 44% 

Location 33% 39% | 18% | 10% 

Facilities | 27% 34% | 26% | 13% 

a What percentage of guests rated the hotel’s staff as either “Good” or “Excellent”? 

b What fraction of guests rated the hotel’s cleanliness as “Fair”? 

¢ What was the most common response when rating the hotel’s value for money? 

d 130 guests rated the hotel’s facilities as “Fair”. How many guests were surveyed? 

8 Find the multiplier for: 

a an increase of 45% b a decrease of 75% ¢ an increase of 227%. 

9 Increase 512 kg by 25%. 

10 Find the percentage change when: 

a 75 points is increased to 80 points b 51230 votes decreases to 38 975 votes.
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11 Due to a cyclone, the price of bananas rose 85% to $9.99 per kg. How much did bananas 

cost before the cyclone? 

12 A football stadium normally has maximum capacity 60 000 people. However, one stand is 

under renovation, so the stadium’s capacity has been reduced by 8.5%. How many people 

can the stadium currently hold? 

13 Julie bought a phone for $600, then sold it three years later for $120. 

a Find Julie’s profit or loss. 

b Find the profit or loss as a percentage of the cost price. 

14 Find the selling price of a book that is bought for $60 and sold at a 30% profit. 

15 A lawnmower with marked price $595 has been discounted to $399. Find the percentage 

discount applied. 

16 A bottle of perfume in Singapore sells for $64.20 including 7% GST. Find the price of the 
perfume before the tax was added. 

REVIEW SET 5B . 
1 Copy and complete: Percentage | Decimal | Fraction (in lowest terms) 

a 32% 

. 7 
b | 3 

2 86% of trees in a forest were damaged in a forest fire. What fraction of the trees were 

damaged? 

3 From a class of 30 French students, 6 had visited Germany. What percentage of the class 

had visited Germany? 

§ Increase 230 g by 120%. 

5 In a mathematics competition, the top 0.3% of participants are awarded a prize. Last year 

600000 students took part. How many students were awarded a prize? 

6 A class of 25 students had a maths test out of 40 marks. 24% of students gained an A, and 

8 students gained a B. 

a How many students gained an A? 

b What percentage of the class gained a B? 

¢ Carrie got 25 out of 40 for her test. Express this as a percentage. 

7 Anwen scored 82% in her last test. Her friend Bree scored 76%, which was 38 marks. 

a How many marks did Anwen score? b How many marks were in the test? 

8 The income of a bicycle shop last month was $8614. This month, the income fell by 24%. 

a Find the decrease in income this month. 

b Find the actual income this month.
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9 Find the percentage change when a bird bath is filled with 2.8 L of water, but only 2.5 L 

is left at the end of the day. 

10 A guitar was bought for $250 and sold for $295. Find the profit as a percentage of the cost 

price. 

11 As part of a road safety campaign, fines Offence Old fine | New fine 

for all traffic offences will increase by : 
5% Speeding $200 

0. 0 .. 

Copy and complete the table alongside, Drmk' et $840 

showing the changes to each fine. Not wearing seatbelt $273 
Illegal parking $52.50 

12 In 2012, the price of a theatre ticket was $50. The price rose 5% in 2013, and then a further 

8% in 2014. Find the cost of a theatre ticket in: 

a 2013 b 2014. 

13 A pair of jeans has a marked price of $80. If a 25% discount is offered, find the actual 

selling price. 

14 a At tennis practice one day, Marcos hit only 40% of his serves in. If Marcos served 

70 times, how many went in? 

b Marcos decides to go to a specialist serving clinic. He has two options to choose from: 

the Tennis World clinic is offering 20% discount off $480, and SportsLife is offering 

15% discount off $450. Which clinic is cheaper? 

¢ As a result of the clinic, Marcos’ serving speed increased by 8%. If Marcos served at 

189 km/h after attending the clinic, what was his serving speed before the clinic? 

15 A tour company has organised a bus tour around 

Europe. So far, 22 Australians, 5 Americans, and 

3 Canadians have booked. 

a What percentage of the passengers are 

Australians? 

b A new booking has confirmed 12 New 

Zealanders will be on the tour. 

i Find the percentage increase in 

passengers. 

il What percentage of the passengers are 

Canadian? 

¢ The Australians booking through an Australian agency must pay $2600 plus 10% GST 

per person. What is the total amount each Australian must pay? 

16 Find the percentage VAT which has been added to a souvenir from Rio de Janeiro if the 

tax increases its price from R$17.00 to R$19.89.
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OPENING PROBLEM E 

Rhonda notices that when she multiplies the square 

numbers 4 and 9 together, the result 36 is also a square 

number. 

Things to think about: 

e Is this just a coincidence, or will this always happen 

when two square numbers are multiplied together? 

e Can you explain why this occurs? 

We have seen how algebraic symbols or variables can be used to represent unknown numbers. 

We perform operations in algebra using the same principles as we use with numbers. In fact, the 

use of algebra is particularly valuable for generalising properties we observe with numbers. These 

general results are algebraic laws. 

We have seen how exponent notation can be used to represent repeated multiplication of the same 

number: 

If n is a positive integer, then a™ is the product of n factors of a. 

a’ =axXxaxaX..Xa 

n factors 

INVESTIGATION 1 

We can discover some laws for exponents by considering several examples and WORKSHEET 

looking for patterns. 

What to do: 

1 Consider the multiplication 32 x 3% = (3 x 3) x (3 x 3 x 3 x 3) = 36, 
Copy and complete: 

a 22x22=(2x2)x(2x2x2) = 

b 33x3! = = 

d atxa?= - 

In general, o™ x a™ = 
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S 2x2x2XIXY 2 Consider the division 3—3 S 22, 

Copy and complete: 

a g; :L = b ;’—Z = = 

In general, Z—: = 

3 Consider the power (2%)3 =22 x 22 x 22 = (2 x 2) 
Copy and complete: 

X
 (2x2)x(2x2)=28. 

a ()= 73x78 = 

b (32)!= _ _ 

¢ (a8 = . B 

d (23)3 = = = 

In general, (a™)” = 

From the Investigation you should have found these exponent laws for positive exponents: 

If m and n are positive integers, then: 

e a™ X a" = g™t To multiply numbers with the same base, keep 
the base and add the exponents. 

To divide numbers with the same base, keep 

the base and subtract the exponents. 

When raising a power to a power, keep the 

base and multiply the exponents. 

& Selfutor 
Simplify using the exponent laws: When multiplying numbers 

3 2 4 5 with the same base, keep the 
ik ) e base and add the exponents. 

a 2x2? b 2% xab 

= 25 — ‘,L.Q 

=32 

119
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EXERCISE 6A 

1 Simplify using the exponent laws: 

a 32x38 b 22 x 22 ¢ 52 x 5% d 3%x33 

e axat f n2xn g 2% x 28 h 3 xg° 

~Example 2 <) el Tutor 
Simplify using the exponent laws: ~ When dividing numbers with 

35 p7 the same base, keep the base 

a Fe) b I? and subtract the exponents. 

5 7 
a 3 b P 

33 p3 

—35-3 —p7-3 

. 32 = p4 

2 Simplify using the exponent laws: 
4 3 5 4 a % b & ¢ T ¢ 10 

2 3 72 103 

6 9 

e I L g S+ct h 5% +0° 
x Yy 

) Self Tutor For a power to a 

bflg::; dkrfltti];y Simplify using the exponent laws: 

the exponents. a (23)2 b (z)° 

a (23)2 b (z*)® 
— 93x2 = X5 

_ 96 — 220 

=64 

3 Simplify using the exponent laws: 

a (22)3 b (10%)? ¢ (33%)? d (24)3 
e (:1:5)2 f (p3)3 g (t3)4 h (22)6 

4 Simplify using the exponent laws: 

a xct b % =53 c (¥°)3 d y* x¢yb 

e gxgb f(25)° g t10=¢7 h a2 x g™ 

i g*+g j n?xn3xn® k (%) +k I (p?)? x p?
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5 Copy and complete, replacing each [J and A with a number or operation: 

a (7?0 =178 b 2¢02=23 
d (xE])zl = 12 

g BOBAR = 

e a®0da® = all 

h E2O02AS =8 

¢ 22027 =29 

f 5905% =56 

i ($3)D = gl0A 24 

o) Self Tutor 

Simplify using the exponent laws: 

4.3 
a 26 x 30253 . = 

3z4y 

a  2b? x 3a%6° b B 
21213 3z2y =2x3xa“xb*xb 6 

=6 x a® x p*+3 =§xm4‘2xy3"1 
215 = 6a“b = 92 yz 

6 Simplify using the exponent laws: 

3 
a 5% b 3q¢% x bq 

2143 2?24 
d 33 € 3 3t 6w223 

345 ) m30 
— X 2z h S &3 )5 

7 Express as a power of 2: 

a 22x2° b 23 x (22)4 

2 x 22 (26)3 x 24 

8 Express as a power of z: 

a ztxz® b z? x (z%)? 

' 6 7\2 € =3 d (z° xz") 

. :1710 % (12)5 ¢ (3;2)4 x .’1:5 

T 3 x 4 

¢ 8z2%y x 2zy° 

513 

74k 
pl4 5 b2 

(h4)? 

f 

Using BEDMAS, we 

simplify brackets first. 

9 Describe the error in each statement, then write the statement correctly: 

a 25x23=48 b (32)2=3° 
1:12 4 35 9 

¢ 2% xz8 15 
=T
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We next consider exponent laws for raising a product or quotient to a power. 

4 
For example, given (3a)* or (3) , we need laws which allow us to write the expressions 

without brackets. We call these expansion laws. 

INVESTIGATION 2 

Look for any patterns as you complete the following Investigation. 

What to do: 

1 Consider the expansion 

(3a)* =32 x3ax3ax3a=3x3x3x3Xaxaxaxa=_8la" 

Copy and complete: 

a (ab)! =abxabxabxab=axaxaxaxbxbxbxb= 

b (ab)® = s = 

¢ (2a2)° = = = 

d (5z)% = = = 

In general, (ab)" = 

4 
2 Consider the expansion 2) 2,2, 2 2 2axax3xd 16 

Yy Yy Y Y Y 

Copy and complete: 

3 
a a a a axXxaxa 

a (3) =3xgxzzbxbxb 

a 4 o (2)'- - 
2 

a 

3 

el 

n 

In general, (%) = provided b # 0. 

WORKSHEET 

R
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From Investigation 2 you should have found these expansion laws for positive exponents: 

If n is a positive integer, then: 

e (ab)” =a™b™ 

° (%) = Z—n provided b # 0. 

Why do we state “provided b # 07? 

Expand the brackets and simplify: 

5 3 Raise each factor to 

= (ab) b (2:1:y) &he given exponent. 

a (ab)’ = a%® b (2zy)3 

=23 x % x 8 
- 8$3y3 

EXERCISE 6B 

1 Expand the brackets and simplify: 

a (pg)? b (zy)* ¢ (ab)° d (abe)? 
e (2a)2 f (3d)5 g (2k)° h (5gh)? 

) Self Tutor 

Expand the brackets and simplify: 

Raise both the 

numerator and the 

denominator to the 

given exponent. 

2 Expand the brackets and simplify: 

2 3\ 3 N o\ 4 
a J z  (§) > (3 < () ‘(9 

2 

9 e —_ 

xr 

=
 

N
 

[
l
 ]
 

N
—
 

o
t
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N
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N
y
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3 Find, using the expansion laws: 

5 2 3 3 5 4 ) 5 

* (5) * (%) < (3) « (3) 
m o) Self Tutor 

Write in simplest form, without brackets: 

2 3 

3714 o a (3a°b) b <2y) 

2\ 3 2\3 
a (3a%H)*=3'x (@) x4 b (”—) = &) 

Y 22 Xy 
= 81 x a®** x b e 
— 811242 L 
=ola 8><y3 

_ =2 = 

4 Write in simplest form, without brackets: 

a (2a2)? b (3b%)3 ¢ (2c2)4 d (2d%)° 

e (jK3)? f (zy?)® g (39)* x2g h (57%s) 
i (8ab*)? i (3h%k)3 k (2bc?)3 I (T2 f)? 

5 Write in simplest form, without brackets: 

ik 2 2\’ 3p 3 2\° G IR C) N 
2 2 2 3 

7 ¢ (¥ Ar h (39 
e 3v 352 2h3 

6 Consider the Opening Problem on page 118. Show that when two square numbers are 

multiplied together, the result is also a perfect square. 

[
 

7 Suppose two cubic numbers are multiplied together. Is the result a cubic number? Explain your 

answer. 

HE ZERO EXPONENT LAW 
For all positive integers 7, o™ is defined as the product of n factors of a: 

a*=aXxXaxaX..Xa 

n factors 

But what if n =07 In the following Investigation we will discover how to find values such as 2° 

and 5°,
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I THE ZERO EXPONENT LAW 
What to do: 

1 Find the value of: 

2 3 -5 57 —23 a; b 3 £ = d & ¢ = 
2 Copy and complete: 

When a non-zero value is divided by itself, the result is always 

a3 
For any a 0, 5= 

3 
3 Use an exponent law to show that = = a°. 

a 

& Hence complete: a° = for all a # 0. 

5 Check your answer by evaluating 2° and 5° on your calculator. 

From the Investigation you should have discovered that a® =1 forall a # 0. 

DISCUSSION 
Why do we state “for all a # 0? 

EXERCISE 6C 

1 Simplify: 

a7 b 41° ¢ 20 d 5x20 
e 8+10° f 6-6° g 11x11° h p8 xp 
i (2% i (293 k 7x30 I (7x3)° 

2 Simplify: 

n? k8 Ty 6z a v b e ¢ o d o 

. a3p2 p m3nd . pgr? 2223 

b2 mS3n2 pgr?2 822y 

Click on the icon to print a crossword puzzle for practising the exponent laws.  CROSSWORD
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INVESTIGATION 4 N 

What to do: 
3 

1 Consider the fraction ;—5 
3 

a By expanding and then cancelling common factors, show that % = 71—2 

3 
b Use an exponent law to show that ;—5 = =2, 

¢ Hence copy and complete: 772 = ...... 
0 

2 Use the fact that o =1 to copy and complete: a ™ =a’ ™" = afi = %. 

You should have discovered the following law for negative exponents: 

1 
If @ is any non-zero number and 7 is an integer, then a™" = —. 

a 

This means that ™ and a~™ are reciprocals of one another. 

In particular, notice that a~! = —. 
a 

Example 8 o) Self Tutor 

Simplify: 

a 31 b 572 

a 3"1=3i1 b 5_2=5l2 

=gl — 
S 25 

EXERCISE 6D 

1 Simplify: 

a 5! b 4-1 ¢ 871 d 372 e 272 

f 1172 g 772 h 33 i 275 j 277 

2 Write as a fraction and hence as a decimal; 

a 1071 b 1072 ¢ 1073 d 10 e 1075 

3 Simplify: 

a 3t-371 b 30+371 ¢ 70—771 d 50+51—5-1 

4 Write as a fraction: 

a g1 b k! c a2 d 3 e r
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5 Write as a power with a negative exponent: 

2 3 2 4 
a > b ¢ ¥ d ¥ T 

33 5 25 34 75 

Example 9 ) Self Tutor 

Write without brackets or negative exponents: 

a 8ab~! b 8(ab)™?! 

a 8ab~l =8ax b 8(ab)'=8x— 

TR =& 
b ab 

6 Write without brackets or negative exponents: 

a 2z7! b (2z)71! ¢ st7t d (st)7! 

e Ta—? f (52)~? g gh3 h (gh)~3 

i 4cd? i (4cd)~? k 4(cd)—2 

7 Simplify, writing your answer without negative exponents: 

a zxz ! b z?2xz7! ¢ z72xzx d z72x23 

INVESTIGATION 5 : NENT 

We have seen that a™ and a™™ are reciprocals of one another, and in particular that a~ 

is the reciprocal of a. 

What to do: 
—1 

1 Since o 1= % =1-+a, we can write (g) — 1 

Write as a fraction without exponents: 

N 2\ -1 
a B B <@ @) 

N ) 9 
2 Using the exponent laws and 1, ( ) = ((5) ) ( ) . 

w
i
N
 

Il —
 

X
 

B
 
o
 

1l 
[
 
)
 

=
3
0
 

Write as a fraction raised to a positive exponent: 

1\ 2 2\ 2 

2 ()i S (6] = 
N8 3\ 3 -8 A 

() @ @) 06 
-7 

3 If n is a positive integer, write (%) as a fraction raised to a positive exponent. 

e 
a
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When we write real life problems in terms of algebra, we often obtain expressions containing 

brackets. 

In order to work with these expressions, we often want to rewrite them without brackets. The 

process of writing expressions without brackets is called expansion. 

To expand the brackets in an expression like 5(z +3) or z(z —2), we use a rule called the 
distributive law. 

INVESTIGATION 6 

What to do: 

1 Copy and complete: 

a 2x(5+3)=2x8 and 2x54+2x3=10+6 

b 4x(5+3)=4x and 4x5+4%x3= + 

¢ Tx(5+3)= x and Tx5+Tx3= + 

d ax(5+3)= X and axb+ax3= + 

2 Calculate: 

a 3x(2+4) and 3x2+3x4 b 3x(6+1) and 3x6+3x1 

¢ 3x(5+3) and 3x5+3x3 

Comment on your results. 

3 Calculate: 

a 5x(6—2) and 5x6+5x(—2) b 5x(7—1) and 5x7+5x(-1) 

€ 5x(5—-3) and 5x5+5x(-3) 

Comment on your results. 

& Using your observations from 1, 2, and 3, what do you suspect about a(b+c) and ab+ac?
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From the Investigation you should have discovered the distributive law: 

When a coefficient is multiplied by an expression in brackets, we remove the brackets 

by multiplying each term inside them by the coefficient, then adding the results. 

AN 
a(b+c) =ab+ac 

We can explain why the distributive law works using geometry: 

b c The overall area is a(b+ c). 

However, this could also be found by adding the areas of 
the two small rectangles: ab+ ac. 

N b+c »  So, a(b+c)=ab+ac. {equating areas} 

«) Self Tutor 
. | Multiply each term inside 

Expand and simplify: the brackets by the factor 
a 5(z+4) b 4(y—3) outside the brackets. 

m N\ 
a 5(z+4) b 4(y-3) 

o | A ) :5xaz+5x1 — 4y +-3) 

=0 A =4xy + 4x(-3) 

=4y —12 

EXERCISE 6E 

1 Expand and simplify: 

a 2(z+7) b 3(z-2) ¢ 4(a+3) d 5(a+c) 

e 6(b—3) f 7(m+4) g9 2(n—p) h 4(p—q) 

i 3(6+2) j 5(y—x) k 8(t—28) I 6(d+e) 

m 4(10 — j) n 7(y+n) o 2(n-12) p 8(11-4d) 

|_Example 11 <) Self Tutor 
Expand and simplify: 

a 3(2a+7) b 2z(2 - 3z) 

AN a 3(2(1 AL 7) b 21,'(2 i 356) 
- 

~ % =3x2 + 3x7 = 2z(2+ —3z) 
= 6a + 21 =2z x 2 + 2z x (—3z) 
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2 Expand and simplify: 

-
 
N
 

-
 

w
n
 
N
 

(2a + 3) 

(z —2y) 
(a — 5b) 

6(5b + 3a) 

(m+Tn) 

(2 + 3a?) 

a(2a + 4) 

a(a? +1) 

S5z(z — 4) 

a(a+b) 

a 9(2z+1) b 3(1-3z) 

d 11(1 —2n) e 6(3z+y) 

g 4(3b+¢) h 2(a — 2b) 

j 12(2+3d) k 8(3—4y) 

m 11(2z —y) n 7(c—9d) 

p 8(8a—c) q 4(z2-1) 

3 Expand and simplify: 

a z(z+2) b z(5-—z) 

d b(5— 3b) e a(b+ 2c) 

g z(3 —4z) h 3z(6 —z) 

j 4a(l—a) k 7b(b+ 2) 

m b(3 — 8b) n m(m — 3n) 

P 6p(4—Tp) q z*(z+4) 

4 a Write an expression for the area shaded red. 

b Write an expression for the area shaded blue. 

¢ Write an expression for the total area of the 

rectangle. 

d Explain why a(b—c) =ab—ac 

5 Expand and simplify: 

o c¢(c—4a) 

r 2z(3 - z?) 

-
—
 

O
 —
 

a 3z+y+4) b 7(2z+3z—1y) ¢ 5(21 —4m+ Tn) 

d 2a(a+b-38) e 3z(zx+2y—5) f 4p(2p+3¢+5) 

_Example 12 | «) Self Tutor 
Expand and simplify: 

a —4(z+3) b —(2z—4) ¢ —ala+7) 

AN 
a —-4(z +3) b —(2z —4) 

= _ i AN = 4><:c;— 4x3 — 12z —4) 

=i = 1x2z + —1x(-4) 
=—2z+4 

A\ 
c —ala +T7) 

=—axa+ —axT 

= —a?—Ta 
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6 Expand and simplify: 

a —2(z+2) b —3(z+4) ¢ —4(z-2) 

d —-5(5—1x) e —(a+2) f —(z—3) 

g —(6—=x) h —(2z+1) i —3(4—2) 

i —4(5z - 2) k —5(3 — 4c) I —2(7 — 5z) 

7 Expand and simplify: 

a —a(a+1) b —b(b+4) ¢ —c(5-¢) 

d —z(2z+4) e —2z(1-1z) f —3y(y+2) 

g —4a(5—a) h —6b(3 —2b) i —zyy —z) 

= xampie 13 
Expand and then simplify by collecting like terms: 

a 4+ 2(z+3) b 3z —2(2z-1) 
With practice you 

a 4+2z+3)=4+2xx+2x3 

=44+2zx+6 

=2z + 10 

b 3z-2(2z-1)=3z+-2(2z 1) 

=3z+-2x2zx+-2x(-1) 

=3z —4x+2 

—x+ 2 

should not need 

all of these steps. 

& Expand and then simplify by collecting like terms: 

a 3(z+2)+5 b 3z+2(2z+1) c 7—-6(2z-3) 

d 11z — (2 +2) e 6+5(1—2x) f 11— (3—2z) 
g 16— 7(1— 3z) h 2+6+34+z) i 8z +1+2(3—2z) 
i 7—(1-22) k 27— (8+7x)+3 I 8—5(11— 3z) 
m 5z +z(z+2) n 8z+z(zx—1) o Tx—z(zx+3) 

p z2-2(2-1x) q 4z —z(x —3) + 222 r 3z2 —2z(z —5) — 6z 

9 Expand and then simplify by collecting like terms: 

5(z +2) +3(6 + ) 

2(z —3) + 4(z + 6) 

5(a+3) —2(4—a) 

2a(a — 2) + 3(a + 5) 

~2y(y+3)+5(y — 1) 
—2(2 —2) — 2z(z — 3) F 

S
 

- 
Y
 
B
 

-
_
 
T
 
.
.
 
T
 

244+ z) +z(z+2) 

(3 — z) + 2(x + 5) 
—2(z+1)—z(2—-1x) 

z(2z —3) + 5z(x + 2) 

z(2z +3) — 2z(z + 1) 

—(7—2n) — 3(n +5)
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== 

CTORISATION 

Factorisation is the process of writing an expression as a product of its factors. 

Factorisation is the reverse process of expansion. 

When we expand an expression, we remove its brackets. expansion 
¥ 

When we factorise an expression, we insert brackets. 3(z+2) =3z 46 

3(x + 2) is the product of two factors, 3 and (z + 2). S e 
factorisation 

To factorise an algebraic expression involving a number of terms, we look for the HCF of the terms. 

We write it in front of a set of brackets, then use the reverse of the distributive law to complete the 

factorisation. 

For example: 52% and 10zy have HCF = 5z. 

52 4+ 10zy = 5z X x + 5z X 2y 

= 5z(z + 2y) 

An expression is fully factorised if none of its algebraic factors can be factorised further. This is 

why we must write the highest common factor in front of the brackets. 

For example: 4a + 12 = 2(2a + 6) is not fully factorised since (2a + 6) still has the common 
factor 2. 

4a+12 = 4(a + 3) is fully factorised. 

EXERCISE 6F 

1 Copy and complete: 

a 2zr+4=2(z+....) b 3a—12=3(a—...... 

¢ 15—5p="5(..— D) d 18z 412 = 6(...... 
e 4z% — 8z =dz(z — ......) f 2m + 8m? = 2m( 

g 42 +16 =4(co+..)  h 1045d=5(..... + 
i 5c—5=>5(c. —....0) j cd—de=d(......— 

k' 6a+8ab= ... (3 + 4b) I 62 —222=....(3~1x) 

m o) Self Tutor 

Fully factorise: 

a 3a+6 b ab— 2c 

a 3a+6 b ab — 2bc 

=dixa+3ix2 =axb—2xbxc 

=3(a+2) {HCF=3} =bla—2c) {HCF=b} 
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2 Factorise: 

a 3z+9 b 4x +12 ¢ 7z+35 

d 8 +4 e 10x+15 f 28+8 You can check sach 

g x+ax h ab+ac i zy+y factorisation by 
expanding the result! 

3 Factorise: 

a 4r -8 b 5y—10 ¢ 3b—-24 

d 8a—32 e 10n—-15 f 120 —18 

g a—ab h zy—x2 i 6b—2ab 

L Factorise: 

a 3a+3b b 8z —16 ¢ 3p+18 

d 28 — 14z e Tx—14 f 12462 

9 ac+be h 12y — 6a i b5a+ab 

j bc—6ed k 7z —zxy I a+ab 

m zy—yz n 3pg-+pr 0 cd—c¢ 

Factorise: 

a 322+ 12z b 4y — 22 

a 322 + 12z b 4y — 292 

=3XzXz+4xX3Ixzr =2X2XYy—2Xyxy 

=3z(x+4) {HCF =3z} =2y(2—y) {HCF=2y} 

5 Factorise: 

a z2+22 b 3z%+ 12z ¢ 2z 82 

d 9z — 22 e 18z — 9z f 14z — 622 

g 223+ 622 h 323+ 722 i 4ab® — 6a%b 

&6 Factorise: 

a 2234+ 42? + 4z b z*+ 325 + 622 ¢ ab®+ab+a?b 

7 Explain why x(3z — z?) is not fully factorised. 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ *
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INVESTIGATION 7 

In this Investigation we see how the distributive law can be applied to products where we have 

two factors, each contained in brackets. 

For example, consider this expansion: 

(z+5)(z—3) 

A 
= (z+5)(z + -3) 
=(z+5)xz+(z+5)x(-3) {distributive law} 

AN A\ ) 
=xz(x+5)—3(z+5) {rearranging} 

=z xx+rx5+-3xz+-3x5  {distributive law} 

=22+ 52— 3z —15 

=g 42215 {collecting like terms} 

1 Use the distributive law to expand each product, then simplify the result by collecting like 

terms: 

a (z+2)(z+3) b (z+4)(z—1) ¢ (z—2)(z~5) 

2 a Use the distributive law to expand (a + b)(c + d) as a sum of four terms. 

b Use your expansion to check your answers to 1. 

3  a Use the distributive law to expand (a+b)2, then simplify the result by collecting like 

terms. 

b Use your result to expand: 

i (z+2)? i (z—1)? iii (3+a)? iv (2-0)? 

& a Use the distributive law to expand (a+b)(a—b), then simplify the result by collecting 
like terms. 

b Use your result to expand: 

i (z+2)(z-2) i 1+z)(1—2x) ili (a—3)(a+3) 

5 Look back at the rules you have generated for expanding (a +5)? and (a +b)(a — b). 

Use these rules to help you factorise: 

a m2-16 b m2+6m+9 ¢ m2—4dm+4 

REVIEW SET 6A | 

1 Simplify using the exponent laws: 

a k3 xkS b (b*)3 ¢ & 

2 Expand the brackets and simplify: 

a (ab)* b (32)3 ¢ (2zy)3
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3 Simplify using the exponent laws: 
4, .5 

a 6g°x7g b 404253 = 5ab ¢ IoExhL 
(m?)3 

& Write as a power of 5: 

4.3 
Sl b (5% x 53)2 ¢ 1 

52 

5 Expand the brackets and simplify: 

+ (5) o (3) < (%) 
6 Evaluate: 

a 8 b 13x13° ¢ 7—49 d 39-371 

7 Write as a fraction: 

a 9! b 672 ¢ y3 d (zy)~2 

8 Expand and simplify: 

a 7(z+6) b —5(z+2) ¢ y(dy—7) 

9 Expand and simplify: 

a (¢g+5)p b 2(a+3b+5) ¢ 3z(z? + 7z —5) 

10 Expand and simplify: 

a 6(z—4)+52z b 2(z—-4)+3(z+4) ¢ 4(5+a)+5(a—2) 

3z(z+T7)—4(z —9) f p(p+2)+4p(p-3) d —y(y—-3)-5y+1) 

11 TFactorise: 

a 4z+20 b 6x—36 € Tx—ay 

12 Factorise: 

a a’>+Ta b 1222 — 18z ¢ 2023 + 1522 

d 4z + 24y e 222 -8z f 3a+ 6ab+ 9a® 

13 Consider the rug shown. T o) T 

a Write an expression for the area of: 

i one of the brown squares 

ii the white rectangle. 

b Write an expression for the total area of 

the rug. 

¢ Hence explain why 2a? + ab = a(2a + b). 

REVIEW SET 6B 

1 Simplify using the exponent laws: 

a 23 xa2a3 b %— ¢ (d1)3



136 LAWS OF ALGEBRA (Chapter 6) 

10 

11 

13 

Copy and complete, replacing each [J and /A with a number or operation: 

a 3?2033=35 b (z%)F =28 ¢ o®0a?Aa® =af 

Simplify using the exponent laws: 

5 1523y 5 x 2 
a 2ab x 5a b 3%y < 2F 

Expand the brackets and simplify: 
3 

a (@) o (%) ¢ (3% 
3 

d (10zy?)? e (%) f (2k3%)2 x k%2 

Simplify: 

m? z5y3 a?b3c 

a m3 2 z2y3 . a?bc 

Write as a fraction: 

a 972 b 274 ¢ 1076 d z73 

Write without brackets or negative exponents: 

a (zy)~? b 2(ab)7?! ¢ 3zy! d yxy? 

a Find the result when the number 2 is: 

i tripled, then squared ii squared, then tripled. 

b Find the result when the number —3 is: 

I tripled, then squared ii squared, then tripled. 

¢ Hence copy and complete: 

When a number is tripled then squared, the result is ...... times larger than when the 

number is squared then tripled. 

d Prove algebraically that your statement in ¢ is true for any number a. 

Expand and simplify: 

a 3(z—-6) b 4(2z + 3y) ¢ —3z(z—8) 

Expand and simplify: 

a 6z+3(z+9) b 10z —3(z—6) ¢ 6z(z—4)+ 5z 

Expand and simplify: 

a 3(z—-2)+3(z+1) b —yly+2)—4(y—1) ¢ 5z(x+6)—7(x—3) 

d 3(z+4)—2(1-2) e —z(2x+1)+2(z—3) 

Factorise: 

a 3z+27 b 8z —48 ¢ ab—ad 

Factorise: 

a z2-10z b a4+ 8a € 5y + 30y 

d 822 — 24z e 1022 — 15z f 8x— 2212
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OPENING PROBLEM ' _ 

We are often faced with problems where we need to work out the value of an unknown quantity. 

For example, consider the following questions: 

i When 6 is added to a number, the result is 8. What is the number? 

ii When 3 is subiracted from a number, the result is 11. What is the number? 

fiil When a number is multiplied by 4, the result is 28. What is the number? 

iv When a number is divided by 5, the result is 3. What is the number? 

Things to think about: 

a Can you think of a real-world situation corresponding to each question? 

b Can you summarise the information in each question as an equation? 

¢ What techniques can you use to solve these problems? 

Equations are a fundamental part of mathematics, and an 

important tool for problem solving. 

The use of equations dates back to at least the 16th century 

BC, when the Egyptian scribe Ahmes or Ahmose recorded a 

series of problems which were solved using equations. These 

were discovered on the Rhind papyrus pictured, along with 

arithmetic, fractions, geometry, and other mathematics. 

An equation is a mathematical statement which indicates that two expressions have the same 

value. 

The expressions are connected by an equal sign =. 

The left hand side (LHS) of an equation is on the left of the = sign. 

The right hand side (RHS) of an equation is on the right of the = sign. 

For example, 5z -3 = 2z+6 
N —’ N’ 
LHS RHS 

equals 

A solution of an equation is a value of the unknown or variable which makes the equation true. 

Consider the equation 5z — 3 = 2z + 6. 

When z =3, LHS=5(3)—3 and RHS=2(3)+6 

—15-3 —6+6 
=12 =12 

Since LHS = RHS, z =3 is a solution of the equation.
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SOLVING BY INSPECTION 

Some simple equations can be solved by inspection. 

This means we look at the equation and compare it with known number facts, in order to find any 
solutions. 

|_Example 1|} AT 
Solve by inspection, if possible: 

az-—-T=4 b §=—2 ¢ 22=9 d z-2=¢ 

az—7=4 b g = -2 
We know 11-7=14 We know =5 — _9 

oz =11 

z=-6 

€ r2=9 d z—-2=¢ 

We know 32=9 The LHS is always 2 less than the RHS. 
and (—3)%2=9 .~ there are no solutions. 

. rz=-30r3 

NUMBER OF SOLUTIONS 

From the Example above, we can see that an equation may have no solutions, one solution, or two 
solutions. 

The equation 3z — & = 2z is true for all values of the variable z. We call it an identity. 

An identity is an equation which is true for all values of the variable. 

An identity has infinitely many solutions. 

DISCUSSION 
What do we mean by infinitely many solutions? 

Can you write down some other equations which are identities? 

EXERCISE 7A 

1 Solve by inspection: 

a z+2=3 b z2-7=2 ¢ 104+z=15 
d 3—z=-2 e z—4=—6 f 2¢=8 

g —Tr=28 h 4z =52 i %:5 

| 2~-_ 0__ Z12 _ I 5=-35 k —=-2 I —==3
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2 One of the numbers in brackets is the solution of the equation. Find the solution. 

a 3z+8=14  {0,1,2 3} b 5—3z=—4 {0, 1,23} 
¢ Te4+3=-11 {-4,-3,-2,-1} d 2-5=2z {~5,0, 5, 10} 

e f=k+3 (-8, —4, 4,8} f 7-2m=m+4 {-2,-1,0,1,2} 

3 Match each equation to its solution(s): 

a z+4=0 A any value of 

b 44+zx=2-4 B z=-4,0,0r4 

€c 4—x=0 C z=-4 

d 4+z=2+4 D z=-4o0r4 

e z3 =16z E r=4 

f 16—22=0 F no solutions 

4 What real values of the variable, if any, make the equation true? 

a zxz=2 b 3—-k=0 ¢ h—h=5 

d zxz=-1 e 4—qg=q—14 f d+d=d 

g tx1l=t h 10+g=9g+10 i w—w=w 

5 State whether each equation is true for: 

A o real values of B exactly one real value of z 

€ exactly two real values of P all real values of z. 

a z+2=6 b 22-2c=0 c %:10 

d z+8=8+=z e 8—x=9 f 22=4 

g z2=0 h z22=¢ i 9z —Tzx =22 

j zxxz=-9 k zx-1=zx | 2+2=2-2 

6 Determine whether each equation is an identity. If it is not, give a value of the variable for 

which the equation is false. 

azt+6=6+x b k+k=k ¢ m=m=0 

d y+44y =5y e 8—-t=t-8§ f prp=1 

g 6x—2z=4x h zx1l==x i bx—4==x 

For any equation, the LHS must always equal the RHS. We can therefore think of an equation as a 

set of scales that must always be in balance. 

The balance of an equation is maintained provided we perform the same operation on both sides of 

the equals sign. 

For example, notice how the balance is maintained when we add 3 to both sides of the following 

scales:
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The balance of an equation will be maintained if we: 

e add the same amount to both sides 
e subtract the same amount from both sides 
e multiply both sides by the same amount 
e divide both sides by the same amount. 

By maintaining the balance of an equation, we will not change its solutions. 

J Write down the equation which results when: 
a 3 is added to both sides of z —3 = 8§ 

b 4 is subtracted from both sides of 2z +4 =18 

¢ both sides of 5z =15 are divided by 5 

By performing the 

same operation on both 
sides, the balance of the 

equation is maintained. d both sides of % = —7 are multiplied by 4. 

a r—3=28 b 2z +4 =18 
. 2—3+3=8+3 S 2z 4+44—-4=18 — 4 

r=11 S 2z =14 

< 5x =15 d §=—7 
5z 15 - 

. z=3 z=—28 

EXERCISE 7B 

1 Write down the equation which results when we add: 
a 3tobothsidesof z—-3=2 

b 9 to both sides of z—9=0 

¢ 4 to both sides of 5z —4 =11 

d 5 to both sides of 7z — 5=z + 1. 

2 Write down the equation which results when we subtract: 
a 1 from both sidesof z+1=25 
b 6 from both sides of 2z -+ 6 = 10 
¢ 5 from both sides of 3z +5 = 2 

d 9 from both sides of 4z + 9 = 3z + 11. 
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3 Write down the equation which results when we multiply both sides of: 

a 2=8by2 b $;1=1 by 5 

¢ 9 by7 d =4 _ 10 by 
7 4 

& Write down the equation which results when we divide both sides of: 

a 4z=-40 by 4 b —2r=18 by -2 

¢ 3(2—1z)=15 by 3 d —5(2x —1)=—-55 by —5. 

5 Consider the equation 2z —5 =19. 

a Show that z = 12 is a solution of the equation. 

b Write down the equation which results when 5 is added to both sides. 

¢ Use inspection to solve the equation in b. 

d Did adding 5 to both sides of the equation change its solution? 

6 Consider the equation x—;—l =3. 

a Show that = =5 is a solution of the equation. 

b Write down the equation which results when both sides are multiplied by 2. 

- 

d 

Use inspection to solve the equation in b. 

Did multiplying both sides of the equation by 2 change its solution? 

When I woke up this morning there were 4 eggs in my refrigerator. 

I found my chickens had already laid 2 eggs, so I then had 442 =6 eggs in total. 

I fried 2 eggs to have with my breakfast, so I now have 6 —2 =4 eggs left. 

Adding 2 and subtracting 2 have the opposite effect. One undoes the other. 

Addition and subtraction are inverse operations. 

)
 

] 

& —— 

Over the next week my chickens lay very well. The number of . 
eggs in my fridge doubles, so I now have 4 x 2 =28 eggs. r;O; 

On the weekend I bake some cakes. Only half of the eggs now 

remain. Thisis 8 +2 =4 eggs. 

Multiplying by 2 and dividing by 2 have the opposite effect.
 One L = 

undoes the other. 

Multiplication and division are inverse operations. 

SOLVING EQUATIONS 

We can use inverse operations to solve simple equations. 

To keep the equation balanced, we must perform the same operation on both sides of the equation.
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Solve for z using an inverse operation: 

a z4+6=13 b y—-4=-—1 ¢ 49=20 d %:—6 

a z+6=13 

“ T+6-6=13-6 {the inverse of +6 is — 6, so we subtract 6 from both sides} 
= e 

b y—4=-1 

“y—4+4=-1+4 {the inverse of —4is +4, so we add 4 to both sides} 

3 4g = 20 

o _2 {the inverse of x 4 is =+ 4, so we divide both sides by 4} 4 4 

h _— d ==k 

% X7T=~6x7 {the inverse of + 7 is x 7, so we multiply both sides by 7} 

h=—-42 

EXERCISE 7€ 

1 State the inverse of: 

a +3 

e + 12 

. 2 P+3 

2 Simplify: 

a x—343 

d zx9=+9 

g 3¢+3 

j —3z+-3 

3 Solve using an inverse operation: 

a 
a 3_—2 

e e—7=3 

b —8 € x2 d =5 

f -6 g —5 h x9 

i =13 k x 15 I —%1 

b z4+5-5 c z+12x12 

e T4+z—-T7 f p+4-4 

8r -3 .3 

k —2+z+2 I i—ix—zl 

b 3b=4 € —«¢c=9 d 4+d=1 

1 - _ v_ _ t sf=15 g z—7=-9 h £=-12
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4 Solve for z using an inverse operation: 

az+4=10 b ==1 ¢ z—9=-2 d 2z=12 

e z—5=1 fz+2=0 g Z2=-5 h 5z=—55 

i %:—4 i —20z = 60 k z+5=-2 | z—7=-16 

m = =3 nz—4=0 o —9z=-81 p z+9=-9 

q 12z =—48 r z+9=-18 s z—8=—12 t =6 

u z+13=49 v 13z =0 wo =4 X z—-21=-7 

5 Solve using an inverse operation: 1= % 

ACTIVITY 1 
Click on the icon to practise solving equations using a single inverse operation. lffg:;;f 

i
fi
*
 

We are often faced with problems where we need to work out the 

value of an unknown quantity. 

Consider these problems: 

A Each of my cats has 4 kittens. There are 28 kittens in total. 

How many cats do I have? 

B My training course runs for 6 hours. It finishes at 8 pm. What 

time does it start? 

€ This morning I bought some plants from the nursery. When I divided them equally into 

5 large pots, I found I had 3 plants in each. How many plants did I buy this morning? 

D Bernadette tells me that 3 years ago she was 11 years old. How old is she now? 

What to deo: 

1 Match each of the problems above to the corresponding “find the number” question in the 

Opening Problem. 

2 Summarise the information in each problem as an equation. 

3 Solve each problem. Write your answer as a sentence.
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To solve more complicated equations, we need to know how algebraic expressions are built up. We 
can study this using an algebraic flowchart. 

For example, to “build up” the expression 3z + 2, we start with z, multiply it by 3, then add on 2. 

43 X—3> 3z +—2> 3r+2 

To “undo” the expression 3z + 2, we perform inverse operations in the reverse order. 

sz+2| -2 [32] =% [ 2 

Use flowcharts to show how to “build up” and “undo”: 

a 4o —7 b 4(z-7) 

a Build up: . Ay E E 

Undo: m s - 

Undo: |4(:c—7)' = 7= 

The order of 

operations is very 

important! 

|_Example 5_| ) self Tutor 
Use flowcharts to show how to “build up” and “undo”: 

3r+ 4 

7 

a Build up: . x3 E 3m+4 39’";_4 

b Build up: SN T el 1—5;— 

xz 
b 1-3 

. T —1 T X —2 
Undo: 1——2- — " ——- 
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EXERCISE 7D 

1 Use flowcharts to show how to “build up” and “undo”: 

a 7z+3 b 7(z+3) ¢ 5(z—2) d 5z—2 

z z+1 T z—5 

2 Use flowcharts to show how to “build up” and “undo”: 

a 2z—6 b =410 ¢ 8(z—7) d $;3 

3 Use flowcharts to show how to “build up” and “undo™: 

3r+2 3z 3(z +2) Tz —1 
a = b =+ 2 ¢« = d 5 

T T(x — 1) 5z 5(z — 3) 
e - 1 f —— g = 3 h 5 

. 5r—3 ., 2 1—2z 2(1 — ) 
' Il-3 = I =3 

ACTIVITY 3 

Click on the icon to play a game where you can practise building up and undoing ~ EXPRESSIOM 

expressions. 
INVADERS 

R 

When we are given an equation containing a built up expression, we use inverse operations in the 

reverse order to isolate the unknown. 

o) Self Tutor 

Solve for z: 4z —5 =25 

Check your answer b 
Az —5 =25 v Y substituting back into 

o, 4z —-5+5=25+5  {adding 5 to both sides} the original equation. 

. 4 =30 

%m = % {dividing both sides by 4} 

% BT 

Check: LHS=4(7 

N
 
N
 

%)—5:30-5:25:1&15 y 
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EXERCISE 7E 

1 Solve for z; 

a 2xr+1=5 b 4x+7=27 ¢ 7+3x=19 

d 3x+1=-23 e d5r—9=11 f -3+8x=0 

g 2z —7=-4 h 2z—-11=23 i T+8z=-9 

] 64+3x=0 Ik 8+13x=34 I 11+42x=-6 

m ) Self Tutor 

Solve for x: 32—-5z=28 

32—-5x=38 

" 32-5z—-32=8-32  {subtracting 32 from both sides} 

—bx = —24 

-5z —24 - - 
g {dividing both sides by —5} 

L el LT = 45 

Check: LHS=32—5(4§) =32—5(25é) =32-24=8=RHS 

2 Solve for z: 

a 6—-—x=9 b —z+3=-11 ¢ 2x+7=13 

d 15-2z=7 e 2—3x=8 f 1—4z=-15 

g —bxr+4=-21 h 16 -8z =11 i 22-3z=1 

j 4—z=-1 k 19 -4z =-10 I =5z +12=-9 

Example 8 ) Self Tutor 

Solve for z: % +5=-8 

€T T+5=-8 

-z— +5-5=-8-5 {subtracting 5 from both sides} 

& = — i 13 

g x4=-13x4  {multiplying both sides by 4} 

T =52 

Check: LHS=_T52+5=—13+5=—8=RHS v 
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3 Solve for z: 

T z _ z _ 

d —4+—3——1 e —3—4——11 f 2+—6_. 2 

x _ T _ z — g —9—7—0 h 5—{-—7— 3 i 11—|—31—33 

4 Solve for z: 

z _ 2L 3 _Z _5= a—_—§+2—1 b 3=0 < 251 

T 
d3—§—5 e 5 z 1 fé6 3 2 

Example 9 o) Self Tutor 

Solve for x: il J) 

26 —-3 
T = 2 

2“33‘3 x3=-2x3 {multiplying both sides by 3} 

20 —3=-6 

. 2z-3+3=-6+3  {adding 3 to both sides} 
%, P4 = == 

= = {dividing both sides by 2} 

e e 
=7 

(-3 —3 _ 
Check: LHS=¥=?6=—2:RHS v 

5 Solve for z: 

z+1 dr—1 2z~ 5 
3 =4 b 3 =17 < 3 =1 

3z+1 645 _ 1+2z 
d 2 =-5 e — =7 f 5 =11 

11z -1 —2+6zx s 11+4z 
g = 7 h — = 2 i e 11 

6 Solve for x: 

l—2 “2z+1 3—4r 
a — =5 b T = 3 < — =1 

d —3:c+2=5 e 6—2.702__2 f -$+7=13 

-2 3 -2
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Example 10 ) Self Tutor | 
Solve for z:  3(2z - 1) = -21 

32z —1) = —21 

3_<2x3;1) = —Tzl {dividing both sides by 3} 

22 —-1=-T7 

“ 2z-1+1=-7+1 {adding 1 to both sides} 
2z =-6 

325”. - ‘76 {dividing both sides by 2} 

z=-3 

Check: LHS = 3(2(—3)—1) =3(-7) = —21 = RHS 

7 Solve for z: 

d 

g 

i 

2z —1) =18 
—4(5 - 3z) = —28 
6(3z —2) = 12 
3(5—2z) =21 

8 Solve: 

a 

d 

3a+5=14 

-23—-z)=14 

9+ 50 =-31 

3k+5 =2 =13 

9 Solve for z: 

3(1+2z)=15 

42— 3z) = 44 

A
 

5
T
 
0
 
T
 

—2(6—2)=3 

&x 
b 5—1—55 

e 4(z+5)=24 

h 1—3:z=_4 

n —8(5z+1)=24 

b LT 
2 =0 

—5(4z+1) = —15 
-
 

e
m
s
 

m
n
 
A
 5(2z —7) = 10 

7(=7+ 3z) = —49 
—6(3 + 8z) = —18 
3(2z+1)=4 

dz—1 
5— = 

6(n—2)=12 

2r—5 

4 

7 

=0 

—5(1—2n) = —35 

Click on the icon to practise solving linear equations. LEARNING 
ALGEBRA 

L 

149



150 EQUATIONS (Chapter 7) 

If the unknown appears more than once in an equation, we may need to take extra steps in its 

solution. However: 

e Our aim is still to isolate the unknown on one side of the equation. 

e We will achieve this by performing a series of operations on both sides of the equation. 

Consider the equation 3z +1=x+ 7. 

Suppose each unit is represented by a block T 

and that a bag ,& contains z blocks. 

We can represent the equation on a set of scales: 

e What operation do we need to perform on both sides, to remove z from the RHS? 

e When we perform this operation, what equation are we left with? 

e Can we now solve this equation using inverse operations? 

In general, we follow these steps to solve equations: 

Step 1. If necessary, expand any brackets and collect like terms. 

Step 2:  If necessary, remove the unknown from one side of the equation. Remember to balance 

the other side. 

Step 3: Use inverse operations to isolate the unknown. 

| Example 11 | =) Self Tutor 

Solve for d: 2d+3(d—-1)=7 

2d+3(d—1) =7 
. 2d4+3d-3=7 {expanding the brackets} 

5d —3=17 {collecting like terms} 

. 6d—-3+3=T7+3 {adding 3 to both sides} 

5d =10 

%fi = ? {dividing both sides by 5} 

d=2 

Check: LHS =2(2)+3(2-1)=4+3=7=RHS v 
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EXERCISE 7F 

151 

1 Solve: 

a 2x+4+3x=10 b 52x444+3z=-36 

¢ 3¢—6—2z+7=16 d 4y—9+3y—5=-14 
e bz+3(z+2)=30 f 2m+4(m—-3)=3 

g n—83-n)=5 h 7T2+2(z+1)=28 

i 3+202-b)=-1 i —3(p+2)+4(p-2) =1 
t _d_ _ k t+§—8 I d 5= 8 

r—_ r_r_ m 2:1:-{-5— 14 n 53 2 

m <) Self Tutor 
Solve for x: 3x+2=x+14 

z+2=2+14 

. 3z+2 r=z+14-2  {subtracting = from both sides} 

L 2z+2=14 

L 224+2-2=14--2 {subtracting 2 from both sides} 

2 =12 

2z 12 p 
== {dividing both sides by 2} 

L x=6 

Check: LHS = 3(6) +2=18+2 =20 
RHS=64+14=20 v 

2 Solve for z: 

a 2z—1=5+zc 

d 4r—-5=2z+1 

g z+2=4—=z 

j 3z—11=9-2zx 

3 Solve: 

a 2(z+1)=z+5 

d 43y—1)=2y+1 

4 Solve: 

a z=3(z-2) 

d 3+2x=73—1x) 

=
 
T
 
6
 
o
 

d3z+1=xz+5 

7+ T =3z + 23 

2¢+5=10—-3z 

8—9zx=3-4z 

b 3(t—2)=t+4 
2(a—5)=5—3a 

b z—2=2(z—4) 
e 2r+12=5(1—-1z) 

2z —-6=Tz+14 

—6+x=5zx+4 

24+7x=3—-3z 

9—3z=—6zx+5 

62 —3)=z-7 

8p+2)=1+3p 

9—z=-2(z—17) 

3z+8=—-2(z+3)
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5 a Try to solve 7(a+3) =21+ 7a. What do you notice? 

b How many values of a satisfy the equation? 

6 a 

b 

What name do we give to an equation like this? 

Try to solve 3(a+ 1) =4+ 3a. What do you notice? 

How many values of a satisfy the equation? 

7 Solve for z: 

a d—z=2+1)+1 b 3¢+1=2(1—3z)+19 
¢ 10—z=5(x—-3)+7 d 7+6z=3+2(1—x) 

e 3z—-5)=5z+1 f 20+7+42z+3)=-1 

g z—2+4(z—-1)=2 h 5(z+1)+5(z—1)=30 

i 4-3z—(z+5)=3 j 71-2)—6(2—x)=38 

k 3z—2z+3)—4r=0 I 8(2¢ —1) —5(2 +3) = -5 
8 Solve for z: 

a 3z—6)=22—-—2z)+3 b 2(z—8)=3(zx—5) 

¢ 4(2z+3)—10=5(3— 1) d 5(1-2z)+3(z+5) =2(1+z)—9 
¢ z—-T—(3z+2)=8z+11 f 7-6c=81+z)—(1—2) 
g 52+2(3—-z)=4—(2-5z) h 7—(2-3z)=12— (5 —4z) 

i 4z =4(3z—-1)—2(3—=z) j 3(xz—1)—4(5+z)=4(2z+1) 

Leigh’s teacher asks him to expand 5(2 + 3z) using the distributive law. His answer is that 

5(2 + 3z) = 10z + 15. 

e Is there a value of z for which 5(2 + 3z) = 10z + 15? 

o If there is a solution of 5(2 + 3z) = 10z + 15, does that mean Leigh’s expansion is 

correct? 

e TFor Leigh’s expansion to be correct, how many solutions would it need to have? 

INVESTIGATION 

In Chapter 3 we encountered recurring decimals such as 0.5 = 0.5555.... . 

We can now use our skills with equations to convert recurring decimals such as 0.5 to fractions. 

What to do: 

1 Let z=0.5, so z=0.5555.... . 

a Multiply both sides of this equation by 10 and hence explain why 10z =5 + . 

b Solve this equation to find the value of 0.5 as a fraction. 

2 Write each recurring decimal as a fraction: 

a 07 b 0.8 ¢ 03
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3 Let =026, so = =0.2626.... . 

a Multiply both sides of this equation by 100 and hence explain why 100z = 26 + . 

b Hence write 0.26 as a fraction. 

& Write each recurring decimal as a fraction: 

a 051 b 1.09 ¢ 215 

5 Write each recurring decimal as a fraction: 

a 0.318 b 0.04 ¢ 0.246 

In this Section we consider the cases n =2 and n = 3. 

EQUATIONS OF THE FORM z? =k 

Consider the equation z2 = 7. 

We know that VixVT=17 

and —fix—\fi:T. 

So, z =+/7 and z = —+/7 are both solutions of the equation. 

A power equation is an equation of the form z™ =k where n # 0. 

We write the solutions as x = ++/7, which reads “plus or minus the square root of 7”. 

Now consider the equation 22 = —7. 

We know that when any non-zero real number is multiplied by itself, the result is positive. 

So, there are no real numbers which satisfy z2 = —7. 

In general, we conclude that: 

z=+vk if k>0 
If z2=Fk then { z=0 if k=0 

z has no real solutions if &k < 0. 

EQUATIONS OF THE FORM z3 =k 

In contrast to z2 = k, there is always exactly one real solution of z3 = k. 

We know that /7 x ¥Tx 7=7, so z= 7 is the solution of 23 =7. 

We know that &/—7 x &/—7T x ¥—7T=—T7, so z= <=7 is the solution of z3 = -7. 

In general, 

If 23 =k then z = ¥k.
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" Example 13 | <) Self Tutor 
Solve for z: 

a z2=4 b 22=-5 ¢ z3=45 

a 22 =4 b z2= -5 has c z3 =45 

oz =4+V4 no real solutions. r = V45 

I — =D z ~ 3.56 

EXERCISE 7G 

1 Solve for z: 

a z2=9 b z2=49 ¢ z2=236 d z2=0 

e z2=1 f z2=17 g z2=23 h 22 =100 

i 22=—-4 j z2=-7 k 22 =27 I 22 =-27 

2 Solve for z: 

a 23=8 b 23=27 ¢ 23=0 d 3 =64 

e z2=-1 f 23 =-125 g #8=1% h 23 =36 

" Example 14| < Self Tutor 
Solve for z: a 224+4=9 b z224+27=0 

a 2+4=9 

Loal44-4=9-4 {subtracting 4 from both sides} 
o A 
SN e —ID 

o z=%V5 

b z2+27=0 
. #3427 -27=0-27 {subtracting 27 from both sides} 

oz =27 
z = v-27 

T=-3 

3 Solve for z: 

a z2245=9 b 22416=25 ¢ 22 4+2=27 

d z24+7=23 e 8+z2=44 f z24+14=239 

g 10+22% =60 h 22 +5=149 i 6+2%=18 

4 Solve for x: 

a z2-1=0 b 224+8=0 ¢ 22 -216=0 

d 23-1000000=0 e 22-16=0 f 224+800=0 
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5 Solve for z: 

a 222 =18 b 32?2 =48 ¢ 522 =20 
d z2+22=32 e z?+222 =90 f 2?2 +522 =120 
g 22+ (22)° =45 h 2%+ (32)2 =170 i z2+(22)2 =1 

The diagram opposite is an arithmagon. The number in each o 
square is equal to the sum of the numbers in the two circles 
connected to it. 

What to do: 

1 Copy and complete these arithmagons: 

a 

2 Which arithmagon in 1 did you find hardest to complete? Why was it the hardest? 

3 Consider the following approach for 1 ¢ 

o Let the numbers in the circles be z, ¥, and 2z as shown. 

Soxt+y=7 
0 y+z=9 

6 z+z=6 

Adding these three equations gives 
o ° 2z +2y+ 22 =22 

. *+y+z=11 {dividing both sides by 2} 
We know that y+2=09, so £ =2 

. y=>5 and z=4. 

Use this method to complete these arithmagons: 
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GLOBAL CONTEXT RESENTING ALGEBRA 

Global context: Orientation in space and time c%'-,?_l?&_r 

Statement of inquiry: The way that mathematicians write algebraic 

expressions has changed over time. 

Criterion: Communicating 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 7A 

1 State whether each equation is: 

A true for exactly one value of x B true for exactly two values of x 

€ true for all values of z D never true. 

a z+3=z b rz—4=1 ¢ z2=1 d 2r—zx==z 

2 One of the numbers 6, 10, —6, or —4 is the solution of the equation 8z + 3 = 3(z —9). 

Find the solution. 

3 Find the equation which results when: 

a 2 is added to both sides of 3z —2 = —11 

b 9 is subtracted from both sides of 4z + 9 = —1. 

& Solve using an inverse operation: 

a z—11=14 b 6z =42 € a+4=-9 d —=7 

5 Use flowcharts to show how to “build up” and “undo”: 

a Z+1 b 4(3z—4) ¢ P 

6 Solve for z: 

a 10z—7=13 b 5+4x=29 ¢ —3(3z-4)=30 

7 Solve for z: 

a —45+9=-19 b 6-2=0 ¢ 5E=u 

8 Solve for z: 

a rz+32—-5=31 b 7z —4(x—3)=-2 c §—§=3
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9 Solve: 

a Ta—6=6a—1 b 3-b6=3(b+5)+8 € 4c—2(3c—1)=5—-"Tc 

10 Solve for z: 

a 3z+23—2)=-3 b 3(z+6)-4(4—-2z2) =T +6 
€ 9-5(x—1)=2(z+4) 

11 Mark and Laura were given the equation 2(z — 3) = 14. 

a Mark wanted to solve the equation by first dividing each side by 2. Solve the equation 
using Mark’s method. 

b Laura wanted to solve the equation by first expanding the left hand side. Solve the 
equation using Laura’s method. 

¢ What did you notice? Whose method was correct? 

12 Solve for x: 

a z2=64 b 28 =-10 ¢ 154+2%2=50 

REVIEW SET 7B C gt 

1 Determine whether each equation is an identity. If it is not, give a value of the variable for 
which the equation is false. 

a r—-5=5-z b 8xm=mx8 € 2t+2t =442 

2 Solve x4 5=2 by inspection. 

3 Find the equation which results when we divide both sides of —2(2z + 3)=4 by -2. 

& State the inverse of: 

a multiplying by 5 b subtracting 7. 

5 Solve using an inverse operation: 

a a-3=4 b —5b=45 € c+17="7 d $=-12 

6 Use flowcharts to show how to “build up” and “undo” lgf?’w 

7 Solve for z: 

a 3r+5=17 b Z+1=-11 ¢ 5+2=3 

8 Solve for z: 

a 122 b —2(3-12)=-10 € -1-2=-6 

9 Solve for z: 

a 2r+1=2z+38 b z-4=5zx-1 € 3(z—3)=8-2 

10 Solve for z: 

a 24r—3)+z=302c—-1)+2 b 2(z-3)-3(4—=z)=4(2z—5)
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11 Ms Maxwell wrote the equation % +2 =7 on the board. She told her class there were 

two good ways to solve the equation. 

a | 

ii 

b i 

Find the equation that results when 2 is subtracted from both sides of g— +2="1. 

Hence solve the equation. 

Write down the equation that results when both sides of g- +2 =17 are 

multiplied by 3. Your answer should include brackets. 

Apply the distributive law to expand the brackets. 

Hence solve the equation. 

12 Solve for z: 

2 a z2=-2 b 3 =50 ¢ 22+ (42)?> =85
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OPENING PROBLEM | 

A cupboard door can open on its hinge to a maximum 

of a right angle. 

Things to think about: 

a What is the relationship between = and y? 

b What is the value of z when the cupboard is: 

i closed ii fully open? 

¢ Find the value of x when y = 76. 

d Find the value of y when 2z = 55. 

In previous years, you should have seen that: 

e A point is used to mark a position or location. 

We often label a point with a capital letter. 

e A line is a continuous infinite collection of points in a particular direction. A line has no 

beginning and no end. 

» (AB) is the line which passes through A and B. 

A 
B 

B 

D 
C 

A_— 

A/ 

AT 

» [AB]is the line segment which joins the points A and B. 

It is only part of the line (AB). 
AB is the length of line segment [AB]. 

» [AB) is the ray which starts at A, passes through B, and 

continues on endlessly. 

e A set of points is collinear if they lie on the same line. 

s A set of lines is concurrent if they pass through the same 

point. 

An angle is formed where two straight lines meet. A 
arm 

The point where the lines meet is called the vertex of the . 

angle, and the lines are called the arms. B 

In this diagram, the shaded angle is ABC. Tis vertex is B. arm 
C
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The size or measure of an angle is the amount of furn between its arms. 

We measure the turn in degrees, and use the symbol °. 

Revolution Straight angle Right angle 

| 'fi\\l {,4—‘*-‘\\ . 

One complete turn = 360° 1 tun = 180° # turn = 90° 

Acute angle Obtuse angle Reflex angle 

=L 
Less than  turn. 

Between 0° and 90°. 

Ty 
Between % turn and —é— turn. 

Between 90° and 180°. 

— 

Between % turn and a 

complete turn. 

Between 180° and 360°. 

COMPLEMENTARY AND SUPPLEMENTARY ANGLES 

Angles which add to 90° are called complementary angles. 

Angles which add to 180° are called supplementary angles. 

EXERCISE 8A 

1 True or false? 

a An angle measuring 88° is an acute angle. 

An angle measuring 92° is an obtuse angle. b 

¢ The size of an angle depends on the lengths of its arms. 

d When a vertical line crosses a horizontal line, the angle formed is a straight angle. 

e g of a straight angle is an acute angle. 

f A right angle is neither an acute angle nor an obtuse angle. 

2 Name and classify each angle;
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3 Find the angle which is complementary to: 

a 28° b 77° c y° d (90— x)° 

4 Find the angle which is supplementary to: 

a 85° b 127° ¢ q° d (180 —n)° e (z+90)° 

5 AOC = 132° and BOC = 48°. 
a Describe the relationship between AOC and BOC. 

b Draw two diagrams which could illustrate points O, A, B, and C. Classify AOB in each 

case. 

e Two lines in a plane are parallel if they never 

meet. We use arrowheads to show lines are 

parallel. 

We use the symbol || to mean “is parallel to”. 

e Two lines in a plane are perpendicular if they 

intersect at right angles. 

We use the symbol | to mean “is perpendicular 

to”. 

(AB) L (CD) 

EXERCISE 8B 

1 Use || or L to complete each statement: X Q . R 

a (PQ) ..... (SR) b (SQ) ..... (PR) ) 
¢ (PX) ... (XR) d (XR) ..... (PS) 

P " S 

2 What can you say about P, Q, and R if (PR) || (RQ)? 

In question 1 above, [QR] L [PX] even though these line segments never actually meet. 

How do we need to modify our definitions for parallel and perpendicular so they are written for 

line segments?
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Title Theorem Example 
Angles at a point Angles at a point add to 

360°. ‘q 
o} b° 

a 0 
Cc 

a+b+c=360 
Angles on a straight line | Angles on a line are 

supplementary. . fb° 

a+b=180 
Angles in a right angle Angles in a right angle are 

complementary. 
a bo 

a+b=90 
Vertically opposite angles Vertically opposite angles . 

are equal in size. >‘< 
bo 

a=b 

|_Example 1 | 
Find the value of z: 

| ) Self Tutor| 
z+z+12=90 {anglesina 

right angle} 

2x 4+ 12 =90 

204+12-12=90-12 

2z = T8 

2 _ 18 
2 2 

z =239 

EXERCISE 8C 

1 Find the value of the unknown, giving brief reasons for your answers: 

\ 

\\ \20° 
\ 
\/ a° === 

_-—'—"'f'_'_'_'_/_'_'_ 

b 

bo 

= 

Always justify your 
answer by naming the 
theorem you are using, 
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d */_;5\ e \ / f i 

B e 420! .']',‘°\ z° _."-;i;\l 120 

/ z°/\ 2° S 
/ £ \ 

{ .\. \ 

/ \ 

s h p i 

225 /(22— 42)° 
3z + 5)° - 

a’[1 - (2 +9) (z+6)7/ 

i / 
/ 2 ' 

j _ k | 

(2z — 34)° 

[/ z° g (2z — 10)°| (= + 30)° 

[/ 3g0 i = =< 
—_— s e i ;/ - / 

2 Answer the Opening Problem on page 160. 

NES CUT BY A TRANSVERSAL 
A third line that crosses two other straight lines is called a . 

N 

transversal. / 
N 

s 

/ 

“a transversal 
When two parallel lines are cut by a transversal, there are 

three different angle pairs we can consider: 

_ Title ~ Theorem ol Example 

Corresponding angles | When two parallel lines are 

cut by a transversal, angles a® 

in corresponding positions are 

equal. b 

a=> 

Alternate angles When two parallel lines are / 

cut by a transversal, angles in 2° 

alternate positions are equal. / 

- bo 

/ 
a=b 
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_ Te | Theorem | Example 
Co-interior or When two parallel lines are / 
allied angles cut by a transversal, co-interior s 

angles are supplementary. 5 

! 

| 
a+b=180 

The special properties are only true if the lines cut by the transversal are parallel. We can therefore 
use the sizes of corresponding, alternate, or co-interior angles to test for parallelism. 

_Examplc 2| ) Self Tutor| 
Find the value of x: 2z -100=¢ {corresponding angles on 

parallel lines are equal} 
S 22-100 -z =z — 2 

Soz—100=0 
z° (2z — 100)° .oz —100+ 100 =0+ 100 
/ / 1 =100 

EXERCISE 8D 

1 Find the value of the unknown, giving brief reasons for yOur answers: 
a b \ < 

// 
5 / 

1115° h 
fO 

/’M \ 
58° 

z° 139° 

e 

d _ e XQ\ f /’77({;—:5;3)’ 

: /TL// 

\ (27 — 25)° 

(z + 10)° 
X 

\ 
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2 These diagrams are not drawn to scale, but the information on them is correct. Decide whether 

[AB] is parallel to [CD], giving a brief reason for your answer. 

a b < c 

A 1406\\&\‘%__ . D B 10 { )/ 
e 76° ~ 76° 

/'_3_9//}\“"\. D e 

G c f#7 120° 
c B D 

ACTIVITY 

In this online Activity you will see how the number of security guards or fixed ~ ART GALLERIES 

cameras in a gallery is dependent on the shape of the gallery. * 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 8A 

1 Find the value of the unknown, giving brief reasons for your answers: 

a b [ 

142° 
b°/ 50° 

2 Find the angle which is: 

a complementary to 63° b supplementary to 26°. 

3 Use || or L to complete each statement: C 

a (AB)..... (DC) b (BE) ... (AD) B 
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4 Find the value of the unknowns, giving brief reasons for your answers:; 
a b < / / 

= 77 

e q° 

5 These diagrams are not drawn to scale, but the information on them is correct. Decide 
whether [AB] is parallel to [CD], giving a brief reason for your answer. 

a b c A C 
A 

Plonc B 78° 
110° 5 

102° 
400 o 

C D C i D 
N\ / B D 

6 Four birds A, B, C, and D fly away from their nest O in different directions, such that 
AOB = 60°, BOC = 100°, and COD = 120°. 
@ Describe the relationship between AOB and COD. 
b Draw four diagrams which could illustrate points O, A, B, C, and D. 

¢ Given that AOD is obtuse, find the size of BOD. 

120° 

REVIEW SET 8B _ 

1 True or false? 

a Angles measuring 62° and 118° are complementary. 

b An angle measuring 205° is a reflex angle. 

¢ Vertically opposite angles are supplementary. 

2 Name and classify each angle: 

b P L o 

Lo\ A B 
0 Q 

. X 

The given figure is not drawn to scale. 

@ What name describes the two marked angles? 

b If the marked angles are supplementary, what can we 
say about [AB] and [CD]? 
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& TFind the value of z: 

a 

120° 

5 Find the value of the unknown: 

a b 

o= 77 

(31‘ el 100)0 (m 4L 30)0 — ~ 

6 a For the figure alongside, write two statements A B 

involving L. 

b Is [AB] | [DC]? Explain your answer. 

¢ Explain why the sum of the angles of 
quadrilateral ABCD is 360°. D c 
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OPENING PROBLEM 

The figure alongside contains two pairs of parallel lines. 

Things to think about: ~ 
a What name is given to this shape? 

b Which angles in the figure are equal? 

¢ What is the sum of the sizes of: 

i the red angles §i the green angles? 

d What is the total sum of the angles of this figure? 

In mathematics, a plane is a flat two-dimensional surface. 

In this Chapter we will study circles and polygons, which are examples of plane figures. 

Al 
A circle is the set of points which are the same circle 
distance from a fixed point called its centre. ' 

These terms are used to describe different parts of a circle: 

e A chord is a line which joins any two points on the circle. 

e A diameter is a chord which passes through the circle’s semi-circle  chord 
centre, ! 

e A radius is a straight line segment which joins the circle’s 

centre to any point on the circle. Radii is the plural of 
radius. 

e A semi-circle is a half of a circle. 

e An arc is a part of a circle. It joins any two different points 

on the circle. 

o A segment of a circle is the region between a chord and the sector 

circle. 

e A sector of a circle is the region between two radii and the 

circle. 

e A tangent to a circle is a line which fouches the circle but 

does not enter it. A tangent is always perpendicular to the segment 
radius at that point. 

" tangent
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It is common to refer to the radius of a circle as the length of any of its a 
radii, and the diameter of a circle as the length of any of its diameters. 

For example, we say that the radius of this circle is 3 cm. R 

EXERCISE 9A 

1 Match the part of the figure indicated to the phrase which best describes it: 

e T f h 

A semi-circle B radius € arc D diameter 

E chord F segment G sector H tangent 

2 What name can be given to the longest chord that you can draw in a circle? 

3 a Explain why the diameter of a circle is always twice as long as its radius. 

b Find: 

i the diameter of a circle with radius 4 cm 

ii the radius of a circle with diameter 12 ¢cm. 

4 The circles shown both have centre C. The larger circle A 
has radius 5 ¢m, and the smaller circle has radius 3 cm. 

Points A, B, C, D, and E are collinear. B 

Find the distance between: 

a Cand B b Cand A ¢ Band D 

d Aand E e Aand B f E and B. 

E 

5 a Use a compass to draw a circle with radius 4 cm. x G 
Draw a diameter [AB] on the circle. ™ 

b Mark a point X on the circle which is not A or B, and ™~ 

draw [AX] and [BX]. \ 

¢ Use a protractor to measure AXB. What do you A B 

notice? 

d Repeat b and ¢ with a different point X. U 

e Copy and complete: 

“The angle in a semi-circle is a angle.”
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6 a Use a compass to draw a circle with radius 5 cm and R 

centre O. 

b Draw a chord [PQ], and mark a point R on the circle 

which lies on the same side of the chord as O. Draw 

[PO], [QO], [PR], and [QR]. 0 

¢ Measure P6Q and PfiQ. What do you notice? 

d Repeat b and ¢ with a different chord [PQ] and a 

different point R. P \—/ Q 

What is the relationship between P6Q and PfiQ? 

PUZZLE ' i 

You are given a circular disc of paper which does not have the circle’s centre marked. 

Explain how you could find the centre of the circle by folding the paper. 

A polygon is a closed plane figure which has only straight line sides which do not cross. 

Each comer of a polygon is called a vertex. 

The plural of vertex is vertices. 

In this Section we consider triangles, which are the first member of the polygon family. 

A triangle is a polygon with three sides. 

We can classify triangles according to the number of sides which are equal in length, or according 

to their angles. 

CLASSIFICATION BY SIDE LENGTHS Identical markings 
indicate equal 

side lengths. 

A scalene triangle An isosceles An equilateral 

has no equal sides. triangle has at least triangle has three 

two equal sides. equal sides. 
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CLASSIFICATION BY ANGLES 

An acute angled triangle An obtuse angled triangle A right angled triangle 

has all acute angles. has one obtuse angle. has one right angle. 

INVESTIGATION 1 

In this Investigation you will discover some properties of triangles. 

What to do: 

1 Draw 6 large triangles on a sheet of paper. 

Label the vertices of each triangle A, B, and C. 

2 Measure the side lengths and [, ;[ g | ac | Bc | AGB | ABC | BAC 
angles of each triangle. Record : 2 - = 

your results in a table like the 1 

one alongside. 

[=
2 
R
 

B 
S
 

L
R
 
)
 

3 For each triangle in your table, where is: 

a the longest side positioned relative to the largest angle 

b the shortest side positioned relative to the smallest angle? 

From the Investigation, you should have concluded that: 

e The longest side of any triangle is opposite the largest angle. 

e The shortest side of any triangle is opposite the smallest angle. 

EXERCISE 9B 

1 Classify cach triangle as scalene, isosceles, or equilateral: 

a b 4 
4m 

8 cm / 

Sm 

8cm 9 cm
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2 Classify each triangle as acute angled, obtuse angled, or right angled: 

a b < 

3 The triangle alongside is not drawn to scale. B 

Identify its: 
. 60° 

a longest side 

b shortest side. ° A 48 790 

C 

ks The triangle alongside is not drawn to scale. P 8cm Q 

Identify its: 

a largest angle 6cm 7 om 

b smallest angle. 

When we talk about the angles of a triangle, we are usually C 

referring to the interior angles which are inside the triangle. 

If we extend any side of a triangle, we can also create 

exterior angles which are outside the triangle. A 5 
B 

For example, BAD is an exterior angle of the triangle shown. B 

Name ~ Theorem |  Diagram 

Angle sum of a | The sum of the interior angles N O METEY. 

triangle of a triangle is 180°. PACKAGE 

a+b+¢c=180 * 

Exterior angle of | Any exterior angle of a e ETRY, 

a triangle triangle is equal to the sum of b° PACKAGE 
the opposite interior angles. w° 20 

z=a+b 
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Proof of the angle sum of a triangle theorem: 

Consider a triangle ABC with interior angles a°, 

b°, and c°. 

Draw a line segment [DE] which is parallel to 

[AC] and passes through B. 

Since alternate angles on parallel lines are equal, 

ABD = o° 

But a+b+ 

L a+b+ 

and CBE = °, 

c=180 {angles on a line} 

¢ =180 

Find the value 

a 
T 

38° 

of the unknown: 

o] 

19° 

b 

) Self Tutor 

a z+38+19 =180 

. x4+ 57=180 

. 457 —57 =180 57 

{angle sum of a triangle} 

=123 

b y=39+90  {exterior angle of a triangle} 

oy =129 

EXERCISE 9C 

1 Find the value of the unknown, giving a brief reason for your answer: 

a b < 

aO 

20° 

30° 

d e f 

41° 

88° d° 25°- 

Remember to name 

any theorems you use. 

167°
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2 Two of the angles in Nancy’s triangular pizza slice are 72° and 58°. Find the measure of the 

third angle. 

3 True or false? 

a The sum of the angles of a triangle is equal to two right angles. 

b A right angled triangle can contain an obtuse angle. 

¢ The sum of two angles of a triangle is always greater than the third angle. 

d The two smaller angles of a right angled triangle are supplementary. 

4 Identify the longest side of each triangle: 

a B b A < C 

31° 88° 

A< 28° 
8 81°~ B 

B 

C C A 

5 Identify the shortest side of each triangle: 

a C b A < B 

T7° 

108° 
C 76° 

B..26° B£.50° 
65° 

A C A 

Example 2 o) Self Tutor 

Find the values of the unknowns: 

a b 

a 2z-+z+ (z+20)=180 b Now a=180—140=40 

{angle sum of a triangle} {angles on a line} 

- 4z 420 = 180 and b= 180 — 120 = 60 

' 4z +20—20 =180 — 20 {angles on a line} 
. 4z =160 Ly e SO 

iz 160 {angle sum of a triangle} 

T . 40+ 60+ c = 180 

x=40 oo 100+ c¢=180 

100 + ¢ — 100 = 180 — 100 

. ¢c=80 
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6 TFind the values of the unknowns: 

a b 7 = < 

80° 

- (2b _ 40)0 (140 - 211?)0 

An isosceles triangle is a triangle which has at least two sides equal in length. 

Having identified two equal sides of an isosceles triangle, we label the triangle as follows: 

e The third side is called the base. apex 

e The vertex between the equal sides is 

called the apex. 

vertical 
angle 

e The angle at the apex is called the vertical 

angle. 

e The angles opposite the equal sides are 

called the base angles. / 3, base 

‘base angles 

THE ISOSCELES TRIANGLE THEOREM 

In any isosceles triangle: 

e the base angles are equal 

o the line joining the apex to the midpoint of the base bisects 

the vertical angle and meets the base at right angles. 
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CONVERSES OF THE ISOSCELES TRIANGLE THEOREM 

With many theorems there are converses which we can use in problem solving. 

Converse 1. If a triangle has two equal angles, then it is isosceles. 

Converse 2: The angle bisector of the apex of an isosceles triangle bisects the base at right 

angles. 

What does the word converse mean? 

Which of the following are also converses of the isosceles triangle theorem? 

A 1 If the line joining one vertex to the midpoint of the opposite 

side is perpendicular to that side, then the triangle is 

isosceles. 

2 If the line joining one vertex to the midpoint of the opposite 

side bisects the angle at the vertex, then the triangle is 

isosceles. 

3 If a perpendicular to one side of the triangle passes through 

S R— c a vertex and bisects the angle at that vertex, then the triangle 
X o 

is isosceles. 

| Example 3 | «) Self Tutor 

Find the value of z: 

a b P 

B 

A 38° 

xo 

¢ 52° z° 
Q = R 

a B Since AB = AC, the triangle is isosceles. 

z° .. ABC=z° {isosceles triangle theorem} 

= 38° Now z+z+38=180 {angle sum of a triangle} 

A . 2z 438 =180 
2z + 38 — 38 = 180 — 38 

. 2z =142 

2 _ 142 
2 2 

L x=T1 
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Since PR = QR, the triangle is isosceles. b P 

=00 . QPR =52° {isosceles triangle theorem} 

2. z=>52+52 {exterior angle of a triangle} 

Sz =104 

Q 52° . z° 

R 

EXERCISE 9D 

1 Find the value of z: 

78° 

d 

‘ \ z° 66° 

2 Find the value of z: 

a 
Blrge  709/€ 

T cm 12 cm 

A 

d 
K 

mo 

£ 

M L 
C 

s y h E i T 

M 

5 4m 

w 

z D zm F e ‘y



180 PLANE GEOMETRY (Chapter 9) 

3 The triangular control frame of a hang glider has an 

angle of 46° between the two equal sides. Find the 

measure of the other two angles. 

The figure alongside has not been drawn to scale, but the C 

information given is correct. o 

a Find the value of z. 

b What can be deduced about the triangle? 

B x° (21? = 66)° 

The figure alongside has not been drawn to scale, but B 

the information given is correct. h\\ 

a Find ABD. ' B 
b What can be deduced about triangle ABD? // X 

¢ Find the length BX. AM /‘/ 
6 cm 

D 

The base angles of an isosceles triangle each measure (5z — 12)°, and the vertical angle 

measures (4x + 8)°. What are the sizes of these angles? 

Find the possible values of x such that triangle PQR is isosceles. P 

6 

£ 
In this question we will prove that the angle in a R 

semi-circle is a right angle. /F 
Suppose [PQ] is a diameter of a circle with centre O, "‘.‘. 

Q 

20 

\ 
N 

R 

\\“\ 

/N and R lies on the circle. We will prove that . \ 

PRQ = 90°. / 
© I fio p 

0 1Q 
~ ~ raxe’ 

Let QPR = o° and PQR = (3° as shown. P 

a Explain why PRO = ° and QRO = 3°. \ 
b Hence explain why 2o+ 28 = 180. \ 

¢ Hence show that PRQ = (a + 3)° = 90°. i e
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9 Copy and complete this proof that the longest side of a triangle is opposite its largest angle: 
Label a triangle ABC so that BAC is the largest angle. 
Suppose we construct an isosceles triangle BAC' with 

vertical angle ABC and base [AC]. 

The base angles are the average of BAC and BCA. They 

are ...... than BAC since BAC is the ...... angle. 

So, C’ must lie on [BC]. 

But AB=BC' {... triangle} 

. AB < BC 

Using the same procedure, we can construct an isosceles 

triangle B’AC with vertical angle ACB and base [AB']. 
Following the same argument, ...... < BC. 

So, BC is the longest side, and it is opposite the ............ . 

B 

A quadrilateral is a polygon which has four sides. 

There are six special quadrilaterals we consider: 

1 A parallelogram is a quadrilateral whose opposite sides are parallel. 

> Properties: GEOMETRY 

e opposite sides are equal in length PACKAGE 
/ 7 e opposite angles are equal in size 

e diagonals bisect each other. 

2 A rectangle is a parallelogram with right angled corners. 
| . Properties: GEOMETRY 

o PACKAGE 
e opposite sides are parallel and equal 

e diagonals are equal in length 

e diagonals bisect each other. ' 

3 A rhombus is a quadrilateral with all sides equal in length. 

Properties: GEOMETRY 

e opposite sides are parallel PACKAGE 

e opposite angles are equal in size 

diagonals bisect each other at right angles 

diagonals bisect the angles at each vertex.
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& A square is a rectangle with all sides equal in length. 

Properties: GEOMETRY 
PACKAGE 

e opposite sides are parallel 

o diagonals bisect each other at right angles * 

e diagonals bisect the angles at each vertex 

e diagonals are equal in length. 

v
 

5 A trapezium is a quadrilateral with one pair of opposite 

sides parallel. 

6 A Kkite is a quadrilateral with two pairs of adjacent sides equal in length. 

Properties: 

one diagonal is a line of symmetry 

one pair of opposite angles are equal 

diagonals cut each other at right angles 

one diagonal bisects one pair of angles at the vertices 

one of the diagonals bisects the other. 

o) Self Tutor 

Draw three diagrams to show the properties of a parallelogram. 

i b " 5 - 5 

; 

/ 

3 e " 

opposite sides are equal opposite angles are equal diagonals bisect each other 

Y
 
Y
 

¥
 

8 

| Example 5 | o) Self Tutor 

Find the value of z, giving brief reasons 32° = 

for your answer: 

~ (z+100)° 

3z =2+ 100 {opposite angles of a parallelogram are equal} 

 3rx—-zrz=2+4+100 -2 

2z = 100 

2z _ 100 
PR 

. =250 
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EXERCISE 9E 

1 Draw a set of diagrams which show all the properties of: 

a a square b akite ¢ a rhombus. 

2 Find the values of the unknowns: 

5cm 

3 True or false? 

a A square is a quadrilateral in which all sides are equal in length. 

b A quadrilateral in which all sides are equal is a thombus. 

¢ The diagonals of a parallelogram are equal in length. 

d The diagonals of a kite intersect at right angles. 

4 Jarrod draws a quadrilateral ABCD and its diagonals [AC] and [BD]. He notices that the 

diagonals bisect each other at right angles. The shorter diagonal [AC] is 2 cm long, and the 

other diagonal is twice this length. 

a What type of quadrilateral is ABCD? Explain your answer. 

b Sketch and label quadrilateral ABCD. 

5 Find the values of the unknowns: 

(3z+2)cm (10 —z) cm 

30° 2 
. a 

6 The figures below are not drawn to scale, but the information on them is correct. What can 

you deduce about each quadrilateral? 

a b 
7180 —x)° 
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In this Investigation we consider the quadrilateral formed when 

the midpoints of the adjacent sides of a quadrilateral are joined. 

What to do: 

1 Draw each of the following shapes. Find the midpoint of each side, and join the adjacent 

midpoints to form a quadrilateral. 

a rectangle b parallelogram ¢ rhombus 

d kite e trapezium 

2 Repeat the procedure with a few quadrilaterals of your own, 

including non-convex ones such as the one alongside. 

3 Copy and complete: “When the midpoints of adjacent sides of a quadrilateral are joined, 
L2 

the resulting figure is always a ...... . 

Suppose a quadrilateral is drawn GEOMETRY 
. PACKAGE 

on a piece of paper. 

If the four angles are torn off and 

reassembled at a point, we notice that 

the angle sum is always 360°. 

The sum of the interior angles of a quadrilateral is 360°. 

Proof: 

Suppose we divide the quadrilateral into two triangles. 

The sum of the interior angles of each triangle is 180°, 

so the angle sum of the quadrilateral = 2 x 180° = 360°. 
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Example 6 

Find the value of z: 

o) Self Tutor 

z + 89+ 90+ 119 = 360 {angle sum of a quadrilateral} 
.z + 298 = 360 

4298 — 298 = 360 — 208 

=062 

EXERCISE 9F 

1 Find the value of z: 

b < 

2 Find the values of the unknowns: 

a 

100° 106° 

115°/ a° b° 

121° 200 

56° z° 
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INVESTIGATION 3 . 

1 Draw any pentagon, and label one of its vertices A. Draw 

in all of the diagonals from A. Notice that 3 triangles are 

formed. 

2 Repeat with other polygons, recording your results in a table 

like this: 

Pogon | oL | ngtes | of sobgon 
quadrilateral 4 2 2 x 180° = 360° 

pentagon 5 3 

hexagon 

heptagon 

octagon 

20-gon 

3 Copy and complete: 

“The sum of the interior angles of any n-sided polygon is ...... x 180°.” 

From the Investigation you should have discovered that: 

The sum of the interior angles of any n-sided polygon is (n — 2) x 180°. 

m o) Seif Tutor 

Find the value of z: The figure has 5 sides. 

the sum of its interior angles is 

3 x 180° = 540° 

L rxtx+xz+1324+90=540 

. 3z 4222 =540 

©. 3z + 222 — 222 = 540 — 222 

3z = 318 

S0 _ 318 
3 3 

. =106 
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EXERCISE 9G 

1 Find the sum of the angles of: 

d a polygon with 12 sides e a 15-gon. 

2 Find the value of z: 

3 A pentagon has three right angles and two other equal angles. Find the size of each of the two 
equal angles. 

4 The sum of the angles of a polygon is 1980°. How many sides does the polygon have? 
5 A regular polygon has all sides of equal length and all angles of equal size. 

a Copy and complete the following table: 

Regular polygon | Number of sides | Sum of angles | Size of each angle 

triangle 

quadrilateral 

pentagon 

hexagon 

octagon 

decagon 

b Copy and complete: 

i The sum of the angles of an n-sided polygon is ...... 
il The size of each angle of a regular n-sided polygon is ...... 

¢ Find the size of each angle of a regular 12-sided polygon. 

o
 

[T
} What is the maximum number of reflex angles that a hexagon can have? 

o
 

Draw a hexagon with this number of reflex angles.
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7 Find the sum of the shaded angles. 

8 Find the sum of the interior angles of this figure using: 

a the angle sum of a polygon formula 

b properties of angles and parallel lines. 

INVESTIGATION 4 

We have seen that the angle sum of the interior angles of an n-sided polygon is (n —2) x 180°. 

In this Investigation we consider the angle sum of the exterior angles of a convex n-sided 

polygon. 

What to do: 

1 a Draw any triangle. 

Measure one exterior angle from each vertex. 

Find the sum of these angles. 

b Repeat this procedure with two other triangles. 

Summarise your results. 

2 Find the sum of the exterior angles (one from each 

vertex) of three different convex quadrilaterals. 

Summarise your results. 

3 Predict the sum of the exterior angles of any convex polygon. 

Check that your answer is correct for a pentagon and a hexagon of your choosing. 

& Explain the sum of the exterior angles of a convex 

polygon by supposing you are an ant who walks A 
in a clockwise direction around a polygon, starting 

from point A which is the midpoint of one side.
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5 Copy and complete this proof: 

At each vertex of an n-sided polygon, 

the interior angle + the exterior angle = ...... {irerennns } 

. the sum of the n interior angles + the sum of the n exterior angles = ...... 

...... + the sum of the n exterior angles = ...... 

*. the sum of the n exterior angles = ...... 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

1 a Use a compass to draw a circle with radius 22 mm. 

b State the diameter of the circle. 

¢ On the circle, draw a chord [AB] of length 3 cm, and draw a tangent to the circle at A. 

2 Find the values of the unknowns, giving reasons for your answers: 

a b . 

60° 

100° 

z° 50° 559/ 

3 The triangle alongside is not drawn to scale. Y 
Identify its: 

. 735 
a longest side 

b shortest side. 

% 56° 7 

& The quadrilaterals below are not drawn to scale, but the information on them is correct. 
Classify each quadrilateral. 
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5 Classify each triangle by side lengths and by angles: 

a b < 
/ 

/ \ e 

6 Find the values of the unknowns, giving brief reasons for your answers: 

[ 4 

75° 75°\ 

-+ T CIn —» 

-+ 8 cm ——————> 

7 Find the values of the unknowns: 

b - ¢ '-w4a° 

z° L 
(a—5)° 

110 — z)° o ( x) 0 105 

8 Find the sum of the angles of a polygon with 11 sides. 

9 Find the value of z: 

a b < 

10 Aaron’s bicycle has a frame with the side view 
shown. Strut [BE] is parallel to the front fork B\ 
[CD]. 

a Find the measure of: 

i CEB ii CBE iii BCE. 
b Aaron finds that [AB] and [BE] are equal in 

length. What type of triangle is ABE? 

¢ Aaron finds that ABE = 40°. Find the size of the base angles of triangle ABE. 

d What can be said about line segments [BC] and [AE]? 

e Classify quadrilateral ABCE. 

A E D
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11 The seven pieces of a tangram puzzle fit together to 
form a square as shown. 

a Classify triangle ABC, and hence find the size of 
BAC. 

b What is the measure of GAF? Give a reason for 
your answer. 

¢ B, J, and E are collinear. Use this fact to explain 

why BIC is a right angle. 

d Triangle GII is isosceles. Find, giving reasons, 

the measure of IGA. 

REVIEW SET 9B 

1 Find the radius of a circle with diameter 16 cm. 

2 Classify this triangle as: 

a scalene, isosceles, or equilateral Tm 7m 
b acute angled, obtuse angled, or right angled. e 

10m 

3 Draw two diagrams to illustrate the properties of a rectangle. 

4 Find the values of the unknowns: 

5 True or false? 

a The diagonals of a square are equal in length. 

b The diagonals of a rhombus intersect at right angles. 

6 The vertical angle of an isosceles triangle is 82°. Find the size of each base angle. 
7 Find the values of the unknowns, giving brief reasons for your answers: 
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12 

The quadrilaterals below are not drawn to scale, but the information on them is correct. 

Classify each quadrilateral. 

A hexagon has two right angles and four other equal angles. What is the size of each of 

the four equal angles? 

a What is the maximum number of reflex angles a pentagon can have? 

b Draw a pentagon with this number of reflex angles. 

Lisa is making a plane from a rectangular piece 

of paper. She starts by folding two corners to 

point X as shown. 

a 

b 

< 

Classify triangles AFX and EFX. 

Hence, classify triangle AFE. F 

Is [AE] parallel to [BD]? Explain your 

answer. 

Lisa suspects that ABDE is a square. Is she 

correct? Give reasons for your answer. 

Use a compass to draw a circle with radius 4 cm. 

b Draw a chord [AB], and mark two points C and 
D on the circle which lie on the same side of the 

chord. 

Draw [AC], [BC], [AD], and [BD]. 

Measure ACB and ADB. What do you notice? 

Repeat b and ¢ with a different chord [AB] and 

different points C and D. 

Find the relationship between ACB and ADB. 

J T B T 

21 cm 
X oo 

..... O___ 
E D 
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OPENING PROBLEM 

Leonard builds ladders using pieces of metal 

which are all the same length. The more pieces 

Leonard uses, the bigger the ladder he makes. 

Things to think about: 

a How many metal pieces does Leonard 

require to make a: 

i 4 rung ladder ii 5 rung ladder 

iii 12 rung ladder? 

b How can we connect the number of metal pieces and the number of rungs in a ladder using 

a mathematical equation? 

¢ What size ladder can Leonard build with 50 metal pieces? 

1 rung 2 rungs 3 rungs 

5 pieces 8 pieces 11 pieces 

In the Opening Problem, the number of metal pieces required is related to the number of rungs in 
a ladder. In this Chapter we will learn how to write a formula to describe the relationship between 

these variables. 

A formula is an equation which connects two or more variables. 

The plural of formula is formulae. 

Consider a machine which operates on numbers. input number 

For any input number fed into the machine, the 

machine calculates an output number according 

to a rule. 
rule calculator 

output number 

For example, consider the rule “the output number M is two times the input number n, plus seven”. 

We can use this rule to calculate the output number Input (n) | Calculation | Output (M) 
for the input numbers 1, 2, 3, .... ] 2x1+7 | 9 

2 2x247 11 

3 2x3+7 13 
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We can also write a formula connecting the input number n and the output number M, 
The formulais M =2xn4+7 or M=2n+7. 

We say that M is the subject of the formula, and that M is written in terms of n. 

The subject of a formula is the variable which appears by itself on one side of the equation. 

EXERCISE 10A 

1 Copy and complete each table by applying the rule to each input number: 
a  The input number plus six b Three times the input number 

@ut Calculation | Output Input | Calculation | Output 
1 2 
2 3 
3 6 
4 9 

¢ Multiply by 4 then subtract 3 d A4dd 5 then double 

Anput | Calculation | Output Input | Calculation | Output 
1 0 
4 3 
9 7 
12 ] 10 

e Multiply the input number by itself f Halve the input number 

Input | Calculation | Output Input | Calculation | Output 
2 4 
5 8 
8 12 
10 20 ] 

§ Subtract 4 then multiply by 10 h Add 8 then divide by 3 

rlnput_ | Calculation | Output [Tnput Calculation | Output 
5 e 7 
7 16 
9 22 
11 28 

2 For each rule, write a formula connecting the input number n and the output number M. 
a The output number is five times the input number. 
b The output number is three times the input number, minus 4. 
¢ The output numbser is 1 plus the input number, divided by 2. 
d  The output number is the input number multiplied by itself, plus 7.
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L 

= 

Given a table of input and output numbers, we can often work out the formula that was used. 

Consider these rules with input and output numbers: 

e Rule: Two times the input number. 

Input | Output 

1 2 )42 
2 4 
: . )42 

4 5 )42 

When the input number is increased by 1, 

the output number increases by 2. 

e Rule: Five times the input number, 

minus two. 

Input | Output 

1 3 )45 

2 8 )45 
3 13 >+5 

4 18 

When the input number is increased by 1, 

the output number increases by o. 

o Rule: Three times the input number, 

plus one. 

Input | Output 

ol )+3 
2 7 

3 1077 
)+3 

4 13 

When the input number is increased by 1, 

the output number increases by 3. 

e Rule: Minus two times the input 

number, plus nine. 

Input | Output 

1 7 )_2 

2 5 
)2 

3 3 

4 1)“2 

When the input number is increased by 1, 

the output number decreases by 2. 

If the output number increases by k each time the input number increases by 1, the rule 

contains “k times the input number”. 

Find the formula which connects each input number n with 

its corresponding output number M. 

=) Self Tutor 

Input (n) | Output (M) 

1 6 

2 10 

3 14 

4 18 

We therefore compare 4n with M. 

the input number, plus two. 

The formula is M =4n + 2. 

So, the rule contains “four times the input number”. 

When the input number is increased by 1, the output number increases by 4. 

in | 4 8 | 12 16 

M is always 2 more than 4n, so the rule is four times M| 6 10 | 14 18 
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EXERCISE 10B 

1 Find the formula which connects each input number n with its corresponding output 
number M: 

a | Input (n) | Output (M) b | Input (n) | Output (M)—‘ 
1 4 1 5 
2 5 2 10 
3 6 3 15 
4 7 4 | 20 

< | Input (n) | Output (M) d [ Input (n) | Ouspur (1) 
1 5 1 6 
2 7 2 10 
3 9 3 14 
4 11 4 18 

e | Input (n) | Output M) f | Input (n) Output (M) 
1 12 1 2 
2 11 2 5 
3 10 3 8 
4 9 4 11 

9 | Input (n) | Output M) h | Input () | Output (M) 
1 15 1 5 
2 10 2 11 
3 5 3 17 

L 4 0o | 4 23 

2 For each table, write a formula connecting the variables. 

a|ln|1]|2[3[4]5]s blz|1]2[3Ta5/s] 
M 8 10 12] 14 16 y | 11[22]33] 4455/ 66 

clal1]l2[34]57s dm|1|2[3]4]5]6| 
P|3|10]17|24]31]3s N 23191511 7| 3 

e[aJ1[2][3]4]5]s flhl1][2[3]4]5]6] 
lc| 147101318 L|8|17(26]35]44] 53 

gt |1[3[5]7]9 11 h 1 (3|5 7[9]11] 
D|5|13[21(20]37]45 y [31]25]19|13] 71 

ilz|2[4]6][8]10]12] i|ln| 1 [ 3]4]6][8]11 
y 4[]8 |5 [2]=1 P|l-13|-15]17]29]| 47 



198  ALGEBRA: FORMULAE (Chapter 10) 

If we know the values of all but one variable in a formula, we can substitute these known values 

and hence find the value of the remaining variable. 

|_Examplc 2 [ 

a D when z=10 

Consider the formula D = 3z — 11. Find the value of: 

b zwhen D=7 

o) Self Tutor 

a When z =10, b When D=1, 

D=3x10-11 7 =3z —11 

s D=30-11 7+ 11=3z—11+11 
- D=19 18 =3z 

18 _ 3 
3 3 

r=26 

EXERCISE 10C 

1 Consider the formula P = 2t + 7. Find the value of: D e atiable) 

a P when t=6 b ¢ when P = 25. 

Consider the formula C = 18 — 5d. 

a Find the value of C when: 

i d=2 ii d=6 

b Find the value of d when: 

i C=3 ii C=-10. 

3 Consider the formula A = %b — 5. 

a Find the value of A when: 

il d=—-4. 

easiest to evaluate when it is 

the subject of the formula! 

ili b=38. 

il A=-17. 

¢ 45 people. 

i b=12 ii b=20 

b Find the value of b when: 

i A=9 i A=-3 

4 The cost of hiring a bus for p people is given by C = 12p + 80 dollars. 

Find the cost of hiring the bus for: 

a 12 people b 20 people 

5 
B = 400 — 50h. 
The number of bread rolls in a bakery h hours after the bakery opens for the day is given by 

a Find the value of B when h = 0. Explain what this value means. 

b Find the number of bread rolls in the bakery after: 

i 2 hours ii 5 hours iii 30 minutes. 

¢ How long will it take for the bakery to run out of bread rolls?
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6 The cost C of an international phone call is given by C = 60¢ + 120 cents, where ¢ is the 
length of the call in minutes. 

a Find the cost in dollars for a call that lasts: 

i 5 minutes ii 20 minutes. 

b Find the length of a call which costs $15. 

62.5 +x 

2 

7 John has mass 62.5 kg and Jessica has mass x kg. Their average mass is M = kg. 

a If Jessica has mass z = 58.3 kg, find the average mass M. 
b If the average mass M = 59.1 kg, find Jessica’s mass . 

8 Consider the formula M = 2n2 — 1. 

a Find the value of M when: 

i n=1 i n=2 iii n=4 
b Find the possible values of n when: 

i M=-1 i M=17 i M=r11. 

9 Match each formula to the correct table of values: 

a y=2x22+2 A |z |0]2]4]6 

y | 4|6 810 

b y=2r4+4 B | z|0|1| 2|3 

y|[2]|6]|10]14 

€ y=4zx+2 Clz|0|1]|2]3 

y | 491625 

d y=4+¢ Dz |0| 2|46 

y| 26|18 38 

e y=(z+2)? E|z | 0|1 2] 3 

y |46 8|10 

10 Consider the formula P = 5z — 2. 

a Find the value of P when: 

i 2=4 and y=3 il =3 and y=7. 

b Find the value of z when; 

i P=23 and y=6 ii P=44 and y=-2. 
¢ Find the value of y when: 

i P=8 and z=14 ii P=37 and z =11. 

11 A restaurant with a tables for 2 and b tables for 4 can seat P = 2g + 4b people. 
a Fmd the number of people who can be seated if a =12 and b= 8. 

b Findeif P=238 and b=6. 

¢ Findbif P=104 and a = 26.
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12 The size of a force when a pressure p Pa is applied over an area A m? is given by 

F =pA newtons. 

a When a bulldozer is parked on a bridge, 8000 Pa of pressure is applied over 5 m?. Find 

the size of the resulting force. 

b When a vase is placed on a table, 12 newtons of force is spread over 0.04 m?. Find the 

amount of pressure applied. 

13 The density of an object with mass m g and volume V cm? is givenby D = %1- g/cm?®. 

a Find the density of a block of chocolate with mass 300 g and volume 226 cm?®. 

b Find the mass of a window pane with density 2.89 g/cm® and volume 8640 cm3, 

14 If n dots are placed on each side of a triangle, there are 

L = 3n? lines which can be drawn within the triangle 

connecting the dots. 

a What possible values can n take? / 

b Find the value of L when: 

i n=3 ii n=5 iii n=8. 

¢ Find the value of n such that: 

i L=108 ii L=147 it L = 363. 

15 If n overlapping circles are drawn on a sheet of paper, the maximum number of regions which 

can be formed is given by R=n%—n+2. 

For example, 2 circles can create a maximum of 

R=2%2_-2+2=4 regions. 

Notice that outside of the circles is considered a region. 

a Find the maximum number of regions which can be 

formed using: 

i 1circle il 3 circles iii 4 circles. 

Illustrate each case. 

b Find the maximum number of regions which can be formed using 10 circles. 

¢ Kevin has used overlapping circles to form 155 regions. What is the minimum number of 

circles he could have used? 

Most measurable quantities in the real world cannot have negative values. Therefore, it is often 

appropriate to talk about values of the variables for which a formula is valid. 

Look back at the questions in the previous Exercise. 

e In question 4, the number of people p hiring a bus must be a positive integer. 

e In question 7, Jessica’s mass = must be positive. 

Discuss the variables in question 5. What can we say about B and h?



ALGEBRA: FORMULAE  (Chapter 10) 

Many problems can be solved by observing patterns. We first look at simple cases, and use them 

to find a formula connecting the variables. We then use the formula to solve the problem. 

m =) Self Tutor 

Sam builds steel fences in sections. 

is called a 1-section and is made from 4 lengths of steel. 

is called a 2-section and is made from 7 lengths of steel. 

Let the number of sections be n and the number of steel lengths be S. 

a Find the formula which connects S and n. 

b How many lengths of steel does Sam need to make a 63-section fence? 

¢ How many sections of fence can be made with 400 lengths of steel? 

a We sketch the first few cases to help establish a pattern. 

| L L ] 

| | 

1-section 2-section 3-section 4-section 

4 lengths 7 lengths 10 lengths 13 lengths 

Number of sections(n) | 1 | 2 | 3 4 

Number of steel lengths (S) | 4 | 7 | 10| 13 

AN A 
+3 +3 +3 

When n is increased by 1, S increases by 3. 

We therefore compare 3n with S. s 3 % G 

S| 4|7 10|13 

The S values are always 1 more than the 3n values, so S =3n+ 1. 

b When n=63, S=3x63+1 

= 190 

190 lengths of steel are needed to make a 63-section fence. 

¢ When S=400, 400=3n+1 

400 -1 =3n+1-1 

399 =3n 

399 _ 3n 
3 3 

. n=133 

A 133-section fence can be made with 400 lengths of steel. 
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EXERCISE 10D 

1 Consider the pattern: [ s 1 11 s L e 

a Draw the next two figures in the pattern. 

b Copy and complete: 

Figure number (n) 11213|4]|5 

Number of matchsticks (M) | 5 

¢ Find the formula connecting M and n. 

d Find the number of matchsticks required for the 17th figure. 

~ {5 N 
2 Consider the pattern: /_\ , /\/_\/\ , \/\/_\/\/ e 

a Draw the next two figures in the pattern. 

b Copy and complete: 

Figure number (n) 11213415 

Number of matchsticks (M) | 3 

¢ Find the formula connecting M and n. 

d Find the number of matchsticks required for the: 

i 10th figure ii 25th figure. 

3 Consider the Opening Problem on page 194. 

a Copy and complete: 

Number of rungs (n) 112(3(4]5 

Number of metal pieces (M) | 5 

b Find the formula connecting M and n. 

¢ How many metal pieces are required to build a 1 rung 2 rungs 3 rungs 

ladder with 12 rungs? 

d Suppose Leonard has 50 pieces of metal. What size ladder can he build? 

4 Mrs Moyle uses pieces of 

cardboard to make pigeonholes 

for her students. 
e 

1 pigeonhole 2 pigeonholes 3 pigeonholes 

a Copy and complete the table. Pigeonholes (p) 11213 4]s5 

b Find the formula connecting C Cardboard pieces (C) | 4 

and p. 

¢ How many pieces of cardboard will Mrs Moyle need to construct 27 pigeonholes? 

d Suppose Mrs Moyle only has 60 pieces of cardboard. How many complete pigeonholes 

can she make?
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5 Consider the pattern: s o P eoe 

a 

b 

®
 
A
 
n
 

Draw the next two figures in the pattern. 

Copy and complete: 

Figure number (n) | 1 | 23| 4|5 

Number of dots (D) 

Find a formula connecting D and n. 

Find the number of dots in the 11th figure. 

Which figure in the pattern has 85 dots? 

6 Richard is experimenting with toothpicks to make tower designs. 

1 tower 2 towers 3 towers 

Draw the toothpick diagram for 4 towers. 

In a design with n towers, let H be the number of horizontal toothpicks, V' be the number 
of vertical toothpicks, and T be the total number of toothpicks. 
Write a formula connecting: 

i Handn ii Vandn iii T andn. 

i Find the total number of toothpicks needed for a design with 10 towers. 
il How many of these toothpicks are vertical? 

Richard makes a design using a total of 220 toothpicks. How many of the toothpicks are 
horizontal? 

INVESTIGATION 

Look at the pattern of dots below. The number of dots used to form each of the triangles in this 
pattern is called a triangular number. 

] 
@ o0 

® e eee 
@ LX) eee eeee 
st 2nd 3rd 4th 

1 dot 3 dots 6 dots 10 dots 

What to do: 

1 Construct the next three triangles in the pattern. 

2 Copy and complete: Triangle (n) Ist | 2nd | 3rd | 4th | 5th | 6th | 7th 
Number of dots (D) 

3 Predict the number of dots in the 8th, 9th, and 10th triangles.
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& Copy and complete: 1;(2= ...... : 2 X Se , 3X4=......, 4;5_ ...... 

Hence write a formula connecting D and n. 

5 Use your formula to find the number of dots in the 15th triangle. 

6 When Alan, Brenton, Claude, and Daniel shake hands in all possible ways, 6 handshakes 

take place. We can represent these as AB, AC, AD, BC, BD, and CD, where AB 

represents the Alan - Brenton handshake. 

a Copy and complete: Number of people (p) 23| 4] 5] 6 

Number of handshakes (H) 6 

b Explain how the number of handshakes is related to the triangular numbers. 

¢ Write a formula connecting H and p. 

d How many handshakes can take place within a group of 20 people? 

The methods we have used for geometric patterns can also be used to solve more practical problems. 

| Example 4 | ) Self Tutor 

Peter is a plumber. He charges a $50 call-out fee plus $40 for each hour spent working. 

a What will ¢ hours of labour cost? 

b Find the total charge C dollars for a job taking ¢ hours. 

¢ Find the total charge for a job taking 5 hours. 

d Find the time taken for a job with total charge $170. 

Each hour of labour costs $40, so the cost of ¢ hours of labour is $40¢. a 

b Total charge = cost of labour + call-out fee 

. C=40t+50 

¢ When t=5, C=40x%x5+50 

= 250 

So, the total charge for a 5 hour job is $250. 

d When C =170, 170=40{4 50 

170 — 50 = 40t + 50 — 50 

120 = 40¢ 

120 _ 40t 
ETT) 
Lt=3 

A job with total charge $170 takes 3 hours. 



ALGEBRA: FORMULAE (Chapter 10) 205 

EXERCISE 10E 

1 Domenica’s Pizza House charges $15 per pizza, with a $5 delivery fee. 
a What will p pizzas cost without delivery? 

b Find the total cost $C of having p pizzas delivered. 

¢ Find the total cost of having: 

i 3 pizzas delivered il 8 pizzas delivered. 

2 Milan is stacking boxes of tiles onto a wooden pallet. The pallet has mass 30 kg, and each box 
of tiles has mass 20 kg. 

a Explain why the total mass of the pallet and b boxes of tiles is given by 
W =20b+ 30 kg. 

b Find the total mass if 11 boxes are placed on the pallet. 
¢ The forklift used to lift the pallet and boxes cannot lift more than 800 kg. Find the 

maximum number of boxes which can be placed on the pallet. 

3 Danielle inherits her great-grandmother’s shell collection () 2 [ o s, 
containing 200 shells. Each month she adds another 7 shells NGl A~V I 
to her collection. 

a  Write a formula for the number of shells S Danielle has 
in her collection after » months. 

b How many shells will Danielle have in her collection 
after: 

i 3 months ii 1 year iiii 2% years? 

¢ How long will it take for Danielle’s collection to reach 550 shells? Write your answer in 
years and months. 

4 Mary has $5000 in her bank account. She only uses the account to pay rent, which costs her 
$75 per week. 

a How much money will Mary have withdrawn for rent after . weeks? 
b Write a formula for the amount $/ that Mary will have left in her bank account after 

n weeks. 

¢ How much money will be in Mary’s account after: 
i 8 weeks il 1 year? 

d How long will it take for the amount in Mary’s account to fall to $20007? 

5 300 people went to the cinema to see a new film. However, they were so bored by the film 
that 5 people left the cinema every 10 minutes. 

a How many people had left the cinema after ¢ lots of 10 minutes? 
b Find the total number of people P who were still in the cinema after ¢ lots of 10 minutes. 
¢ Find the number of people still at the film after: 

i 40 minutes i 1% hours.
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6 A printer makes 12000 greeting cards in the first year of production, and 8000 greeting cards 

each year after that. 

a In total, how many cards are printed after: 

i 2 years il 3 years il 4 years? 

b Write a formula for the total number of greeting cards C' printed after n years. 

¢ Find the total number of greeting cards printed after 10 years. 

d How long will it take for 140000 cards to be printed? 

7 Patrick begins the year with $8400 in his savings account. Each fortnight he is paid $2300 in 

wages, and he spends $e in rent and other living expenses. 

a Write a formula for the amount $A in Patrick’s account after n fortnights. 

b Find the value of A if e = 1460 and n =5. 

¢ Find the value of e if A =14250 and n=29. 

8 A street grid has n streets each way. 

a [ is called a T-junction. 

Write a formula for the total number of 

T-junctions, T'. 

> 1 streets 
b + is called an intersection. 

Write a formula for the total number of 

intersections, I. 

¢ If n=29, find the value of: i 

i T i 7. < e 

d If T =36, find the value of: 1t streets 

i n ii I 

e Suppose the total number of junctions T+ I is 140. Find the value of n. 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 10A 

1 Consider the rule: Input | Output 
Four times the input number, minus five. 5 m . 

Complete the table by applying the rule to each input number. 5 

8 

12 
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2 For each table, write a formula connecting the variables. 

n 1 2 3 4 | b x 1 2 3 
M| 5|9 |13 17 Y 12 19 

3 Consider the formula W = 6n — 13. Find the value of: 

b n when W =47, 

&
~
 

W when n=4 

Consider the formula P = 4n2? + 3. 

@ Find the value of P when: 

i n=2 ii n=6. 

b Find the possible values of n when: 

L
]
 

i P=7 ii P=103. 

Find the cost of hiring the tennis court for: 

12 hours b 4% hours. 

The cost of hiring a tennis court for ¢ hours is given by C = 15t + 8 dollars. 

6 Luke has a five dollar notes and b ten dollar notes in his wallet. The total value of the 
notes is V' = 5a + 10b dollars. 

a Find the total value of the notes if ¢ =3 and b = 4, 
b Findbif V=80 and a =6. 

¢ Findaif V=75 and b=3. 

~
 

Consider the pattern; ) L 
NN\ 

a Draw the next two figures in the pattern. 

b Copy and complete: 

IRy e 
NN\ 

Figure number (n) 
Number of matchsticks (M) 

¢ Find the formula connecting M and n. 
d How many matchsticks are required for the 25th figure? 

8 Consider the pattern: 

o
 
o
 

s s ® > 
L e @ 

Draw the next figure in the pattern. 

Copy and complete: 

9 seen 

' Figure number (n) 

| Number of dots (D) 

Find the formula connecting D and n. 
Find the number of dots in the 12th figure. 
Which figure in the pattern has 484 dots?
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10 

11 

12 

Josie has $450 in her savings account. She is able to deposit $25 per week into the account. 

She does not withdraw any money. 

a Find the amount of money that Josie will have deposited into the account after w weeks. 

b Find the total amount A dollars in the account after w weeks. 

¢ How much money will Josie have in her account after: 

i 4 weeks ii 10 weeks? 

Carl is buying concert tickets online. Each ticket costs $19, and there is a fixed credit card 

fee of $3. 

a Explain why the total cost of buying n tickets is C'=19n+ 3 dollars. 

b Find the total cost of buying: i 2 tickets ii 5 tickets. 

¢ Carl spent a total of $79 on tickets. How many tickets did he buy? 

There are initially 20 dog biscuits in a bowl. Each day, Claire puts 12 biscuits in the bowl, 

and her dog eats b biscuits. 

a Write a formula for the number of biscuits N after d days. 

b Find the value of N if 5=15 and d =3. 

¢ Find the value of b if N =10 and d=25. 

: . i I N 
Consider this pattern: Ll e 

a Draw the next two figures in the pattern. 

Copy and complete: Figure number (n) 1|12 (3|4]5 

' Number of matchsticks (M) 

o
 

Find the formula connecting M and n. 

Find the number of matchsticks required for the 10th figure. 

Which figure number contains 70 matchsticks? 

-
 
0
 
O
 
a
 

The fotal number of matchsticks required for the first »n figures is given by 

T = 2n? + 4n matchsticks. 

i Check that this formula is correct for n =1, 2, 3. 

ii Find the total number of matchsticks required for the first 20 figures. 

REVIEW SET 10B . 

1 For each rule, write a formula connecting the input number n and the output number M. 

a The output number is the input number divided by 6. 

b The output number is four times the input number, plus 3. 

2 For cach table, write a formula connecting the variables: 

alp[1]2]3]4 b[t[1]2]3]4 

Q| 4|10]16] 22 D58 |11]14 
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3 Consider the formula L = 5n + 7. Find the value of 

a Lwhen n=3 b n when L =14T7. 

& The momentum of an object with mass m kg and velocity v m/s is given by 
p=mv kg ms. 

a Find the momentum of a person with mass 60 kg moving at 5 m/s. 

b A truck with mass 3500 kg has momentum 70000 kg m/s. Find the velocity of the 
truck. 

S INS SN\ 
NN\ NN\ 

a Draw the next two figures in the pattern. 

b Copy and complete: Figure number (n) 11213 |4]|65 

Number of matchsticks (M) 

5 Consider the pattern: 

¢ Find the formula connecting M and n. 

d Find the number of matchsticks required for the: 

i 15th figure il 42nd figure. 

6 Consider the pattern: I 

a Copy and complete: Figure number (n) | 1| 2 [ 3 [ 4 | 5 
Number of matchsticks (M) 

b Find the formula connecting M and n. 

¢ Find the number of matchsticks required for the 8th figure. 

d Which figure number contains 94 matchsticks? 

7 Consider the formula P = 2n3 — 5. 

a Find the value of P when: 

i n=2 ii n=4 iii n=17. 

b Find the value of n when: 

i P=245 ii P=1995 iii P =10109. 

8 The distance of a train from its destination after ¢ hours of travel is given by the formula 
D =600 — 75¢ kilometres. 

a How far is the train from its destination after: 

i 2 hours ii 5 hours? 

b How long will it take for the train to arrive at its destination? 

9 The mass of a basket containing n plums is M = 45n + 95 grams, 

a Find the mass of the basket when empty. 

b Find the mass of a basket containing a dozen plums. 

¢ A basket with plums has total mass 500 grams. How many plums are in the basket?
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10 A school fundraising committee decides to hold a bake sale. 

They start with $60 in their money box, and they receive $1.50 for every cupcake they sell. 

1" 

b 

Explain why the total amount of money in the money box after selling ¢ cupcakes is 

given by A =60+ 1.5¢ dollars. 

How much money will be in the money box if they sell a total of: 

i 20 cupcakes il 50 cupcakes? 

Before the school holidays, Pauline had read 150 pages of her book. She decided to read 

20 pages of the book each day during the holidays. 

b 

When a circle is divided by n distinct lines, the maximum 

number of regions which can be formed is given by the 

formula R = %n2 + %n +1. i 

For example, when a circle is divided by 2 lines, a maximum 

of 4 regions can be formed, as shown alongside. 

Find the number of pages Pauline will read in 

n days of the holidays. 

Find the total number of pages of the book Pauline 

will have read after n days of the holidays. 

How many pages of the book will she have read 

after 7 days of the holidays? 

The book is 510 pages long. How many days of 

the holidays will it take Pauline to finish the book? 

Find the maximum number of regions formed when a 

circle is divided by: 

i 3 lines Ii 4 lines. 

Illustrate each case. 

Find the maximum number of regions formed when a circle is divided by 12 lines. 

Find a formula for the minimum number of regions formed M when a circle is divided 

by n distinct lines. 
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OPENING PROBLEM 

Asha has bought an outdoor swimming pool. It is circular with 

diameter 5 m. 

Asha is trying to work out the distance around the edge of the 

pool. 

Things to think about: 

a Can you use the diagram to explain why the distance 

around the edge of the pool must be: 

i greater than 10 m it less than 20 m? 

b Using a piece of string and a tape measure, Asha finds that the distance around the edge 

of the pool is about 15.71 m. 

i How many times greater is the distance around the edge of the pool than the diameter 

of the pool? 

il Can we use this information to find the distance around the edge of a pool with diameter 

8 m? 

¢ What is the area of the base of the pool? 

Many people such as builders, engineers, landscapers, and surveyors rely on accurate measurements 

to perform their jobs. 

In this Chapter we consider measurements of length and area. 

Length is a measure of distance. 

The metre (m) is the base unit for length in the metric system. 

From this base unit, we can define the following related units for measuring smaller and larger 

distances: 

e 1 kilometre (km) = 1000 metres 

e 1 centimetre (cm) = %6 metre 

e 1 millimetre (mm) = 1610_0 metre or % centimetre 

LENGTH CONVERSIONS 
%1000 x 100 %10 

1 km = 1000 m / \/ \,/ 
Lm= 100 cm B 

1 cm =10 mm \ \ /\+10 -+-1000 =100 

N
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m m To convert larger units to 
smaller units we muitiply. Convert: {11 
To convert smaller units 

a 25 km into m b 200 cm into m. to larger units we divide. 

a 25 km b 200 cm 

=25 x 1000 m =200+ 100 m 

= 25000 m =2m 

EXERCISE 11A 

1 Convert: 

a 70 mm into cm b 12 km into m ¢ 120 cm into m 
d 3.82 m into cm e 1250 m into km f 350 mm into cm 
g 43.4 cm into mm h 3.2 m into mm i 1240 mm into m. 

2 A submarine dived to a depth of 356 m. Write this depth in: 

a kilometres b centimetres. 

3 Find the sum of: 

a 7Tm+ 35cm+ 21 mm in centimetres b 4.3 km + 520 m + 860 cm  in metres. 

4 My rain gauge contained 1.63 cm of rain. A further 7.8 mm of rain fell last night. How many 
millimetres of rain is in the gauge now? 

5 The world records for the triple jump were both set at the 1995 World Championships in 
Gothenburg: 

Mens | Jonathon Edwards (GBR) | 18.29 m 

Womens Inessa Kravets (UKR) 15.50 m 

a Write each record in cm. 

b How much farther, in cm, did Jonathon Edwards jump than Inessa Kravets? 

6 How many 12 mm thick biscuits can be cut from a 54 cm roll of biscuit dough? 

7 A Swiss 20 centimes coin is 1.65 mm thick. 

a How many cm high is a stack of eighteen 20 centimes coins? 
b How many 20 centimes coins would you need to build a stack 0.99 m high? 

8 A snail and a caterpillar are 2.7 m apart. The snail 
moves 33 mm towards the caterpillar, and the caterpillar 
moves 19.2 cm towards the snail. Find the new distance 
between them, in centimetres. 

9 An office building has 12 floors above ground level. 
There are 18 steps between each floor. Each step is 
17.8 cm high. How many metres does a worker climb 
if he walks up from ground level to the top floor? 
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ACTIVITY 1 

Being able to estimate lengths is a useful skill. It allows you to communicate the size of objects 

to other people. 

What to do: 

1 Copy or print the table below: 

Length | Units | Estimate | Measured length 

length of your pen 

width of your exercise book 

height of your desk 

length of your whiteboard 

height of your teacher 

length of your classroom 

width of your school soccer field 

a Choose appropriate units for each measurement. 

b Look at each thing and estimate the length. 

¢ Check your estimates by measuring each length with a ruler, tape measure, or trundle 

wheel. 

2 Discuss how you would estimate: 

a the height of a building 

b the distance between your school and your house 

¢ the thickness of a sheet of paper. 

HISTORICAL NOTE Pl 

In 1793, the metre was defined as one ten-millionth of 

the distance from the north pole to the equator along the 

line of longitude through Paris, France. After difficult and 

exhaustive surveys, a piece of platinum alloy was prepared 

to this length and called the standard metre. 

The standard metre was kept at the International Bureau of 

Weights and Measures at Sévres, near Paris. However, this 

meant it was not easily accessible to scientists around the 

world. 

From 1960 to 1983, the metre was defined as 1650 763.73 wavelengths of orange-red light from 

the isotope Krypton 86, measured in a vacuum. 
1 

s99702458 O 2 In 1983, the metre was redefined as the distance light travels in a vacuum in 

second.
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DISCUSSION 
Are the scales on all tape measures exactly the same? 

How do you know whether your tape measure is accurate? 

What is the purpose of a “standard metre”? 

B | PERIMETER 

The perimeter of a closed figure is the distance around its boundary. 

The perimeter of a polygon is found by adding the lengths of its sides. 

_Example 2 N B Sett utar 
Find the perimeter of each figure: 

a 20m B 0 # 0 
3m 

10m 6em + 

13m 

3m (1 H 
6m 8cm 

a Perimeter b Perimeter 
=(10+20+3+13+3+6) m =(2x8+2x6)cm 
=55 m = (16 +12) cm 

L =28 cm 

EXERCISE 11B 

1 Find the perimeter of each figure: 

a b < 
7cm 8cm o 

5cm 6cm dem 

9cm 

6cm 14dm+ 

10cm ; 4cm
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2 Find the perimeter of each figure: 

a b 80 cm C 12.5mm 
700m 

900 m 1km 

70 cm 

1.3km 1.2m 9 mm 

3 A farmer fences a 400 m by 350 m rectangular field with a 4-strand wire fence. Each strand 

costs $38.20 per 100 metres. Find: 

a the perimeter of the field . : [ ¥ 

b the total length of wire required . il H 
— ‘ 

¢ the total cost of wire. 

4 Boxes containing computers are fastened with three 
pieces of tape, as shown. 

Each piece of tape is overlapped 5 cm at the join. 

Calculate the total length of tape required for 20 boxes. 

5 Kim decides to get fit by running laps of a nearby | f 

shopping complex. Its dimensions are shown in the 400m 

diagram. 500 m 

How many laps does he have to complete, to run 
13 km in total? I8 , . 300 m 

700m 

m o) Self Tutor 

Find, in simplest form, the perimeter P of each figure: 

a b i " 

(z+2) mm — 

ul 0 
zmm (z+3)cm 

a P=zmm+2(z+2) mm b The opposite sides of a rectangle are 

= (z + 2z +4) mm equal in length. 

= (3z +4) mm o P=2zxcm+2(zx+3) cm 

= (22 + 2z + 6) cm 

= (4z + 6) cm 
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6 Find, in simplest form, the perimeter P of each figure: 

a b Im [4 
ym 

T cm 

d zcm e f +7 
(z+5)cm (= l-') = 

- zcm 

9 zcm h 2z cm : (z+3) em 

(z+1)em [ 7 | ' om [ ' | - 

7 a Write a formula for the perimeter P of this triangle, 

b If =3, find the perimeter. 

¢ If the perimeter is 58 cm, find the value of z. zem 

(2z —41) cm 

8 a Find the perimeter P of the figure alongside. zm 
b Suppose the perimeter of the figure is 43 m. 

i Find the value of z. s 
il Find the length of the longest side. " 

3m oy 5\m 

9 a Write, in simplest form, a formula for the perimeter 
P of this pentagon. 

b Suppose z =9 and y = 5. Find the value of P. 
¢ Suppose P =23 cm and y = 3. Find the value 

of z. 
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ACTIVITY 2 - E 

What to do: 

L
 B
 

Research the dimensions of the courts that these sports 

are played on: 

a badminton b basketball ¢ netball 

d tennis e volleyball. 

Draw a diagram of each court, including all 

dimensions. 

Find, in metres, the outer perimeter of each court in 1. 

Find, in metres, the total length of the lines of each court in 1. 

Write the courts in order from smallest to largest length of lines. 

The new school gymmasium will have 1 basketball court, 4 badminton courts, and 

2 volleyball courts. Find the total length of lines to be painted. 

So far we have found the perimeters of shapes with straight edges. We 

will now look at finding the perimeter of a circle. This is called the 

circumference of a circle. 

In the following Investigation we explore the relationship between the circumference and diameter 

of any circle. 

INVESTIGATION 1 

You will need: DEMO 

a ruler e a pencil 

some cylinders such as a soft drink can, a toilet roll, and a coin. 

What to do: 

Copy the table alongside: ~ Circumference 
Object | Diameter | Circumference — 

J i f ] Diameter 

For each object: 

a Use a ruler to measure its diameter.
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b Mark a point on the circumference of the object. Roll it along the floor for one complete 

revolution, as shown. The distance between the two marks is the circumference of your 

object. 

| direction 

mark on circle == . B mark on circle 
——— circumference ~———» 

mark 1 mark 2 
on floor on floor 

Alternatively, it may be more accurate to roll the object 10 times, then divide the total 
distance by 10 to get the circumference. 

circumference 
¢ Calculate the value . 

diameter 

2 Compare your results and those of other students. What do you notice? 

Whenever the circumference of a circle is divided by its diameter, the answer is always the same. 

In the Investigation above, you should have found that this value lies between 3.1 and 3.2. 

. circumference . . 
The ratio ————is represented by the Greek letter m known as “pi”. 

diameter 

. circumference 
Since —————— =, we conclude that: 

diameter 

The circumference of a circle with diameter d is C = =d. 

The circumference of a circle with radius r is C = 27r. 

The value of # correct to 30 decimal places is T 

T~ 3.141 592653 589 793 238 462 643 383 279 . _ 

In practice we use 7« = 3.14, which is rounded to 

3 significant figures, or else use the appropriate keys on 

our calculator. When using a calculator, we round the final 
answer only. 

_Example 4 _| AT 
Use m = 3.14 to find the circumference of a circle with: 

a diameter 20 cm b radius 3.6 cm 

a C=nd b C=2nr 

~ 3.14 x 20 cm ~2x3.14 x 3.6 cm 

~ 62.8 cm = 22.6 cm 

The circumference is about 62.8 cm. The circumference is about 22.6 cm. 
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EXERCISE 11C 

1 Use w = 3.14 to find the circumference of each circle: 

a b 
Round your answers to 

' 3 significant figures 
unless stated otherwise. 

2 Use 7= 3.14 to find the circumference of a circle with: 

a radius 164 mm b diameter 28 cm 

|_Example 5| <) Self Tutor | 
Use your calculator to find the circumference of a circle with radius 2.5 m. Round your 

answer to 2 decimal places. 

The radius of the circle is 2.5 metres. | | S 
2%n%2.5 Yy 

CALCULATOR 
=2X7TXxX25m 7 INSTRUCTIONS 

2~ 15.71 m 

The circumference is about 15.71 m. 

3 Use your calculator to find the circumference of each circle. 

Round your answers to 2 decimal places. 

a b 

3.8m 

4 Use your calculator to find the circumference of a circle with: 

a radius 9 m b diameter 16 cm ¢ radius 6.8 km 

5 Find the circumference of a cylindrical deodorant can with base diameter 4 cm. 

A circular pond has radius 1.5 m. Find the perimeter of the pond. Round your answer to 
4 significant figures.
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Natalie is sewing a fringe on a circular rug with the 
dimensions shown. 

How many metres of fringe will Natalie need? 

The minute hand of a clock is 6 cm long. How far does the tip travel between noon and 1:30 pm? 

A car tyre has diameter 70 cm. 

Find the circumference of the tyre. 
b How many kilometres are travelled if the tyre rotates 20 000 times? 
< How many times does the tyre rotate if the car travels 45 km? 

A circle has the same perimeter as a square with side length 8 cm. Find the circle’s diameter. 
Which is the shorter path from A to B: around the 
2 smaller semi-circles or around the large semi-circle? 

It is claimed that the circumference of a trundle wheel 
is 100 cm. 

b 

An athletics track has two “straights” measuring 100 m, 
and two identical semi-circular sections of 100 m each, 
Find the distance d between the two straight sections of 
track. 

106 m 

Find the radius that the wheel should have, correct 
to 6 significant figures. 

The radius of the wheel is actually 0.1 mm too 
small. By what percentage is the circumference 
of the wheel too small? 

Write a formula for the perimeter P of this shape. 
If =4, find the perimeter of the shape. 
If the perimeter is 58.26 cm, calculate z to 3 decimal 
places. 
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PUZZLE 

Consider these two scenarios: 

1 A loop of rope is placed tightly around a circular table. 

1 metre of rope is then added to the loop, and the rope is pulled 

into a circle so there is an equal gap between the rope and the 

table. 

A loop of rope is placed tightly around the Earth. 

Again, 1 metre of rope is then added to the loop, and the 

rope is pulled into a circle so there is an equal gap between 

the rope and the Earth. 

Do you think the gap will be larger in scenario 1 or scenario 27 

Perform some calculations to determine whether you are correct! 

D 
Area is the measurement of the size of a surface. 

We can measure area using the following units: 

1 square millimetre (mm?) is the area enclosed by a square of side length 1 mm. 

1 square centimetre (cm?) is the area enclosed by a square of side length 1 cm. 

1 square metre (m?) is the area enclosed by a square of side length 1 m. 

1 hectare (ha) is the area enclosed by a square of side length 100 m. 

1 square kilometre (km?) is the area enclosed by a square of side length 1 km. 

AREA CONVERSIONS 

We can use the length unit conversions to help us convert from one area unit to another. 

For example, a square with sides of length 1 cm has area 1 cm?: 
+lem?+ 1lem 

We could also measure the sides of this square in millimetres: 10mm 

Each of the small squares has area 1 mm?. 10 mm 

There are 10 x 10 = 100 square millimetres in the square, Baksesss 

so 1 cm? = 100 mm?,
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Likewise: 

e Im’=1mx1m e 1ha=100m x 100 m o 1km?>=1kmx1km 
=100 cm x 100 c¢m = 10000 m? = 1000 m x 1000 m 
= 10000 cm? = 1000 000 m? 

=100 x 10000 m? 

=100 ha 

1 km2 = 100 ha x 100 x 10000 x 10000 x100 

1 ha = 10000 m? / \/ \/ \/ \« 
1 m? = 10000 cm? eing 

1 em? = 100 mm? \+100 S \+10000 +10000 \+100 S 

Example 6 

Convert: 
o
 

AN
 

a 2.2 ha into m? b 540 mm? into cm?. 

a 2.2 ha b 540 mm? 
= 2.2 x 10000 m? = 540 = 100 cm? 
= 22000 m? = 5.4 cm? 

EXERCISE 11D 

1 Choose the correct answer: 
LATVIJA™ 60 a The area of a postage stamp is about: 

A 10mm? B 10 cm? € 10 m? D 10 ha 
b The area of the floor of an elevator is about: s 

A 3 mm? B 3cm? C 3m? D 3ha 3 
¢ The area of a school is about: : 

A 2cm? B 2m? € 2ha D 2km? * ' 

2 Erin has a rectangular vegetable garden measuring 2 m by 3 m. 

a Suppose the garden is divided into squares with = 5 
side length 1 m. I'm _ ’ ] 
State the area of the garden in m2. DT NN, S S 5 

-+ i —» 

b Now suppose the garden is divided into squares with side length 1 cm. 
i State the number of rows and columns of squares. 

ii Hence find the area of the garden in cm?.
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3 Convert: 

a 5 cm? into mm? b 2500 mm? into cm? ¢ 7 ha into m? 

d 3.6 m? into cm? e 0.4 km? into ha f 83 cm? into mm? 

g 80 ha into m? h 15600 cm? into m? i 1200 ha into km? 

j 900 mm? into cm? k 76000 m? into ha | 2.8 cm? into mm? 

m 0.25 km? into ha n 12.48 m? into cm? o 0.0092 m? into mm? 

4 A photograph has area 150 cm?. Express this area in mm?. 

5 Three farmers Alessio, Bruno, and Carlos own blocks of land with the following areas: 

Alessio 2.15 km2, Bruno 320 ha, Carlos 640000 m?. 

Which farmer owns the: 

a largest block b smallest block? 

6 The gardener of a school has 5.7 ha of lawn to manage. He must apply 60 g of fertiliser to 

every m? of lawn. He wants to buy fertiliser in 25 kg bags, each costing $19.85. 

a How much fertiliser will be required? 

b How much will the gardener spend on fertiliser? 

7 One hectare is about 2.471 05 acres. How many square metres are there in an acre? 

A FORMULAE 

In previous years we have seen formulae for the area of rectangles, triangles, parallelograms, and 

trapezia. 

RECTANGLES 

width Area of rectangle = length x width 

base base base 

Area of triangle = % X base X height
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PARALLELOGRAMS 

DEMO _T“ 

height Area of parallelogram = base x height * 

base 

TRAPEZIA 

DEMO 

Area of trapezium = average length of parallel 

a+b 
= ( 1y ) X h 

2 

Find the area of: 

sides % distance between parallel sides 

a b o 4 

T 11m 

5 cm o 
l 4m 

- ¥ 
10cm 16 m 

a Area b Area (4 Area 

= % X base x height = base X height N ( a+ b) B 
= (10 x 5) cm? 2 

_ {1 2 . 2 _(§x12x5)m =50 ¢cm =<11;—16)X4m2 
a 2 
=i = 54 m? 

KITES 

Area of Kite 

= % X the product of the lengths of the diagonals 

= (@ x y)



226 MEASUREMENT: LENGTH AND AREA (Chapter 11) 

Proof: 

Suppose we draw the kite within a rectangle with length 2 and width y. This creates four smaller 

rectangles, each divided in half by a side of the kite. 

4 Area of kite = %(area of rectangle) 

1 
=§(:c><y) 

DEMO 

- £ s 

Example 8 o) Self Tutor 

Find the area of the kite: Area = %(x X y) 

fl\ 
o %(9 39, m* ! B , 

Gy TS =2 x54m 

\J/ 
=27 m? 

EXERCISE 11E 

1 Find the area of each polygon: 

a ; b < 12m 
[] ! = ) H N T o 5 

1.5m 1 ~15m L 9m 

B f [ 
al i = 8cm wl - u 

d 

: ,: 9mm 
8 mm 

g - h 

/ 10Tm 

12m 5cm 30cm 8cem 
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2 Find the area of each polygon: 

a b ¢ 
11.2cm 

Tm 
6cm 

34m 5m 

i 2 

12.8cm 
6m 

d e —— —[ f 

17m 

‘4———12 cm ——-—‘ ‘ J |-—— 13¢em ———-‘ 

3 Find the area of each polygon: 

a b 1.4m < . 

L5cm Im 3 2m i 
4 A double bed sheet is 254 cm long and 228 cm wide. A queen bed sheet is 274 cm long and 

245 cm wide. 

a Find the area of: 

i a double bed sheet il a queen bed sheet. 
b What percentage larger is the area of a queen bed sheet than the area of a double bed 

sheet? 

5 a Find the amount of material required to make the sail 
shown. 

b The material costs $19.50 per square metre. Find the 
cost of the sail. 

6 Find, in m?, the total amount of T 
material required to make 30 of 
these kites: 

7 Anya’s farm measures 800 metres by 1.2 km. 36 hectares are sown with wheat. Find the 
percentage of her farm that is sown with wheat.
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8 A square paving brick has area 225 cm?. If each brick fits tightly in place, how many bricks 

are needed to pave a 1.2 m by 12 m path? 

A feature wall at a movie theatre is made from green and red 

panels, as shown. 

a Find the area of the feature wall. 

b Find the area of each: 

i red panel ii green panel. 

10 a Find the area of the top of this desk. 

b A classroom has 25 of these desks. The top 

surface of each desk is to be repainted. Find the 

total area to be repainted, in m?. 

11 Write a formula for the area A of each shape, giving your answers in simplest form: 

a 3z cm b < 5a.cm 

(T T i T 

T cm (a+2)cm 

: B 
<—(z+10)cm—> Taom 

12 The trapezium alongside has area 57 cm?. B 7cm C 

Find the length of [AD]. 

6 Im 

A D 

. . (half the circumference) 
circumferenceis 2 X w X 7
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The figure obtained closely resembles a rectangle. 

DEMO e The height is approximately the radius of the circle. 
o The top “edge” is approximately the sum of the arc lengths of the blue sectors, This is half the circumference of the circle, which is 

PROTRACTOR 
5 % 2rr =7 x 7. 

Perform this demonstration for yourself. Click on the icon, then print the protractor and cut it into equal sectors. 

If the original circle is cut into 
1000 equal sectors and arranged 
in the same way, the resulting 
figure is indistinguishable from a 
rectangle. 

X7 

So, the area of the circle = length x width of the rectangle 
=T XTrXr 

=7'l'7"2 

rcm Area of circle = 7rp2 

Example 9 

Find the area of this circle. Radius r = 
Round your answer to 1 decima] 

i place. 
I 

. area=7mr? = 1 x 62 cm? 
A 113.1 cm? 

X diameter 

N
l
 
p
f
=
 

X12cm=6cm 

EXERCISE 11F 

1 Find the area of each figure. Round your answers to 2 decimal places. 

a. b. c.
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d e m f 

9 mm 

A circle has diameter 4.8 cm. Find, to 2 decimal places, it
s: 

a perimeter b area. 

Men a water ballopn b}lrsts on the grour}d, it makes Unless otherwise 

a circle of wate:r with diameter 26 cm. Find the area specified, give 

of ground that is wet. your answer to 

A donkey is tethered to a post by a 3.6 m long rope. 3 sigificant figures. 

Over what area can the donkey roam? 

Look at the sector shown. 

a What fraction of a circle is it? 

b Write a formula for the area A of the sector. 

An ellipse is an oval-shaped figure, obtained by 

stretching a circle in one direction. The ellipse alongside 

has semi-axes ¢ and b. 

A circle is the special case of an ellipse for which a = b. 

In this Activity we will see how the properties of circles 

are related to the properties of ellipses in general. 

What to do: 

In the diagram alongside, a circle with radius 7 is 

inscribed in a square. 

Write in terms of m, the fraction: 

area of circle perimeter of circle 

area of square perimeter of square 

Consider an ellipse with semi-axes a and b inscribed 

in a rectangle. 

a Write a formula for the: 

i area of the rectangle 

ii perimeter of the rectangle. 
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b Explain why we might expect the area of the ellipse to be given by A= mab. 
Research online to confirm that this formula is indeed true for all ellipses. 

¢ Explain why we might expect the perimeter of the ellipse to be given by P = 7(a+b). 
Research online to confirm that this formula is no? true for ellipses in general. 
Is it possible to write a formula for the perimeter of an ellipse? 

3 Use the area formula A = 7ab to find the area of cach ellipse: 

Composite figures are figures made up of two or more basic shapes. 

To calculate the area of a composite figure, we divide it into shapes that we are familiar with, 

) Self Tutor 
Find the green shaded area: 

a b 

4cm 9em o 6m 

4m 
10cm 12m 

a We divide the figure into a rectangle and a triangle as shown. 
Area = area of rectangle + area of triangle / 5cm q 4cm & 2 2 ' =10 x 4 cm + 5 %6x5cm dem 4 6em |, 

= (40 + 15) cm? 10cm 
= 55 cm? 

b Area = area of large rectangle — area of small rectangle 
=12x6m? — 4x2m? 
= (72 - 8) m? 
= 64 m? 
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EXERCISE 11G 

1 Find the shaded area: 

a : b — < 

4m 4cm 

6m 7m 8cm 

10m ' 7cm 

d e f 

9cm il 

H + 2cm 
...y 

16cm 3cm 

2 Find the shaded area: 

a b 2cm 
8m 5¢cm 

m 
) Self Tutor 

Find, rounded to 1 decimal place, the pink shaded area: 

b 

40cm 

‘4——600m——>| 
2cm 

a Area = area of rectangle + area of semi-circle 

= 40 x 60 cm? + —;-x(7r><202) cm?® 

~ 3028.3 cm’ 

b Area = area of large circle — area of small circle 
2 

=7 x7%cm? — 7 x 5% cm? 

~ 75.4 cm? 
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3 Find the area of the shaded region, rounding your answer to 1 decimal place: 

b < 

4cm 

8cm 

, f 

& The wall shown is to be tiled with 30 cm square tiles. 
. 0.6m 

How many tiles are needed? = 

24m 

6m 

5 A plain metal washer is shown below. 6 Find the area of this stained glass 
Find the area of the top surface. window. 

7 Find the area of the jigsaw puzzle 8 Ian cuts 12 circles of pastry from a 

piece shown. 30 cm by 40 cm sheet. 

Give your answer to the nearest mm?. Find the area of pastry which remains. 

40 cm 

' 30cm 



234 MEASUREMENT: LENGTH AND AREA (Chapter 11) 

9 An Australian Aboriginal flag is shown alongside. 

a Find the area of: 

i the flag 

ii the yellow circle. 

b What percentage of the flag is yellow? 

¢ Find the area of the red part. < 60 cm > 

10 Write a formula for the area A of each shaded region. Give your answers in simplest form. 

a b 
2xcm 

=t (z+5)cm Tem 4z cm 
T cm 

13cm (z+20)cm 

c d 

(z+3)cm 

+rcm 

11 The Japanese flag features a red circular “sundisc” on 15z 

a white rectangular “field”. 

a What fraction of the flag is taken up by the 

“sundisc™? Write your answer in terms of . 10z 65” 

b What percentage of the flag is the “field”? : 

12 a Find, in simplest form, the area A of this figure. zm 

b Given that the figure has area 54 m?, find the value lam 

of z. 

9m 

~ m 
le—— 22 m —» 

[fe———— 10 m ————» 

13 Find the area of the shaded region: 

12cm > 16m A
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-
 MEASUR — T apler i) 230 

M
 

This diagram shows a polygon whose vertices lie on lattice points. 

The lattice points which lie on the figure are called boundary points. 

The lattice points which lie inside the figure are called interior points. 

The figure shown has 14 boundary points and 3 interior points. 
Suppose that for a given polygon: 

B = the number of boundary points 
I = the number of interior points, 

What to do: 

1 Copy the table below, then complete it using these figures: 
a . . . . . . . b . . . - . . B < 

] | 2 i PRINTABLE — — TABLE 

% 
] 

2 Suggest a rule connecting A, B, and I. This result is called Pick’s Rule. 
3 Draw several polygons of your own on grid paper, and check that your rule PRé :r:gfi?:"’ is correct. 

l
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QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 
N 

1 Convert: 

a 95 mm into cm b 4.8 km into m ¢ 270 cm into m. 

2 Find the perimeter of each figure: 

s 2 1.54m ¢ 

2.62 m 

8.2 cm 

3 A circle has radius 5.6 cm. Find, rounded to 1 decimal place, its: 

a circumference b area. 

& Convert: 

a 55000 cm? into m? b 3.4 m? into cm? ¢ 18500 m? into ha. 

5 Find the shaded area: 

a 8om b ¢ “un 

N 9m 

]2-<-:m 

6 A rectangular recreation reserve is 800 m wide and 2.3 km long. 

a Find the area of the reserve in hectares. 

b If 20 trees are planted in each hectare, how many trees are planted in total? 

7 The boom gate of a railway crossing contains a pattern of parallelograms, with a triangle
 

at each end as shown. 

AR A A AR RNRUR . 2w 
o 3.5m 

= 

a Find the area of each: i parallelogram ii triangle. 

b Check your answers by adding the areas of the sections and comparing this with the 

total area of the rectangular boom gate.
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8 Find the shaded area: 
a : 

~3cm 

10cm 

12¢cm 

9 This door is fitted into a metal door frame. Find: 

a the length of metal required for the frame 
b the area of the door. 

10 This circular pond has diameter 1.6 m. 
a Find the area of plastic needed to line the bottom of the 

pond. 

b A 10 cm wide strip filled with pebbles will surround the 
edge of the pond. What area will the pebbles cover? 

11  a Find, in simplest form, the area A of this 
figure. 

b Given that the figure has area 24 km?, find 
the value of z. 

12 A “Narrow 5s” dartboard is shown alongside. 
a Find the: 

i circumference of the board 
il area of the board. 

b The “double” ring has width 8 mm. Find, 
in mm: 

i the diameter of the inner boundary of 
the “double” ring 

ii the circumference of the inner 
boundary of the “double” ring. 

“double” ring
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13 

1 

REVIEW SET 11B 

A flag of Trinidad & Tobago has the 

dimensions shown. 

The white stripes have width 1.5 cm. 

a Find the area of the flag. 

b Find the area of: 

I aredtriangle 1{i a white stripe. 

¢ Hence find the area of the black stripe. 

d What percentage of the flag is black? 

30 cm 

Hayden bought a packet containing 60 m of dental floss. He uses 40 cm of floss each day. 

How long will he take to use the whole packet? 

Find the perimeter of each figure: 

a b < 
18m 

Convert: 

a 340 cm? into mm? b 3270 m? into ha. 

Find the area of: 

b 5cm 

9cm 

Find the area of the top of this piece of shortbread: 

5cm 

Find the perimeter P and area A of this figure. 

Give your answers in simplest form. 
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11 

Whose pizza is larger? Eliza’s pizza Claire’s pizza 

18 cm 

The room shown is to be covered in floorboards. 4.8m 
Each floorboard measures 20 cm by 80 cm. How 
many floorboards are needed? 

+ 3.6m 

0.8m 

Find the pink shaded area: 

a : 4cm b 2m 

1m/ 

3m 

4m 

A rug measuring 3.5 m by 2.5 m was placed in a room 8.2 m long and 6.4 m wide. What 
area of floor is not covered by the rug? 

The flag of Nepal is shown alongside. 

Find its area. 

45¢cm 

Mary is making a kite with the dimensions shown. I<—50 cm —| 

a Find the total length of wood required for the 35 cm 
crosspieces. 

b Mary wants to put edging around the perimeter of the 
kite. How many metres of edging will she need? 

¢ Find the total area of cloth Mary will need for her 
kite. 

85 cm 

crosspieces 65 om 
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v
 

13 - 
ot 105m 

68 m 

v 

The line markings of a football pitch are shown above. 

a Find the area of: 

i the entire pitch ii each penalty area 

b What percentage of the pitch’s area is the centre circle? 

¢ Find the distance between the two penalty spots. 

the centre circle.



Mecasurement: 
Surface area, 
volume, and capacity 

Contents: Surface area 
Surface area of a cylinder 
Surface area of a sphere 
Volume 
Volume of a solid of uniform 
cross-section 
Volume of a tapered solid 
Volume of a sphere 
Capacity 
Connecting volume and capacity 
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OPENING PROBLEM 

Silas is baking a cake. His baking tin is cylindrical with 

radius 10 cm and height 8 cm. 

Silas has prepared 3 litres of cake mix. 

Things to think about: 

a Which two-dimensional shapes of metal could be 

used to construct the tin? 

b What area of baking paper is required to cover the 

bottom and sides of the tin? 

What volume of cake mix would completely fill the tin? 

d Will Silas be able to pour all of his cake mix into the tin? 

n
 

In this Chapter we will extend our study of measurement to consider 3-dimensional objects. 

We will consider the surface area and volume of solids. 

To find the surface area of a solid, it is often helpful to draw the net of the solid. 

m 
o) Self Tutor 

The surface area of a solid is the sum of the areas of its surfaces. 

Find the surface area of this rectangular prism. _ I 
: i 2cm 

/3c’m 
iem 

We first draw a net of the prism. 4cm 

A1:4><3=120m2 
Ay +3cm 

Ay =4 x 2 =8 cm? 

Az =2 x 3=6cm? 

Surface area 

=2x Ay + 2x A, + 2x Az 

—2x12cm?® + 2x8cm? + 2x6cm 

= 52 cm? 

2 3cm 

2cm 
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EXERCISE 12A 

1 Find the surface area of each cube: 

b < 

2mm 

2 Find the surface area of each rectangular prism: 
a b < 

T
 | 

3 
. 

I
S
 

=
 

5 

10 mm 
6cm 

I5m 3.5cm 

8cm 

3 Victor is erecting 2 6 m by 4 m rectangular animal shelter that is 2 m high. The metal sheeting costs $15 per square metre. Find the cost of the sheeting for the sides and roof of the shelter. 

__Example 2§ 
Find the total surface area of this triangular prism. 

We first draw a net of the solid. 13cm 

Ay =3 x12x5 =30 cm? 
Az =7x5=35 cm? 
A3 =12 x 7 = 84 cm? . 
Ay =13 x 7=091 cm® 5“‘“"‘41/"/ 
Surfacearea=2xA1+A2+A3+A4 

=2x30cm® + 35cm? + 84 cm? + 91 cm? 
=270 cm? 

4 Find the surface area of each triangular prism: 

5cm
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5 Tind the surface area of each prism: 

a 

5cm+ 
15 cm 

6 Tind the surface area of each pyramid: 

b 
_13m 

10m 

A box for a printer cartridge has the dimensions shown. 

Find the area of cardboard needed to make the box. 

8 The greenhouse shown is made from plastic sheeting 

which costs $24.50 per m?. There is no floor in the 

greenhouse. 

Find the total cost of the plastic sheeting. 

2.4m 

This cylinder with radius » and height h has no top or bottom. ~— hollow 

If the cylinder is cut, opened out, and flattened, it takes the shape of 

a rectangle. 

You can check this by peeling the label off a cylindrical can. 

- hollow 

hollow o oy 

= I - h 
5 

cut here hollow open out flattened surface area 
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The length of the rectangle is the circumference of the cylinder, which is 27v. 
So, the area of the curved surface of a cylinderis A = area of rectangle 

= length x width 

=2mr x h 

= 2nrh 

Hollow cylinder Open cylinder Solid cylinder T 
(no ends) (one end) (two ends) 

) hollow —; hollow ) solid 

h h h 
\ \ \ 

- hollow - solid " % solid 
L A =27rh A =2nrh + 7r2 A = 27rh 4 27r?2 

Find the surface area of this hollow When we talk about the Wi 
surface area of a hollow or PE G ) | open object, we are talking 

15¢cm about the outer surface only. 

solid 

Surface area 

= 27rh + 7 

=(@2x7mx6x15 + 7 x62) cm? 
~ 679 cm? 

EXERCISE 12B 

1 Find the outer surface area of each cylinder. Round your answers to 3 significant figures. 
a hollow throughout b solid ¢ can (no top) 

50 cm 

10cm 

e tank (no top) f hollow throughout 

= _ e 

cm 

1.2m 

3.5¢cm 

f—] 

2.3m
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m 
o) Self Tutor 

Jane is painting cylindrical tin cans which have height 12 cm and diameter 

8 cm. She paints the top, bottom, and sides of each can. 

Jane has enough paint to cover 5 m?. How many cans is she able to 

paint? 

Surface area = 2nrh + 2712 4cm 

=(2x7x4x12 + 2 x7x4%) om® 

~ 402.12 cm? 
12cm 

The number of cans &~ 5 m? + 402.12 cm? 
~ (5 x 10000) cm? + 402.12 cm? a5 cm - 
~ 50000 cm? + 402,12 cm® £ 

A 124.34 [We need to convert 
2 2 

So, Jane can paint 124 cans. | I tnfo o 

92 What area of sheet metal is needed 3 How much paint is required to paint the 

to make this saucepan, excluding the outside of this tank, if each litre of paint 

handle? Round your answer to the covers 15 m?? 

nearest square centimetre. 12 m 

|<—— 25cm —>| 

4 Andreas is painting poles for showjumping. He paints 12 poles with the colour scheme shown. 

The ends of each pole are left unpainted. 

Som <«—50cm—» . _L 

- 
= T 

3.5m 

Find the total area which must be covered in: 

a blue paint b white paint. 

5 Fernandez has a collection of cylindrical jars with external radius 3 cm and height 10 cm. He 

needs to cover the curved side of each jar with a label. He has 2 m? of sticky paper to use for 

the labels. 

a How many jars can Fernandez cover? 

b What assumption have you made in your calculation in a?
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& Y. - 

For each of the solids we have seen so far, we have either calculated the surface area directly from 
a net of the solid, or else used the net as the basis for a formula. 

It is not possible to draw a net for a sphere, so we need to use a different method to find its surface 
area. 

INVESTIGATION 1 

You will need: 

a solid sphere such as an orange or a foam ball, cord, nail, scissors. 

What to do: 

1 Cut your sphere in half to obtain two hemispheres. 

2 Insert a nail in the centre of the flat circular surface of one 

hemisphere. Wind a length of cord around the nail in a spiral 

until the flat surface is completely covered. Cut the length of cord 
required and put it aside. 

3 Now insert the nail in the centre of the curved surface of the 

hemisphere. Wind another length of cord around the nail until the 

curved surface of the hemisphere is completely covered. 

% Compare the lengths of the cord in both cases. Is the area of the 

curved surface about twice the area of the flat circular surface? 

Archimedes of Syracuse (287 BC - 212 BC) was first to prove a formula for the surface area of a 
sphere. 

The surface area of a sphere is four times the area of a circle with the same radius. 

Surface area of a sphere = 4mr? 

Calculate the surface 

area of the sphere: 
Surface area 

= 4qr2 

=4 x 7 x 8 cm 

~ 804 cm? 

2 
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EXERCISE 12C 

Find the surface area of each solid. Round your answers to 3 significant figures. 

R 
Find the surface area of a tennis ball with diameter 7 cm. 

We often use a sphere to model Earth, even though our planet is not a perfect sphere. Earth 

has a radius of approximately 6400 km. Estimate the surface area of Earth. 

5 TFind the radius of a sphere with surface area 100 cm?. 

During the half-time break at the hockey game, my mum gave 

me an orange with radius 3.6 cm, sliced into six equal wedges. 
= 

a Find the surface area of the peel on each wedge. 

b Find the total surface area of each wedge. & 
The surface area of the planet Mercury is about 74800 000 km?. Estimate the diameter of 

Mercury. 

A pot of paint will cover 40 m?. How many spherical balls with diameter 15 cm can be painted? 

We 

The volume of a solid is the amount of space it occupies. 

can measure volume in cubic millimetres (mm®), cubic centimetres (cm®), or cubic 

metres (m3). 

1 cubic millimetre is the volume of a cube with side length 1 mm. 

1 cubic centimetre is the volume of a cube with side length 1 cm. 

1 cubic metre is the volume of a cube with side length 1 m.
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This is one cubic centimetre. 

This is one cubic millimetre. 

l 

VOLUME CONVERSIONS 

This cube with side length 1 ¢m has volume 1 cm3, - . 
volume 1 cm3 

lcm 

Since 1 cm = 10 mm, we can fit 10 x 10 = 100 cubic millimetres on 100 mm?3 
the bottom surface of the cube. 

We can fit 10 of these layers in the cube, using 
10 x 100 = 1000 cubic millimetres in total. 1000 mm? 
So, 1cm®=10mm x 10 mm x 10 mm = 1000 mm3. 

Using the same principle, 1 m? = 100 cm x 100 cm x 100 cm = 1000000 cm?3. 

x 1000000 %1000 

7 1 m® = 1000000 cm® AN 

S 
+ 1000000 -+ 1000 

<) Self Tutor 
Convert: 

a 4.56 cm3 into mm3 b 324000 cm? into m3. 

a 4.56 cm? b 324000 cm® 
= 4.56 x 1000 mm?® = 324000 = 1 000000 m3 
= 4560 mm?3 =0.324 m® 
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EXERCISE 12D 

1 State the units of volume which would be most suitable to measure the space occupied by: 

a a can of dog food b a house ¢ a stapler 

d a mountain e a book 

2 Convert: 

a 48 cm?3 into mm® 

d 12485 mm? into cm® 

g 0.295 cm® into mm? 

f a grain of sand. 

b 29000 cm? into m® ¢ 1.2 m® into cm3 

e 0.00045 m® into cm® f 14500 cm® into m? 

h 1.43 mm?® into cm® i 0.0056 m® into cm®. 

3 To make the concrete for a path, Wendy mixed 50000 cm® of sand, 25000 cm® of cement 

powder, and 0.16 m® of gravel. Find the total volume of these components. 

& A slab of freeze dried coffee with volume 2000 cm3 is broken into tiny pieces with average 

volume 10 mm3. Find the total number of pieces. 

5 The table alongside summarises the 3 ; = 

plastic bricks used to construct a Number of bricks | Volume of each brick (cm®) 

department store display. 136400 2.16 

Find the total volume of the display, 71916 3.48 

giving your answer in m3, 268518 1.35 

49372 4.78 

In the solid alongside, any vertical slice parallel to the front 

face will be the same size and shape as that face. Solids 

like this are called solids of uniform cross-section. In this 

case, the cross-section is a triangle. 

All solids of uniform cross-section contain two identical end faces. 

Volume of solid of uniform cross-section 

= area of end X length 
end - 

\‘/lefigth 

We can use more specific formulae for some special solids of uniform cross-section. 

e For a rectangular prism, the cross-section is a 

rectangle. 

Volume of rectangular prism 

= length X width X height 

height 

width
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e For a cylinder, the cross-section is a circle. length [ or 

Volume = area of circle x length height 

=7r? x| . 
circle _ 

Volume of cylinder V = nr3] = 

or 'V =mnr2h 

m o) Self Tutor 

Find the volume of each solid: 

“ . 
4.5¢cm T 

--------- SInm 

7.5¢cm 

5 mm 

a Volume = length x width x height b Volume = nr2h 

=7.5cmx 6 cm x 4.5 cm =7 x 5% x 8§ mm® 

= 202.5 cm® ~ 628 mm3 

EXERCISE 12E 

1 Find the volume of each rectangular prism: 

a b i ¢ 

. 5 6m "“I T w | 6 mm 

3 2m N _ 4cm m oAy 

7mm 

2 Find the volume of each cylinder: 

s o ‘ G 

15 mm 3m—>l s 
3em 

d —f e 

12cm 
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3 A round of cheese is 18 cm high and has radius 12 cm. 

Find the volume of cheese in this round. 

4 A cylindrical steel rod is 2.2 m long and has diameter 

5 cm. Find the volume of the rod in cm?®. 

5 Find the side length of a cube with volume 2.744 cm?3, 

6 TFind the height of a cylinder with diameter 2.4 cm and volume 3.68 cm?®. 

7 Find the radius of a cylindrical rod with length 1.3 m and volume 915 cm?3, 

%) Self Tutor 

Find the volume of each solid: 

a area =30 cm? b 

8cm+ 

Tcm 

a Volume b area of end 

= area of end x length =(8x8-3x3)em® geml 3ctrr”1- 

=30 cm? x 11 cm = 55 cm? 

= 330 cm® .. volume 

= area of end x length 

=55 cm? x 7 cm 
= 385 cm® 

8 Find the volume of each solid: 

a b 

5cm ey 

" area=32m? - area=16.5m? 

area=4cm? arca =15 cm?
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9 Find the volume of each solid: 

10 Find the volume of concrete required to 5m 
make this ramp. 

15m 

11 A speed bump across a 7.5 m wide road has the 
cross-section shown. Its volume is 0.81 m3. 
Find the height of the speed bump. 

80cm 

12 a Find the volume of air inside this letter box. 

b Three rectangular envelopes with dimensions 23 cm by 
12 ¢cm by 5 mm are placed in the letter box. 
What volume of air remains inside it? 10cm 

13 A gold ring has outer diameter 21 mm, inner diameter 20 mm, 
and is 4 mm thick. 

a Find the volume of the ring. 

b How many of these rings can be made from 8 cm?® of gold? 

¢ 1 cm?® of gold has mass 19.3 g. Find the mass of the ring. 
d 1 g of gold is worth $61.28 . Find the value of the ring, 

14 Find the volume of metal in this magnet. 
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15 Three faces of a rectangular prism have areas 6 cm?, 10 cm?, 

and 15 cm?. Find the volume of the prism. 

F D 
Pyramids and cones are known as tapered solids. They have a flat base, and come to a point called 

the apex. 

square-based pyramid triangular-based pyramid cone 

Tapered solids do not have uniform cross-sections. Their cross-sections always have the same shape, 

but not the same size. 

For example, the cross-section of a cone parallel to the base DEMO 

is always a circle, but its radius decreases as we move up 

the cone. 

INVESTIGATION 2 

In this practical Investigation, you will establish a formula for the volume of a TSAgEIRDESD 

tapered solid. To achieve this we compare tapered solids with solids of uniform 

cross-section that have the same base and height as the tapered solids. 

From the Investigation, you should have found that: 

Volume of tapered solid = % X area of base X height
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L seit Tutor 
Find the volume of each tapered solid: 

........... ; ;.. ol 

— 6em L— 

a Volume b Volume 
= % X area of base x height = % x area of base x height 
=3 %10 x 10 x 12 cm® =3 X7 % 6% x 10 cm® 
= 400 cm?® ~ 377 cm® 

—i 

EXERCISE 12F 

1 Find the volume of each tapered solid: 

a c 

ea of base 
=45cm? 

d f 

2 Sulphur dropped from a conveyor belt forms a conical heap on the ground. 
a The heap is 20 m in diameter and 8 m high. Find the volume of the sulphur, 
b A cubic metre of sulphur has mass 1830 kg. Find, in tonnes, the mass of the sulphur. 
¢ The sulphur is worth $6750 per tonne. Find the total value of the sulphur. 

3 Find, in terms of z, the volume of each solid: T 
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Another discovery by Archimedes of Syracuse was that the volume of a sphere is two thirds of the 

volume of the smallest cylinder which encloses it. 

Volume of cylinder = 7r? x h 

= 7r? x 2r 

= 273 

. volume of sphere = 2 x volume of cylinder 
_2 3 —3><27rr 

_ 4.3 
—37T’I" 

Thus, the volume of a sphere with radius r is given by: 

Volume of a sphere = j;—71-7-3 

) Self Tutor 

Find the volume of this sphere: Volume = £77° 

%>mrx23m3 

~ 33.5 m® 

EXERCISE 12G 

1 Find the volume of each solid: 

2 A spherical balloon has radius 9 cm. Find, in terms of 7, the volume of the balloon.
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3 Lucy’s necklace contains 15 spherical glass beads of radius 8 mm, 
and 12 spherical glass beads of radius 5 mm. 
Find the total volume of glass in Lucy’s necklace, giving your 
answer in: 

3 a mm b cmS. 

4 a Jack shapes some clay into a sphere with diameter 9 cm. 
How much clay has Jack used? 

b If Jack decides to reshape this clay into a cube, what will the side lengths of the cube be? 

The capacity of a container is the amount of fluid it can contain. 

The units for capacity are: 

e millilitres (mL) 

=4 
400 mL—" 

e Kkilolitres (kL) 

o litres (L) 

121 

¢ megalitres (ML). 

CAPACITY CONVERSIONS 

x1000 1 ML = 1000 kL NN 1kL = 1000 L 

2N S/ 
1 L = 1000 mL \ 

+1000 

Convert: 

a 8.75 L into mL b 16400 kL into ML. 

a 875 L 

= 8.75 x 1000 mL 

= 8750 mL 

b 16 400 kL 

= 16400 < 1000 ML 

=16.4 ML 
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EXERCISE 12H 

1 State the units you would use to measure the capacity of a: 

a test tube b small water bottle ¢ reservoir 

d swimming pool e bucket f shipping container. 

Convert: 

a 2960 mL into L b 3.01 ML into kL ¢ 99.1 L into kL 

d 1800 kL into ML e 6.6 kL into L f 18.7 L into mL 

g 56 L into kL h 0.35 kL into L i 0.03 ML into L. 

A fully stocked vending machine holds 144 cans with capacity 375 mL each, and 96 bottles 

with capacity 600 mL each. Find, in litres, the total capacity of drinks in the machine. 

Water flows from Shelley’s garden hose at 20 litres per 

minute. How long will it take to fill her outdoor spa with 

1.5 kL of water? 

One dose of a vaccine contains 0.12 mL of liquid. 

If a country is supplied with 1.428 kL of vaccine, how 

many doses are there? 

The units of capacity and the units of volume are closely related. 

1 mL of fluid will fill a cube 1 cm x 1 cm X 1 cm, so 1mL=1cmd 

1 L of fluid will fill a cube 10 cm x 10 cm x 10 cm, so 1L = 1000 cm? 

1 kL of fluid will fillacube 1m x 1 m X 1 m, so 1kL=1m3 

|_Example 12 | ) Self Tutor 
Find the capacity of a cylindrical rainwater tank with height 3 m and diameter 

4 m. Give your answer in kilolitres. 

Volume = 7r2h T TR 

=71 x22x3m? 

~ 37.7 m® 

o - 3 . ~ 
Since 1 kL =1 m?, the capacity ~ 37.7 kL. o 

I, 
i 
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EXERCISE 121 

1 Find the capacity of each container. Express each answer using appropriate units. 

b 

30cm 

2 A refrigerator is 60 cm long, 50 cm wide, and 1.2 m high. Find the capacity of the refrigerator, 
in litres. 

3 How many litres of oil can be stored in 4 Find the number of kilolitres of water 
this drum? required to fill this swimming pool. 

T 20m 

57 cm 

4 

5 A children’s lawn bowls set contains 8 spherical bowls of radius 6.1 cm, each filled with water. 
Find the total amount of water in the bowls. 

- 85 cm —» 

6 20m Find the amount of water in this aquarium, 

. giving your answer in: 

g:%"’* ______ rd “\ _____________ a kilolitres b megalitres. 

30m 

a 

7 Mrs Foster has made 3% L of marmalade. She ladles it into cylindrical jars which are 12 cm 

high and have 7 cm internal diameter. How many jars can she completely fill? 

8 From a 300 mL bottle of grape juice, the conical wine glass shown 10cm 

is filled to 80% of its capacity. The remaining juice is poured into 

a cylindrical glass with base radius 3 cm. To what height does 8 
the juice reach? 

T 

cm 

AN 

GLOBAL CONTEXT ICEBERGS 

.l . - GLOBAL 
Global context: Globalisation and sustainability CONTEXT 

Statement of inquiry: Taking measurements allows us to be more aware 

of changes to our natural resources. 

Criterion: Applying mathematics in real-life contexts
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QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 12A 

1 Find the surface area of each prism: 

a _ b _ : < 

+ 5mm 6m 

+ 3mm 12m 
4 cm 7mm <+-—16m—» 

2 A garden shed is 3 m by 4 m by 2 m high. Find the cost of painting the outside walls and 

ceiling of the shed given that each litre of paint costs $26 and covers 10 m?. 

3 Find the surface area of each solid: 

il e : 
6cm 

7cm—>| 

3cm 6cm 

4 Convert: 

a 2.8 m3 into cm3 b 4200000 cm® into m3 ¢ 1.1 cm® into mm3. 

5 Find the volume of each solid: 

a b 
W BiL 

10cm 

L—12cm—>l 

& A semi-circular tunnel with the dimensions shown is made 

of concrete. 

a Find the cross-sectional area of the tunnel. 

b The tunnel is 200 m long, and concrete costs $120 — o e 
per cubic metre. Find the cost of the concrete for the 30m  S5m 
tunnel. 

7 A sphere has diameter 8 cm. Find, in terms of , its: 

a surface area b volume.
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8 Tyson’s Trophy Company makes wooden trophy 
bases with the dimensions shown. 

a@ What volume of wood is required for each 
base? 

b Find the surface area of the trophy base. 

¢ Tyson paints his bases with black paint. He 
knows that one tin of paint covers 3 square 
metres. How many complete trophy bases can 
Tyson paint with one tin? 

9 Ten glass bottles of lime cordial are lined up on a supermarket shelf. Marina accidentally 
knocks one off the shelf and it breaks. In total, 6.75 L of lime cordial remains on the shelf. 
Find the capacity of each bottle, in millilitres. 

10 A petrol tank is a rectangular prism 80 cm by 120 cm by 50 cm. 
Find the capacity of the tank, in litres. 

11 Find the capacity of this conical funnel, in kilolitres. 

12 Answer the Opening Problem on page 242. 

1 Find the surface area of each solid: 

5cm 

3 A company sells cylindrical vases with base radius 10 cm and height 50 cm. 
The curved surface of each vase must be wrapped with bubble wrap before it is shipped 
overseas. How many vases can be wrapped with 6 m? of bubble wrap? 

& A volleyball has surface area 1400 cm?. Find the diameter of the volleyball. 

5 How many cubic metres of molten metal are needed to fill 8000 moulds with 150 cm? of 
metal each?
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7 

11 

12 

Find the volume of the wooden ramp illustrated. 

40 cm 

Find the volume of each solid: 

areal.= 12.1 mm? l<——9cm——>l 

A factory produces hourglasses with the dimensions 

shown. The sand fills the cylindrical part of the hourglass 

to a height of 3 cm. 

a Find the volume of sand in each hourglass. 

b The sand used to fill the hourglasses is contained in 

a 1.5 m by 1.2 m tray, to a depth of 50 cm. 

How many hourglasses can be filled with sand from 

the tray? 

Convert: 

a 820 mL into L b 3.07 ML into kL ¢ 0.72 kL into mL. 

A water trough has the dimensions shown. Find the 

capacity of the trough in kilolitres. 

1.2 litres of solution fills a cylindrical test tube to a height of 

18 cm. Find the radius of the test tube. 

In the diagram alongside, a cone and a sphere are inscribed 

in a cylinder. 

Show that the volume of the cylinder is equal to the sum 

of the volumes of the cone and the sphere. 
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OPENING PROBLEM 

Mila recently drove from Berlin to Vienna. The table  City | Arrived | Departed 

alongside shows the cities that Mila stopped at, and the Berlin e _09_00 0 

times when she arrived and departed. ) 
Dresden | 11:16 11:45 

a Did Mila arrive in Vienna in the morning or evening? Brno 17:14 0 

How long did Mila’s trip take? Vienna | 19:24 . b 

¢ Between which two cities was Mila driving at 3 pm? 

d It took Mila 1 hour and 48 minutes to drive from Brno to Vienna. At what time did she 

depart from Brmo? 

e Which leg of Mila’s trip was the shortest? 

The measurement of time is a very important part of our lives. We encounter it in transport 

timetables, school schedules, sports, and appointments. 

An understanding of time allows us to organise our day and schedule events. 

The units of time we use today are based on the rotation of the 

Earth and its movement around the Sun. 

The time taken for the Earth to complete one rotation about its 

axis is called a day. 

The day is divided into hours (h), minutes (min), and 

seconds (s). 

The time taken for the Earth to complete an orbit of the Sun is 

called a year. 

TIME CONVERSIONS 

1 minute = 60 seconds 1 week = 7 days 

1 hour = 60 minutes = 3600 seconds 1 year =~ 3655 days 

1 day = 24 hours 

/x7\ /x24\ /XGO\ /XGO\ 

\+7/ \+24/ \+60/ \+60/
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“Example 1| 
Write: 

@ 4 hours and 35 minutes in minutes only b 90000 seconds in hours. 

=) Self Tutor 

a 4 hours + 35 minutes 

=4 x 60 min + 35 min 

b 90 000 seconds 

= 90000 =+ 60 min 

= 275 min = 1500 min 

= 1500 + 60 hours 

= 25 hours 

EXERCISE 13A.1 

1 Write in minutes: 

a 17 hours 1380 seconds ¢ 3 days 

d 4 hours and 28 minutes 

2 Convert into days: 

a 6 weeks 

d 1152 hours 

3 Convert into seconds: 

a 7 minutes 

d 1 hour and 16 minutes 

11 h 33 min 

b 8 years 

259 200 seconds 

13 min 45 s 

1 day 

f 2 days 5 hours 

¢ 8640 minutes 

¢ 6 hours 

f 4h27 min 

Write: 

@ 557 min in hours and minutes b 200 h in days and hours. 

e 
2 9h=9x 60 min = 540 min 

. 557 min = 540 min 4+ 17 min 

b 8days =8x24h=192h 

200h=192h+8h 

=9h 17 min =8 days 8 h 

4 Write in hours and minutes: 

a 107 minutes b 282 minutes ¢ 492 min d 737 min 

5 Write in minutes and seconds: 

a 186 seconds b 214 seconds ¢ 350s d 851s 

6 Write in days and hours: 

a 43 hours b 61 hours ¢ 102h d 1500 min 

7 Jeremy’s geography class lasted 80 minutes. Write this in hours and minutes. 

8 A film in the cinema has duration 2 hours and 14 minutes. Write this in minutes,
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9 Marcia spends 45 minutes exercising every day. Calculate the total time she spends exercising 

in a year. Give your answer to the nearest day. 

10 A cake decorator decorated 12 cakes in 25 hours and 24 minutes. On average, how long did it 

take to decorate each cake? Give your answer in hours and minutes. 

11 The table alongside shows the times Marcel practised the drums Day 

during a week. Find, in hours and minutes: 

a the total time Marcel spent practising during the week 

b the average time Marcel practised each day. 

Time 

Mon 20 min 

Tue | 1 h 20 min 

Wed 55 min 

Thu 30 min 

Fri | 1 h 10 min 

Sat | 2 h 35 min 

Sun 45 min 

12 The athletes in a 4 x 400 m relay team ran their legs in 48.67 s, 50.39 s, 49.68 s, and 48.12 s. 

Find the team’s time for the relay, giving your answer in minutes and seconds. 

13 The women’s 400 m individual medley world record is held by Katinka Hosszt of Hungary 

with a time of 4 min 26.36 s. It took Katinka 1 min 0.91 s to swim 100 m butterfly, 1 min 

7.48 s to swim 100 m backstroke, and 1 min 16.11 s to swim 100 m breaststroke. 

How long did it take Katinka to swim the final 100 m freestyle? 

LARGE TIME UNITS 

From the year, we can define very large units of time. 

1 decade = 10 years 

1 century = 100 years 

1 millennium = 1000 years 

Write in years: 

B ) Se!f Tutor 

b 71 centuries = 7.5 x 100 years 

= 750 years 

¢ 15 millennia = 15 x 1000 years 

= 15000 years 

a 3 decades b 7 :12- centuries ¢ 15 millennia 

a 3 decades = 3 x 10 years 

= 30 years 

[ is millennia. 

The plural of millennium] 
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EXERCISE 13A.2 

1 Write in years: 

a 7 decades b 12 centuries ¢ 3 millennia 
d 4% centuries ¢ 31 decades f 2% millennia 
9 2 centuries 3 decades h 5 millennia 4 centuries 

2 Which is longer? 

a 18 decades or 2 centuries b 43 centuries or 4 millennia 
3 Indigenous Australians have been living in Australia 

for at least 50 000 years. 
Express this in: 

a centuries b millennia. 

4 Dinosaurs first came into existence about 230 million 
years ago, and became extinct about 65 million years 
ago. 

For how many millennia did dinosaurs exist? 

- 4w 

L IAE IN DIFFERENT CULTURES 
The units of time we have studied allow us to record events on a number line called a time line. Whether we are describing the schedule for our day or the passage of history over millennia, a time line gives a linear view of time from a starting point to a finishing point. 
Some cultures and religions also consider a linear view of time from a definitive start of the universe to an end which is yet to come. Other cultures and religions have a more cyclic view of time which may be the repeating cycle of days, seasons, or years, or else repeating life cycles through reincarnation. 

Use your library or the internet to research the following questions: 

1 Which major religions have: 

@ a linear view of time b a cyclic view of time? 
2 What are the four great epochs in a Hindu cycle? How many millennia does each epoch correspond to? 

3 In Buddhism, how long is a “kalpa”? What is supposed to happen in this length of time? 
4 s it reasonable to say that Christianity has two time lines? If so, how are they connected? 
5 In the cultures and religions with a cyclic view of time, is there always a way to escape from the cycle? 

6 Rescarch the view of time of the indigenous people of your country. Discuss whether their view of time is linear or cyclic, and how their view of time has shaped their cultural traditions.
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We often need to do calculations with time. For example: The duration of an 

event is the time 

the event lasts for. 

e we add or subtract hours and minutes to find when 

events start and finish 

e to find the duration of an event, we calculate the 

difference between its starting and finishing times. 

_Example 4| i ) et Tutor| 
Find the time which is: 

a 4 hours 50 minutes after 11:20 am b 2% hours before 5:10 pm. 

a  11:20 am + 4 hours = 3:20 pm 

3:20 pm + 40 minutes = 4:00 pm 

4:00 pm + 10 minutes = 4:10 pm 

The time 4 hours 50 minutes after 11:20 am is 4:10 pm. 

b 23 hours = 2 hours 45 minutes 

5:10 pm — 2 hours = 3:10 pm 

3:10 pm — 10 minutes = 3:00 pm 

3:00 pm — 35 minutes = 2:25 pm 

The time 23 hours before 5:10 pm is 2:25 pm. 

EXERCISE 13B 

1 Find the time which is: 

a 6 hours after 2:12 pm b 22 minutes after 6:50 am 

¢ 3 hours 5 minutes before 7:09 pm d 2 hours 35 minutes after 1:44 am 

e 3% hours after 9:00 am f 8% hours before 8:20 am 

g 2% hours before 10:20 am h 11 hours after 5:30 pm. 

2 Lauren drives from her house to her sister’s house which is 2% hours away. If Lauren leaves 

her house at 11:30 am, at what time will she arrive at her sister’s house? 

3 A waiter finished his 6%— hour shift at 11:15 pm. At what time did he start his shift? 

4 Evan started a bushwalk at 8:20 am. He hiked for 5 hours and 40 minutes before arriving at 

his destination. At what time did he arrive?
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Russ is making dinner for a party, and wants it to be ready for 7 pm. The dinner will take 1% hours to prepare, and 45 minutes to cook. At what time should Russ start making the dinner? 

The table shows the duration of each quarter of an ’ Quarter 1 I 23 ' 47 NFL football match. - - : 
There was a 2 minute break after the first and third Bu_ratzon (min) | 41 | il [ 50—’ quarters, and a 12 minute break at half-time. If the 
game started at 1:40 pm, at what time did it finish? 

S What is the time difference between 8:45 am and 2:30 pm? 

845 amto 1:45 pm=5h 
1:45 pm to 2:00 pm = 15 min 
2:00 pm to 2:30 pm = 30 min 

". the time difference is 5 h 45 min 

Find the time difference between: 

a 4:10 am and 8:35 am b 10:33 am and 5:49 pm 
¢ 3:20 pm and 6:08 pm d 9:52 am and 1:38 pm 
e 9:27 pm and 6:30 am the next day f 7:45 am and 10:05 am the next day. 
A theatre show started at 7:30 pm and finished at 9:12 pm. How long was the show? 
Paula started a marathon at 8:50 am and finished at 
1:13 pm. How long did she take to complete the 
marathon? 

Tai went to sleep at 8:15 pm and woke up at 7:10 am 
the next morning. The school bus leaves at 8:02 am. 
a For how long did Tai sleep? 
b How long does Tai have to get ready? 

A hairdresser works from 8 am to 6 pm. Her schedule for 8:30 - 9:30 [ Tracey | today is shown alongside. 

a Who has the longest appointment? 
b Who has the shortest appointment? 
¢ Another customer requests a 90 minute appointment, Wil 11:15 - 1:00 | Deborah the hairdresser be able to see her today? 1:30 - 2:15 

10:15 - 10:30 |  Terry 

10:30 - 11:00 | Adrian 

Carol d  The hairdresser charges $50 per hour. How much money 
will she earn today? 3:30 - 4:00 Thaka 

4:00 - 4:30 Alex 

- 4:30 - 6:00 | Michelle 
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13 

14 

Anthea worked the following hours last week: 

Monday 8:30 am - 4:15 pm a How many hours did Anthea work last week? 

Tuesday 8:25 am - 4:30 pm b Anthea’s pay rate is $21 per hour. What was 

Wednesday | 8:45 am - 4:45 pm Anthea’s income for last week? 

Thursday 9:00 am - 5:05 pm 

Friday 8:40 am - 4:45 pm 

The 2016 Newport Bermuda yacht race started at 5:30 pm on June 17. The winning yacht 

arrived in Bermuda at 4:22 am on June 19. Find the time taken for this yacht to complete the 

race. Give your answer in hours and minutes. 

The daily schedule of performances at a marine park is shown below. 

Duration Times 

Diving Dolphins 25 min | 9:50 am, 1:40 pm, 4:00 pm 

Whale Mania 30 min | 10:15 am, 12:45 pm, 3:15 pm 

Seal of Approval 35 min | 11:30 am, 2:00 pm 

Otter Odyssey 20 min | 10:00 am, 3:45 pm 

3D Underwater World | 40 min | 10:10 am, 12:30 pm, 3:50 pm 

Marine Park Parade 25 min | 4:00 pm 

Which performance is shortest? 

Which performance finishes latest? 

At what time will the 1:40 pm dolphin performance end? 

Which performances will be in progress at 10:30 am? 

O
 
O
 
a
 
C
 
o
 

Justine arrives at the park 1% hours before the first seal performance starts. At what time 

does she arrive? 

-
 

Jim wants to see the 10:00 am otter performance, then the next available whale performance. 

How much time will he have to wait between the performances? 

g Harriet wants to see all six performances in one day. 

i Find the total amount of time she will spend watching performances. 

ii Determine the time at which she will need to see each performance. 
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24-hour time indicates the amount of time which has passed since midnight. 

By using 24-hour time, we avoid the need for using am and pm to indicate morning and afternoon. 

midnight 3am 6am 9am noon 3pm 6 pm -l | i L | L | | 

12-hour time 

9pm midnight 
| e 

100:00 03:00 06:00 09:00 12:00 15:00 18:00 

morning afternoon 

We always use four digits to write 24-hour time. For example: 
e 5:27 am is 05:27 e 3:48 pm is 15:48 

Notice that; 

e Midnight is 00:00 not 24:00. 

e Times from 00:00 to 11:59 are morning (am) times. 
e Times from 12:00 to 23:59 are afternoon (pm) times. 

21:00 00:00 

24-hour time 

e To convert times from 13:00 to 23:59 into 12-hour time, we subtract 12 hours. 

Example 6 0 self Tutor| 

So, 18:50 is 6:50 

Write: 

a 7:42 am in 24-hour time b 18:50 in 12-hour time. 

a 7:42 am is 07:42. b 18:50 is a pm time. 
18 hours — 12 hours = 6 hours 

pm. 

EXERCISE 13C 

T Write in 24-hour time: 

a 3:47 am b 10:12 am ¢ 6 o’clock pm 
d 1:35 pm e 8:41 am f 9:25 pm 
g noon h 6:39 pm i 7 minutes past midnight 

2 Write in 12-hour time: 

a 02:49 b 11:53 ¢ 15:24 d 20:00 
e 09:00 f 12:34 g 23:23 h 00:20 

3 Find the time difference between: 

a 08:30 and 11:50 b 09:45 and 14:50 < 
d 10:10 am and 14:47 e 13:18 and 9:05 pm 

12:40 and 22:25 

f 5:35 pm and 23:16.
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4 Find the time difference between: 

a 21:40 and 08:23 the next day b 19:40 and 15:00 the next day 

¢ 16:30 Monday and 08:30 Wednesday. 

5 Copy and complete the railway schedule Departure | Travelling time Vo 

alongside: . 
07:25 2 h 15 min 

11:30 16:05 

29 min 11:08 

3 h 41 min 12:30 

23:52 04:55 (next day) 

6 Yesterday, sunrise was at 06:43 and sunset was at 19:31. 

a How long was it between sunrise and sunset? 

b The Sun was highest in the sky at the time halfway 

between sunrise and sunset. When did this occur? 

7 Look at the schedule of arrivals into Cape Town ) ARRIVALS 

airport. _ _ . ~ Flight Origin Arrival time 
a How many of the listed flights arrive: 47601 | Bloemfontein 09:55 

i before 3:00 pm i after 6:00 pm? 

b How long after the Windhoek flight arriving 

will the Johannesburg flight arrive? 

¢ Kaya arrived at the airport at 5:20 pm to 

WV912 | Windhoek 10:30 

BA6411 | Johannesburg 11:55 

ET847 | Addis Ababa 13:45 

pick up her friend from Harare. How long BA6302 Durban 14:25 

will she need to wait? BA6322 | East London 14:45 

d The flight from East London was delayed, 47644 Nelspruit 16:00 

and did not arrive until 3:22 pm. By how 47383 Hatare 17:50 

i 2 
IT";‘g ";;S 13 d‘zayed e o | 42349 | WalvisBay | 19:00 

e The flig om Lanseria departed a . 

7:55 pm. How long was the flight? KL597 | Amsterdam P 
FA317 Lanseria 22:00 

What are the advantages and disadvantages of using 24-hour time instead of 12-hour time?
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At any given time, different parts of the world are 

experiencing different phases of day and night. This means 

the time of day varies depending on where you are. 

For example, when it is the middle of the day in New York, 

Bangkok is in complete darkness. 

Until the 19th century, every city and town would calculate 

their own time by measuring the position of the Sun. In 

Europe, the time of day was broadcast to the people of the 

town using a bell on a church. This meant that cities that 
were only a short distance from each other would use slightly 

different times. 

With the invention of railways, Great Britain began using electric telegraph signals to standardise time 
in the railway stations across the country. Other countries quickly adopted their own standardised 

times. 

To account for the time of day varying according to location on the Earth, the world was divided 

into time zones. 

STANDARD TIME ZONES 

The Prime Meridian is the line with longitude 0°, which passes through Greenwich near London. 

It is the starting point for 12 time zones west of Greenwich and 12 time zones east of Greenwich. 

Time along the Prime Meridian is called Greenwich Mean Time (GMT). 

Places which lie in the same time zone share the same standard time. Standard Time Zones are 

usually measured in 1 hour units, but there are also a few % hour units around the world. 

Places to the east of the Prime Meridian are ahead of GMT. 

Places to the west of the Prime Meridian are behind GMT. 

The map on page 274 shows the main time zones of the world. Their borders are not all straight like 

the lines of longitude, but rather follow the borders of countries or regions, and natural boundaries 

such as rivers and mountains. The numbers in the zones show how many hours have to be added 

or subtracted from Greenwich Mean Time to work out the standard time for that zone. 

| Example 7 il ) self Tutor 
If it is 12 noon in Greenwich, what is the standard time in: 

a Mumbai b Los Angeles? 

a Mumbai is in a zone marked +5%, so it 18 5% hours ahead of GMT. 

the standard time in Mumbai is 5:30 pm. 

b Los Angeles is in a zone marked —8, so it is 8 hours behind GMT. 

the standard time in Los Angeles is 4 am. 
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EXERCISE 13D 

1 

10 

1 

If it is 12 noon in Greenwich, what is the standard time in: 
a Ottawa b Cape Town ¢ Hong Kong d Perth? 

Ifitis 11 pm on Tuesday in Greenwich, what is the standard time in: 
a  Auckland b Abu Dhabi ¢ Tokyo d Santiago? 

If it is 5 pm on Friday in Sydney, what is the standard time in: 
a Los Angeles b Paris ¢ Moscow d Beijing? 

Clint lives in Ottawa. At 11 am Ottawa time, he called his brother Kirk, who lives in Rome. At what time did Kirk receive the call in Rome? 

The first football match in the 2018 FIFA World Cup started at 6 pm in Moscow. What time did this match start for people watching in; 
a Paris b Tokyo ¢ New York d Rio de Janeiro? 

Example 8 

A flight from Perth to Sydney leaves at 7 am Perth time, and takes 4 hours. 
What is the local time when the plane arrives in Sydney? 

The flight leaves at 7 am Perth time, and takes 4 hours. 

the plane arrives in Sydney at 11 am Perth time. 

Now Perth is in a zone marked +8, and Sydney is in a zone marked +10. 

the standard time in Sydney is 2 hours ahead of Perth. 

the plane arrives in Sydney at 1 pm local time. 

Lee-Yen takes a flight from Tokyo to Seoul. The flight takes 
2 hours and 20 minutes, and arrives in Seoul at 10:15 pm. 
Find the time when the flight leaves Tokyo. 

Noah’s flight leaves Perth at 10:10 pm, and arrives in 
Hong Kong at 5:55 am the next day. How long was his flight? 

Drew takes a 2:00 pm flight from Los Angeles to New York. 
The flight takes 5% hours. What is the time in New York when 
he arrives? 

A flight from Mumbai to Johannesburg leaves at 11:50 pm. The flight takes 11 hours and 40 minutes. What is the local time in Johannesburg when the plane arrives? 
Ali takes a flight from Abu Dhabi to Singapore. He leaves at 1:05 am Abu Dhabi time, and arrives at 12:35 pm Singapore time. How long was the flight? 

Ji-hoon is flying from Seoul to Los Angeles. He leaves at 19:40 on Tuesday, and when he arrives in Los Angeles the local time is 14:50 on the same day. How long was Ji-hoon’s flight?
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12 Tomoko is travelling from Adelaide — Tokyo 

Adelaide to Tokyo. She leaves A - 
Adelaide on a Tuesday, and must 8:00 am Adelaide 10:25 am Sydney 

stop at Sydney and Hong Kong 11:55 am Sydney 7:50 pm Hong Kong 

along the way. Her travel plan is 1:05 am Hong Kong (Wed) 6:00 am Tokyo (Wed) 
shown alongside, with all times 

given as local times. 

a At what time does the flight from Sydney to Hong Kong arrive? 

b How long must Tomoko wait between flights at Sydney? 

¢ How long is the flight from: 

i Adelaide to Sydney ii Hong Kong to Tokyo? 

d Find the total time between Tomoko leaving Adelaide and arriving in Tokyo. 

What is the international date line? 

What is its purpose? 

Why is it drawn so it only passes through ocean and a little of Antarctica? 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

1 Convert: 

a 840 minutes into hours b 7 minutes and 16 seconds into seconds only. 

2 A ferry takes 12 minutes to cross a river, unload passengers, and load the next group. How 

many river crossings does the ferry make if it operates continuously for 6 hours? 

3 Which is longer? 

a 32 decades or 3 centuries b 210 decades or 2 millennia 

& Find the time which is: 

a 3 hours after 10:20 am 

¢ 2 hours 27 minutes after 2:22 pm d 4 hours 43 minutes before 12:14 pm. 

o
 

11 hours before 5:16 pm 

5 Find the time difference between: 

a 5:15 pm and 10:25 pm b 7:45 am and 1:00 pm 

¢ 11:24 and 14:54 d 20:20 and 23:57. 
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é Daisy started work at 10:45 am and finished work at 2:30 pm. For how long did she work? 
7 A train from Shanghai to Nanjing leaves at 11:45 am and takes 2 hours and 23 minutes. 

The cities are in the same time zone. At what time does the train arrive in Nanjing? 
8 Write in 24-hour time: 

a 9:47 am b 12:49 pm € 717 pm d 12:26 am 

9 A meteorology website reported that, at a particular location, the high tides will occur at 
06:17 and 18:40. A low tide will occur 6 hours and 47 minutes after the first high tide. 
a Find the time difference between the high tides. 
b At what time will the low tide occur? 

10 Tokyo is in a time zone marked +9 and Rio de Janeiro is in a time zone marked —3. If it 
is 12 noon in Greenwich, what is the standard time in: 

a Tokyo b Rio de Janeiro? 

11 A furniture store has the opening hours shown OPENING HOURS 
alongside. 

Mon-Wed  9:00 am - 7:00 pm 
Thursday ~ 9:00 am - 9:00 pm 
Friday 8:30 am - 6:00 pm 
Saturday  10:00 am - 5:30 pm 
Sunday 11:00 am - 5:00 pm 

a For how long is the store open on: 
I Wednesday il Saturday? 

b On which day is the store open the longest? 
¢ For how many hours does the store open each 

week? 

12 Answer the Opening Problem on page 264. 

REVIEWSET138 
1 Write: 

@ 457 minutes in hours and minutes b 82 h in days and hours. 

Reuben ran an 800 m race in 3 minutes and 14 seconds. Write this time in seconds. 

The last ice age ended about 11700 years ago. Express this in millennia. 

How long is it between 1:49 pm and 6:53 am the next day? 

-
t
 
W
 
P
 

Jess leaves the house at 7:20 am. She walks for 
12 minutes to the bus stop, and waits 6 minutes 
for the bus. The ride to school takes 35 minutes. 
Jess then takes another 8 minutes to walk to 
her classroom. At what time does Jess arrive at 
class? 

6 Find the time which is: 

a 5 h 29 min after 3:16 am 

b 2% hours before 1:07 pm. 
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11 

Nadine is driving from Sydney to Canberra. The trip takes 3 hours and 26 minutes. Nadine 

wants to arrive in Canberra at 11:00 am. Given that the cities are in the same time zone, 

at what time should she leave Sydney? 

Write in 12-hour time: 

a 07:12 b 15:02 ¢ 21:59 d 03:48 

Caleb’s train leaves at 18:40. His watch currently reads 3:52 pm. How long does Caleb 

have before his train leaves? 

Tom lives in Adelaide and wants to call his sister Anita in London. He wants to call Anita 

at 7 pm Friday London time. At what time in Adelaide should he make the call? 

A local cinema is having a “Classic Films” festival. The screening timetable is shown 

below. 

Movie Duration Screening times 

The Italian Job 95 minutes | 10:30 am, 12:30 pm, 2:30 pm, 5:00 pm 

Gone With the Wind | 222 minutes 9:00 am, 2:00 pm, 7:00 pm 

Fantasia 125 minutes | 9:15 am, 12:00 pm, 6:00 pm, 8:45 pm 

The Sound of Music | 174 minutes 2:30 pm, 6:00 pm, 9:30 pm 

Singin’ in the Rain | 103 minutes 11:45 am, 3:15 pm 

The Godfather 175 minutes 11:30 am, 3:00 pm, 6:30 pm 

Write the duration of “Fantasia” in hours and minutes. 

Which movie is the shortest? 

Which movie finishes the latest? At what time does it finish? 

Which movies are in progress at 4:15 pm? 

Katie wants to see the first screening of “The Italian Job”, then the next available 

screening of “The Godfather”. How much time will she have to wait between movies? 

®
 
A
 
n
 
T
 
o
 

12 Aroon is travelling from Bangkok to Johannesburg. His itinerary is shown below, with all 

times given as local times. 

Bangkok — Johannesburg 

6:30 pm Bangkok (Tuesday) 9:55 pm Singapore 

1:30 am Singapore (Wednesday) 6:10 am Johannesburg 

a If Aroon must arrive at the airport 2% hours before takeoff to check in, at what time 

must he be at the airport? 

b How long must Aroon wait between flights at Singapore? 

¢ How long is the flight from: 

i Bangkok to Singapore il Singapore to Johannesburg? 

d Find the total time between Aroon leaving Bangkok and arriving in Johannesburg.
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OPENING PROBLEM . 

When Tiffany makes an international phone call, the 

cost of the call depends on the #ime that she spends 

on the call. This relationship is illustrated on the 

graph alongside. 

Things to think about: 

a How can we describe the relationship between 

cost and time? 

b What is the connection fee or fixed cost charged 

for connecting the phone call? 

¢ By how much does the cost of the call increase 

for each minute spent on the call? 

d Can you use this graph to determine: 

i the cost of a 3 minute call 

il the length of a call which costs $4? 

4 cost ($) 
5 

4 

3 

2 

1 

. time (min) 

'“' 2 } G 8 

The number grid alongside is a Cartesian plane, 

named after René Descartes. 

We start with a point of reference O called the 

origin. 

Through the origin we draw two fixed number lines 

or axes which are perpendicular to each other. 

e The horizontal axis is called the a-axis. It is 

positive to the right of O and negative to the 

left of O. 

e The vertical axis is called the y-axis. 

positive above O and negative below O. 

It is 

QUADRANTS 

The z and y-axes divide the Cartesian plane into four regions 

called quadrants. 

anticlockwise direction as shown: 

These quadrants are numbered in an 

LAY 

This vertical +4 This is the 
line is the ———= origin, O. 

y-axis. 19 / 

J"/.. 

- ¢ L) 
—4 -2 ' +2 +4 I T 

-2 . j 
This horizontal 
line is the 

—4 a-axis. 

v 

Y 
2nd Ist 

quadrant quadrant 

L AN < —¢ = 
| o €T 

3rd 4th 
quadrant quadrant
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COORDINATES 

We can describe any point on the Cartesian plane using an ordered pair of numbers called 

coordinates. 

o The coordinates of a point are written (z-coordinate, y-coordinate). 

e The z-coordinate gives the horizontal position along the z-axis. 

e The y-coordinate gives the vertical position along the y-axis. 

| Example 1 | %) Self Tutor 

Plot the points A(3, 5), B(—1, 4), C(0, —3), 
D(-3, —2), and E(4, —2) on a set of axes. ty 

B(-1, ‘}))4 A3, 5) 

The z-coordinate is 

always given first. 2 

! T 
-4 -2 1 2 4 

o -2 ° 

D(-3, —2) E(4, —2) 

EXERCISE 14A 

1 Look at the grid. 41\ Y 

a Write down the z-coordinate of: JE 

i A ii E iii D. 2 B 

b Write down the y-coordinate of: -~ C I ! R 

i C i B i A. T 4 2 [ 2 4 = 

¢ State the point which lies on the: -2 

i z-axis il y-axis. °D A 
L4 o 

A 

2 Look at the grid. by 

a State the coordinates of the points P, Q, R, S, S, 
and T. 4 

b State the quadrant in which we find the point S. ) P 

¢ State the point(s) in the 4th quadrant. 

2 2,4 6 Z 

Qo ° 

Y 
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32 On the same set of axes, plot the points: 

A(2,5), B(4, —2), C(—5,0), D(~1, —4), E(-2, 3), F(0, 3), G(5, 1), H(-5, —-1). 

4 State the quadrant in which you would find: 

a (-2,-1) b (3,4) c (-1,5) d (5, —2). 

5 The points A, B, and C are shown on the grid. by 

a Suppose ABCD is a square. 9 

Write down the coordinates of D. oL 

b Suppose ACBE is a parallelogram. 1 -2 T 2 
Write down the coordinates of E. o A 

BO 

—4 

Y 

| _Example 2| «) Self Tutor 
Plot the points in this table of values x| =2 =1 3| 4 

on the same set of axes. y | -1 0 2 | 3 

Using the table we plot Y 

(-2, 1), (-1,0), (1, 1), (3,2), A 

and (4, 3). (4,3) 
(3,2) 

2 

£ (-1.0) | ‘(1) N 

RN 2 z 

~4 

Y 

6 Plot the points in each table of values: 

a|lz|-3|-2|0]|2]| 3 b|lz|-2]|-1|0 3 

4 2 (1f0]-1 y | =-3|-1]20 2 

7 The height of a seedling is measured each Week number (z) 5 

week, and the results recorded in the table = 
shown. Height (y cm) 3 11 

a Plot these points on the same set of axes. 

b Do the points lie in a straight line? 

¢ Assuming this pattern continues, predict the height of the seedling after: 

i 6 weeks 8 weeks. 
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8 The points in this table of values lie in a straight line. z| 1[3]5 I 
a  Use the first two points to draw the line on a Cartesian plane. ' y | -2 2 12 1 
b Complete the table of values. 

¢ Identify the point on the line which lies on the: 
i z-axis i y-axis. 

_Example3 | i ) self Tutor 
Use the equation y = 2z — 1 to construct a table of values for z — -2,-1,0,1, 2. 

Plot the resulting points on a Cartesian plane. 

When z=-2, y=2(-2)~1=-5 Ly 
When z=—1, y=2(-1)—1=—3 @) 
When =0, y=20)-1=-1 9 : 
When =1, y=2(1)-1=1 J(L1) 

When z=2, y=22)—-1=3 1 3 2 4 z 
. T(0,-1) The table of values is: =2 © 

-2|-1] 0 |1]2 (=2, ~5) —4 
[ y | -5|-3|-1]1]3 ' 

9 For each equation given, construct a table of values for z — ~2,—-1,0, 1, 2. Plot the resulting 
points on a Cartesian plane. 

a y=3z b y=2+1 ¢ y=3-~=z 

On a Cartesian plane, show all the points with positive 
z-coordinate and negative y-coordinate. 

The shaded region 
&s the 4th quadrant] 

Ay 

s
 

The points on the axes are 

not included. 

10 On different sets of axes, show all the points with; 

a z-coordinate equal to —1 b y-coordinate equal to 3 

¢ z-coordinate equal to 0 d y-coordinate equal to 0.
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11 On different sets of axes, show all the points with: 

a negative z-coordinate 

¢ negative z and y-coordinates 

b positive y-coordinate 

12 State the quadrants in which [ would find points whose coordinates have: 

a the same sign 

13 Make two copies of the grid alongside, including 

points A and B. Use one grid for each part of the 

question. 

Sketch all the possible locations of point C such 

that triangle ABC is: 

a isosceles b right angled. 

b different signs. 

d negative z-coordinate and positive y-coordinate. 

A straight line is an infinite set of points in a particular direction. 

To describe all of the points on a line, we need an equation. 

INVESTIGATION 1 IZONTA! S 

1 Plot the points in each table of values on a Cartesian plane: 

a x -2 -1 0 1 2 

Y 3 3 3 3 

Write down your observations. 

2 Look at the line drawn on the number grid. 

a What can you say about the y-coordinate of 

each point on the line? 

b Copy and complete: 

The equation of the line is y = 

3 What is the form of the equation of any horizontal 

line? 

b 

L
1
 Y
ol

 

21l o] 1] 2 

9| -2 —2| —2| -2 

AY 

4 

2 

I 2 ¥ 2 1% 

-2 

—4 
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1 Plot the points in each table of values on a Cartesian plane: 

alz| 2|2 |12|2]2 b |z | -3 

y|—2|-1]0f1]2 y | —2 

Write down your observations. 

2 Look at the line drawn on the number grid. 

@ What can you say about the z-coordinate of 
each point on the line? 

b Copy and complete: 

The equation of the line is = = ...... —4 

3 What is the form of the equation of any vertical 
line? 

—2 

1 For each equation given, construct a table of values for z = —2, —1, 1, 2. Plot the 
resulting points on a Cartesian plane. 

a y=2z b y=2-2 

d y=-z+2 e y=—-2x-1 

g y=—z° h y=z+3 

2 Which of the equations result in points in a straight line? 

3 What is the form of the equations which result in straight lines? 

All horizontal lines have equations of the form y = ¢ where c is a constant. 

All vertical lines have equations of the form @ = a where a is a constant. 

All other straight lines have equations of the form y = ma + ¢ where m and c are constants. 

EXERCISE 14B 

1 Draw the graph of the line with equation: 

2 Draw the graph of the line with equation: 

a rz=2 b z=-3 c =0 

d y=0.
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3 a On the same set of axes, graph the lines = -2, =6, y=>5, and y = —6. 

b Consider the quadrilateral formed by the intersection points of these lines. 

i What type of quadrilateral is it? ii Find the area of the quadrilateral. 

Consider the equation y = %x —1. 

o)) Self Tutor 

—4 

a Construct a table of values using =z = -3, —2, —1, 0, 1, 2, and 3. 

b Hence graph the straight line. 

a| z -3 | -2 -1 0 1 2 3 

y | -25 | -2 e 5 

b Ay 
4 

2 

4 For each of the following equations: 

i Construct a table of values using z = —3, -2, —1, 0, 1, 2, and 3. 

il Draw the graph of the straight line. 

a y=%ac b yz—%w 

d y=-3c+2 e y=2z—-3 

=1 1 g y—Zm+2 h y= 4:1:—1—2 

: 3 
ly=—3z-1 k y=4z-3 

Use your graphics calculator or the graphing package o 

check your answers. 

¢ y=3z+2 

fy=—-2x-3 

i y=gm—1 

| y=4z43 

W /' GRAPHICS 
G245 CALCULATOR 
< INSTRUCTIONS 

GRAPHING 
PACKAGE 

- 
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Example 6 o) Self Tutor 

By inspection only, find the equation of the straight line passing 
through the points in each table of values: 

a T 1 2 3 4 5 The line in b could also 
y|—-3|—-6|-9|-12| —15 be written as y = —z + 6 

or y=06—z. 

blz|[1]2]3]4]5] 
y54321] 

a Each y-value is —~3 times its corresponding z-value, so 
y = —3z. 

b The sum of each z and y-value is always 6, so z +y = 6. 

5 By inspection only, find the equation of the straight line passing through the points in each 
table of values: 

alz|[1[2[3] 4] 5 b|lz|23|4|5]6 
y | 4] 8 12|16 20 vy 4|56 7|8 

c|lz |0 1 2 3 d 0|1 3 
y | 0| -2|—-4]| —6 vl 3 110 

e |z | 1|2 |3]|4]|5 f 11213]|]4]|5 
y 571911 Y 315|719 

m o) Self Tutor 

Determine whether (2, 5) and (-1, —5) lie on the line with equation y = 4z — 3. 

The point on the line with 2-coordinate The point on the line with z-coordinate 
2, has y-coordinate =4 x 2 — 3 —1, has y-coordinate = 4 x (—1) — 3 

=8-3 =-4-3 
=5 v = -7 

So, (2, 5) does lie on the line. Since the y-coordinate # —5, 
(=1, —5) does not lic on the line. 

A point lies on a line 

if, and only if, its 

coordinates satisfy the 

equation of the line. 
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6 Determine whether the point: 

a (3,4) lies on the line y =2z — 2 b (—1,4) liesontheline y=2x+6 

¢ (—2,10) lies on the line y=—-3z+4 d (%, —6) lies on the line y = 2z — 8. 

7 Consider the line y = 2z — 3. 

a Find the y-coordinate of the point on the line with z-coordinate 4. 

b Find the z-coordinate of the point on the line with y-coordinate —4. 

8 Consider the line y =5 — 2z. 

a Find the y-coordinate of the point on the line with z-coordinate —2. 

b Find the z-coordinate of the point on the line with y-coordinate —3. 

DISCUSSION 

Look at the two lines alongside. 

e What does it mean to say that one line is 

steeper than another? 

e Which line do you think is steeper? 

e How can we measure the steepness of a 

line? 

The gradient of a line is a measure of its steepness. 

We calculate the rate at which a line rises or falls by choosing two points on the line, then dividing 

the vertical step between them by the horizontal step between them. 

vertical step 
gradient = vertical step 

horizontal step 

horizontal step 

In the Discussion above: 

e The gradient of /ine I is g = 2. For every 1 unit moved horizontally, the line moves 2 units 

upwards. 

e The gradient of line 2 is g =1.75. 

e Line 1 has a higher gradient than line 2, so line 1 is steeper than line 2.
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In general: 

e An upward sloping line has a positive gradient. 

| positive 

positive 

¢ A downward sloping line has a negative gradient. positive 

{ negative 

e For a horizontal line, the vertical step is 0, so the gradient of a horizontal line is 0. 

e For a vertical line, the horizontal step is 0, so the gradient of a vertical line is undefined. 

<) Self Tutor 
Find the gradient of: 

a [AB] b [BC] ; /\C 

2 > ‘\i—lf 
[Start with a positive] 

horizontal step. 

N\ 
gradient = vertical step gradient = vertical step 

horizontal step horizontal step 

=2 = =l 
3 4 

1 

- 

EXERCISE 14C 

1 Find the gradient of each line:
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2 On grid paper, draw a line segment with gradient: 

a b L c—% d 1 e 2 f —3 
i
k
 
N
 
=
 

h -2 i 0 i 1% k 5 I undefined. 
9 2 

3 On grid paper, draw a triangle which has: 

a all three sides with positive gradients 

b two sides with positive gradients and one side with negative gradient 

¢ two sides with negative gradients and one side with positive gradient 

d all three sides with negative gradients. 

4 Find the gradient of: 

a the road | g 

e 1km 
6km : 

b the slide ¢ the stairs d the tower. 

5 a Determine the gradient of: 

i [OA] i [OB] i [OC] 
iv [OD] v [OE] vi [OF] 
vii [OG] viii [OH] ix [OI] 

b Copy and complete: 

i The gradient of a horizontal line is ...... 

il The gradient of a vertical line is ...... 
A 

) Self Tutor 

2 -—— vertical step 
Draw a line through the point (1, 1), gradient = e Eoniallsien 

2 
with gradient 3 
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6 Draw a line through the point: 

a (4,1) with gradient 3 b (3, -1) with gradient ; 

¢ (~2,3) with gradient —% d (0, 4) with gradient —% 

e (0, —2) with gradient 3 f (-2, —1) with gradient —2 

g (0,6) with gradient — h (0, -3) with gradient —. 

7 By plotting the points on grid paper, find the gradient of the line segment joining: 

a 0(0,0) and A(2,6) b O(0,0) and B(—4, 2) 

¢ G(0, —1) and H(2, 5) d K(1,1) and L(-2, —2) 

e M(3,1) and N(-1, 3) f P(—-2,4) and Q(2, 0). 

8 Suppose [ is the line z =5 and [y is the line y = —3. 

a Graph the lines on the same set of axes. 

b Suppose l; cuts the z-axis at A, and [y cuts the y-axis at B. Find: 

i the coordinates of A and B ii the gradient of [AB]. 

9 A(-2,3), B(3,6), C(6,2), and D(—4, —4) are vertices of a quadrilateral. The sides [AB] 
and [CD] are parallel. 

a Plot quadrilateral ABCD on grid paper. 

b What type of quadrilateral is ABCD? 

¢ Find the gradient of: i [AB] ii [BC] iii [CD] iv [DA]. 

d What can we say about the gradients of paralle] lines? 

<) Self Tutor 

Consider the line with equation y = 2z 4 3. 

a Find the points on the line with z-coordinates 1 and 3. 

b Plot the points on a number grid and hence draw the line. 

¢ Use the points to find the gradient of the line. 

a When z=1, y=2(1)+3=5. b 49 3,9/ y=20+3 

When z=3, y=2(3)+3=09. | i 

(1, 5) and (3,9) lie on the line. 

¢ The gradient of the line = i;. =92 

-
4
 

e
t
 

8
y
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10 Consider the line with equation y =z — 2. 

a Find the points on the line with z-coordinates 1 and 3. 

b Plot the points on a number grid and hence draw the line. 

¢ Use the points to find the gradient of the line. 

11 Consider the line with equation y = —x 4 3. 

a Find the points on the line with z-coordinates 1 and 3. 

b Plot the points on a number grid and hence draw the line. 

¢ Use the points to find the gradient of the line. 

12 Find the points on the given line with z-coordinates 0 and 2 and use them to find its gradient: 

a y=z+3 b y=—x+1 c y=2zx—-1 

d y=—-2z+3 e yzém f y=-3z+14 

S y=—%m+1 h y=4z -3 

[DISCUSSION 
Look at your answers to questions 10 to 12 above. 

What do you think is the gradient of a line with equation y = mx + ¢? 

INVESTIGATION 4 

We have seen how to calculate the gradient of the line segment between two TH;O%RA?SLEANT 

points using the horizontal and vertical steps between them. In this Investigation “ 

we develop this method into a formula. 

The y-intercept of a line is the y-coordinate of the AY 

point where the line cuts the y-axis. y-intercept - / 

=
Y
 — 
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INVESTIGATION 5 

Since the y-axis is the line x = 0, we can find the y-intercept of a line by substituting z = 0. 

What to do: 

1 By substituting = =0, find the y-intercept of the line with equation: 

a y=3z+2 b y=4-2 < y=%m—3 d y=—-z-1. 

2 By substituting z =0, find the y-intercept of the line with equation y = mx + c. 

We have already seen that the line y = mz + ¢ has gradient m, so we can now conclude that: 

Yy = mx + c is the equation of a straight line with gradient m and y-intercept c. 

We call this the gradient-intercept form of a line. 

| Example 11 | <) Self Tutor 
State the gradient and y-intercept of the line with equation: 

a y=3xr-2 b y=7-2¢ c y=0. 

a4 y=3z—2 has m=3 and ¢= —2 
the gradient is 3 and the y-intercept is —2. 

b y=7-2z canbe writtenas y=—22+7, with m=—2 and c=7 
the gradient is —2 and the y-intercept is 7. 

¢ y=0 canbe writtenas y =0z +0, with m=0 and ¢c=0 
the gradient is 0 and the y-intercept is 0. 

EXERCISE 14D 

1 State the y-intercept of each line: 

a LY 

: Vs
 

2 Write down the y-intercept of the line with equation: 

a y=2x—-1 b y=z+4 ¢ y=3+2z 

d y=5-¢ e y=—x—3 f yzgx—4
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3 State the gradient and y-intercept of the line with equation: 

a y=4z+8 b y=-3z+2 c y=6-—=z 

d y=-2x+3 e y=-2 f y=11-3z 

I —3_3 P oy=2p4+14 g y=32 5 h y=3 5% Iy—5:U+5 

- _z+1 _ 22-10 _11-3z 

To draw the graph of y =mz +c: 

o Use the y-intercept c to plot the point (0, c). 

o Starting from (0, c), use horizontal and vertical steps from the gradient m to locate 

another point on the line. 

e Join the two points and extend the line in both directions. 

| Example 12 | <) Self Tutor 

Draw the graph of: 

a y=§x+1 b y=-2z-3. 

a For y=§m—|—1: b For y=—-2z-—3: 

e the y-interceptis ¢ = —3 

e the gradient is 

—2«— vertical step 

1 =— horizontal step 

\ AY 

e the y-interceptis c=1 

o the gradient is 

2<— vertical step m = 

3~<— horizontal step 
m = 

1)
 

|8
7 

Q
Y
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EXERCISE 14E 

1 Draw the graph of: 

a y=z+3 b y=-z+4 ¢ y=2z+2 Always let the 
o _ 1 _ 2 horizontal step 

d y=-3z-2 ey PR 1 fy 33:_}_4 be positive. 

g y=3z h yz—%fli y=-2z+1 

. 1 _3_ Y I y=3-32 k y=jz-2 ly=—32-3 

2 Draw the graphs of each line on the same set of axes. Hence find the coordinates of any point 

where the lines intersect. 

ay=z+1, y=—-z+3 b y=2x+1, y=~%w—4 

1 3 

e y=-2z+4, y=2-2z f =23, y=§:c—l—2 

The z-intercept of a line is the z-coordinate of the Y 

point where the line cuts the z-axis. 

Together, the z and y-intercepts are called the axes 

intercepts of the line. i 
z-intercept 

/ 

| Example 13 | %) Self Tutor 

Find the z and y-intercept of the 

given line: 

The line cuts the z-axis at (2, 0), 
so the z-intercept is 2. 

The line cuts the y-axis at (0, —3), 

so the y-intercept is —3. 
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Since the z-axis is the line y = 0, we can find the x-intercept of a line by substituting y = 0. 

m o) Self Tutor 

Find the z-intercept of the line with equation y = 4z — 3. 

Substituting y =0, we find 42z —-3=0 

4z —-3+3=0+3 {adding 3 to both sides} 

4o = 

4z 3 L : 
S| {dividing both sides by 4} 

g 
T4 

So, the z-intercept of the line is % 

EXERCISE 14F 

1 Find the z and y-intercept of each line: 

a Y b by < 

2 2 

2 a Use the x and y-intercept of each line to find its gradient. 

i W i y i P 

7T 1 ERE - > 2 f 2 

4 12 -2 
'] 

b Under what circumstance can we not determine the gradient of a line from the axes 
intercepts? Discuss your answer. 
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3 Find the z-intercept of the line with equation: 

a y=2r—6 

_ 1 

4 a Find the z-intercept of the line with equation y = mz + c. 

b y=3z+12 

e y=—%:r+3 

b What assumption have you made in a? 

c y=—-4zx -1 

2 

¢ Under what circumstances does the line with equation y = ma + ¢ have: 

i no z-intercept ii infinitely many z-intercepts? 

If the axes intercepts of a line are non-zero, we can use them to draw its graph. 

Draw the graph of the line with 

z-intercept —2 and y-intercept 
=3} 

Find the gradient of the line. 
x 

o) Self Tutor 

The line passes through 

(=2, 0) and (0, —3). 

3 i g =B 
Its gradient is - or —3 

EXERCISE 14G 

T Draw the graph of the line with: 

a z-intercept 4 and y-intercept 3 

¢ z-intercept —2 and y-intercept —2 

b z-intercept —3 and y-intercept 5 

d z-intercept 1 and y-intercept —4. 

2 Draw the graph of the line with these axes intercepts, and determine the line’s gradient: 

a g-intercept —1 and y-intercept 2 

¢ x-intercept 3 and y-intercept —5 

b z-intercept 2 and y-intercept 6 

d z-intercept —4 and y-intercept —2 

Given the graph of a line, we can use its y-intercept ¢ and one other point on the line to find its 
gradient m. 

We can then write down the equation of the line in the gradient-intercept form y = mz + c.
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Example 16 

For the graph alongside, find: 

a the y-intercept 

b the gradient of the line 

¢ the equation of the line. 

(4,5) 

4 

a The y-intercept ¢ = 2. 

b The gradient m = 

I 
N
N
 

vertical step 

horizontal step 

¢ The equation of the line is y = %:c + 2. 

EXERCISE 14H 

1 For each line, find: 

i the y-intercept il the gradient iii the equation of the line. 

a Ay Ly c by 

3/&1:3)-' 3 3 

/ (2,1) \ 

T3 3% 3 4 7z = i 3% 

-3 ~3 -3 

lr L J 

d Y LAY f Ay 
(-3,6) Tg 

3 3 (3.4) 
(-1.3) 

3 

T 13 3z M / 3z 

_3 / 4 3\ . 

Y Y 1N 
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2 Look at each graph carefully. Describe the line and hence write down its equation: 

a AY b ) by 

- S A 3 

s
 

3 Find the equation of each line: 

a % b ‘\1 N < "C’/ 

-3 : _ \ _ ” / 

(_5! *1) 

-3 -3 -3 

¥
 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 14A y 

1 a State the coordinates of the points A, B, C, D, and E. by 

b State the quadrant in which we find the point D. oA 

¢ State the point which lies on the z-axis. By 2 

E 2 2 1C = 

L9 

°E 
e 

D Y 

2 Lucy trains on the treadmill at a gym. Each  Day (z) 11231415 

day she records the time she spent running. 

Her results are shown in the table alongside. Time (ymin) | 2 | 5 | 8 [ 11|14 

a Plot these points on the same set of axes. 

b Do the points lie in a straight line? 

¢ Assuming this pattern continues, predict how long Lucy will spend running on: 

i day7 ii day8.
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On a set of axes, show all the points which have equal x and y-coordinates. 

& For the equation y =4 — 3z: 

a Construct a table of values using z = -3, -2, -1, 0, 1, 2, 3. 

b Draw the graph of the straight line. 

5 On the same set of axes, draw graphs of the lines with equations = = —2% and y = —4. 

6 Consider the line y =6 — 4z. 

a Find the y-coordinate of the point on the line with z-coordinate 3. 

b Find the z-coordinate of the point on the line with y-coordinate 4. 

7 Find the gradient of each line: 

a b ¢ 

/ 

8 Draw a line through the point: 

1 
a (3,5) with gradient 7 b (-2, 3) with gradient —2. 

9 Find the z and y-intercept of each line. 

a y b y € iy 

- 
2 T 

2 —~2 

# 

ML EAE AR ‘ ! 

10 Write down the y-intercept of the line with equation: 

a y=>5x—2 b y=z+6 < y=1—%ac 

11 Consider the points A(—5, 2) and B(5, —3). 

a Name the quadrant in which each point lies. 

b Plot A and B on a set of axes, and draw the line L which passes through them. 

¢ Find the gradient of line L. 

d Use your graph to state the z-intercept of L. 

12 Draw the graph of: 

a y=2z—3 b y=%a:+1 ¢ y=8—-3z 

13 Draw the graph of the line with: 

a z-intercept 5 and y-intercept 2 b z-intercept —1 and y-intercept —3.
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14 For each line, find: 

i the y-intercept ii the gradient iii the equation of the line. 

a AY b Y < L Y 
3 3 

V N TN 
-—p A > P Z i . 

-3 -3 (4i _’2) 

Pz v 

a
Y
 

REVIEW SET 14B I 

Plot the points P(2, 5), Q(3, —3), R(—4, 0), and S(—2, —4) on a set of axes. 

Find, by inspection, the equation of the straight line zl0]l112[314als 

passing through these points: y|5]4]3|2|1]0 

Consider the equation y = —gm +4. 

a Construct a table of values using z = -3, -2, -1, 0, 1, 2, 3. 

b Draw the graph of the straight line. 

Graph the lines z = —2 and y =6 on the same set of axes. Label the point where the 
lines intersect. 

5 Determine whether the point (—2, 5) lies on the line with equation y = —2z + 1. 

On grid paper, draw a line with gradient: 

2 4 
ag b—g ¢ 0. 

By plotting the points on grid paper, find the gradient of the line segment joining: 

a (2,1) and (8, 13) b (2,-3) and (-7, 12). 

For the graph alongside, find: 

a the z-intercept 

b the y-intercept 

¢ the gradient of the line. 

Consider the line with equation y = %x + 2. 

a Find the points on the line with 2-coordinates 2 and 4. 

b Plot the points on a number grid and hence draw the line. 

¢ Use the points to find the gradient of the line.
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10 Find the z-intercept of the line with equation: 

a y=3-15 b y=-2z-7 c y=ix—3 

11 For each of the following lines: 

I State the gradient and y-intercept. ifi Draw the graph of the line. 

1 _ 3, a y_—§x+2 b y—4:z: 3 

12 Draw the graphs of y =3z —2 and y =z +4 on the same set of axes. Hence find the 

coordinates of the point where the lines intersect. 

13 Find the equation of each line: 

a y b Pll/ 

".-.._____‘ 

B 3 T L 1 
< -3 G 

Y L 

14 a Draw the graph of the line with these axes intercepts, and determine the line’s gradient: 

i z-intercept 2 and y-intercept 3 il z-intercept —4 and y-intercept 1 

il z-intercept —3 and y-intercept —4 iv z-intercept 1 and y-intercept —2 

b Suppose a straight line has z-intercept @ and y-intercept b, where a, b # 0. Write, in 

terms of @ and b, the equation of the line.



Contents: 

T
m
O
N
n
w
W
>
 

Ratio 

Equal ratios 

Lowest terms 

Proportions 

Using ratios to divide quantities 
Scale diagrams



304 RATIO (Chapter 15) 

OPENING PROBLEM 

Andrew wanted to make banana bread. Looking in his 

pantry, he discovered that he had run out of self-raising 

flour. His friend Marie told him he could make self-raising 

flour by mixing plain flour and baking powder “in the ratio 

20:1”. 

Things to think about: 

a What does this ratio mean? 

b Will the mixture contain more plain flour or baking 

powder? 

¢ If Andrew uses 5 g of baking powder, how much plain flour should he use? 

d How much baking powder does Andrew need to make 420 g of self-raising flour? 

B  rato 
In the Opening Problem, Andrew is mixing two ingredients together. The ingredients are both 

measured by their mass, so we say they are quantities of the same kind. 

A ratio is an ordered comparison of quantities of the same kind. 

Ned wants to paint his fence green. He is told to mix “two 

parts blue paint with one part yellow paint”. 

We say that the ratio of blue paint to yellow paintis 2:1 or 

“2isto 17, 

The actual quantities of blue paint and yellow paint used are 

not important. As long as the paints are combined in the correct 

ratio, Ned will get the correct shade of green paint. 

| Example 1 | =) Self Tutor 

Write as a ratio: 9 mm is to 2 cm. 
The quantities 

must be expressed 

in the same units. 

9mmisto2cm=9 mm: 20 mm 

=9:20 

Ratios may involve more than two quantities. 

For example, to make concrete a builder mixes 1 bucket of cement, 2 buckets of sand, and 4 buckets 

of gravel. 

The ratio of cement to sand to gravel is 1:2:4, which we read as “1 is to 2 is to 4”.
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EXERCISE 15A 

1 Write as a ratio: 

a 6mListo 11 mL b 5kgisto2kg ¢ 12misto25m 
d 165 cm is to 152 cm e $1isto $3 is to $8 f 2kgisto 5 kgisto9kg 

2 Find the ratio of: 

a gold coins to silver coins b pens to pencils 

¢ acute angles to obtuse angles d knives to forks to spoons. 

re® 7\ 
o by [ 

e 9 
3 Find the ratio of vowels to consonants in the English alphabet. 

L Write as a ratio; 

a QBcmistolm b 3 years is to 11 months 

¢ 14 mm is to 3.1 cm d 4 hours is to 80 minutes 

e 23 seconds is to 2 minutes f 225 kg is to 0.75 tonnes 

5 Write as a ratio; 

a 1.6 kgisto 1807 gisto 2.12 kg b 80m: 1.28 km: 0.94 km 

¢ 105 seconds is to 2 minutes is to 134 seconds 

|_Example 2 
Write as a ratio; 

There are 5 adults for every 2 children at the restaurant. 

adults : children =5: 2 

6 Write as a ratio: 

a A bakery sells 2 pastries for every 7 pies. 

My lacrosse team wins 3 games for each game they lose. 

There are 5 cats for every 4 dogs at the pound. 

For every 2 hours of use, my laptop requires 37 minutes of recharging. 

For every $10 Marcia spends on food, she spends $7 on clothes and $3 on books. 

-
 
0
 
O
 

a
n
 
O
 

For every kilogram of tomatoes, add 250 g of onions and 400 g of carrots.
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An amusement park has three ticket options: 

e an individual ticket gives 1 entrance pass and 4 ride passes 

e a couples ticket gives 2 entrance passes and 8 ride passes 

e a family ticket gives 4 entrance passes and 16 ride passes. 

Notice that with every ticket type, for every entrance pass there 

are 4 ride passes. 

The three ratios 1:4, 2:8, and 4:16 are therefore equal 

Wecanwrite 1:4=2:8=4:16. 

Notice that we can: 
oma 

e double each part of 2:8 to obtain 4:16 2:8=4:16 
\)(_2/7 

+~2 
P 

e halve each part of 2:8 to obtain 1:4 2:8=1:4 

If we multiply or divide all parts of a ratio by the same non-zero number, 

we obtain an equal ratio. 

| Example 3 | «) Self Tutor 

Write a ratio that is equal to 7: 10 by: 

a multiplying both parts by 3 b dividing both parts by 10. 

a 7:10=7x3:10x3 b 7:10=7+10:10+10 

=21:30 =07:1 

EXERCISE 15B 

1 Write a ratio equal to 6 : 15 by: 

a multiplying both parts by 2 b dividing both parts by 3. 

2 Write a ratio equal to 2:5 by: 

a multiplying both parts by 4 b dividing both parts by 5. 

3 Write a ratio equal to 2:3:8 by: 

a multiplying all parts by 7 b dividing all parts by 4. 

4 Explain why the ratios 4:5 and 12:15 are equal. 

5 Explain why the ratios 12:9 and 6:3 are not equal.
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6 Decide whether the ratios in each pair are equal: IBlob e D rowa | 

a 2:4 and 8:16 b 12:30 and 3:10 parts must be multiplied or 

¢ 48:42 and 7:6 d 72:40 and 8:5 gividedibypitebancinoer] 

e 5:8 and 1:‘5" f 02:03 and 4:6 

g 3:6:7 and 12:24:28 h 2:3:5 and 10:15:30 

7 Find a ratio equal to 5 : 7, whose parts sum to 60. 

8 The two flags below are both correct flags of the Czech Republic. 

12cm 

a Write down the ratio height : width for each flag. 

Show that these ratios are equal. 

b Write down the ratio of areas blue : white : red for each flag. 

Show that these ratios are equal. 

9 Suppose the side lengths of a square are doubled. 

a Write down the ratio new side length : old side length. 

b Write down the ratio new area : old area. 

¢ Are the ratios you have found equal? Explain your answer. 

A ratio is in lowest terms or simplest form when it is written in terms of whole numbers with 
no common factors. 

To write a ratio containing whole numbers in lowest terms, we divide the parts of the ratio by their 
highest common factor. 

%) Self Tutor 

Write in lowest terms: 

a 8:12 b 18:48 

a 8:12 b 18 : 48 

=8+4:12+4 {HCF of 8 =18+6:48+6 {HCF of 18 

and 12 is 4} and 48 is 6} 

=284 =3:8 
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We are now able to define equal ratios more specifically: 

Two ratios are equal if they have the same lowest terms. 

EXERCISE 15C 

1 Write in lowest terms: 

a 3:12 b 16:8 ¢ 5:30 d 6:9 

e 35:15 f 24:40 g 63:49 h 80:90 

i 600 :800 j 250:120 ke 132:84 I 91:169 

2 Write in lowest terms: 

a 6:8:14 b 15:40:55 ¢ 42:12:21 

A chessboard with all the pieces set up is shown 
alongside. 

@Wi.fi.&l 
queen rook Dbishop knight pawn 

Find, in lowest terms, the ratio of: 

a pawns to kings b pawns to rooks 

¢ bishops to knights d bishops to queens 

e black pieces to white pieces. 

=) Self Tutor 
To eliminate 

Write in lowest terms: fractions, multiply by 
9 3 1 9 the lowest common 

L A b 15 : 1§ muttiple of the 
denominators. 

2 3 1 2 
== 1= :1= 

" 5 5 b 3 

2 3 3 b5 . 
=z x 5: R 5 =53 {convert to improper fractions} 

2[5 =2%6:2%6 {LCMof2and3is 6} 
=9:10 

L Write in lowest terms: 

2 5 5 1 1 
3°3 b 53 ¢ 1: 1 

2 1 1 1 
d 2: = e g 3 f 13 : 23 

1 5 1 7
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5 Write in lowest terms: 

1.1 1.1 2.3 472 b 31 €33 

1,1 2,1 3,51 dlZ'3 25.12 f14.23 

Example 6 m 

Write in lowest terms: To eliminate 

a 03:17 b 0.05:0.15 decimals, multiply 
by a power of 10. 

a 03:17 b 0.05:0.15 

=03 x10:1.7x10 =0.05 x 100 : 0.15 x 100 
=815 il =5:15 

=3-+5:156+5 {HCFof5 
and 15 is 5} 

=1l 2 & 

6 Write in lowest terms: 

a 0.1:0.3 b 04:0.7 ¢ 1.1:0.9 
d 0.4:08 e 1.6:04 f 1.2:2 
g 0.03:0.27 h 0.08:0.24 i 0.81:06 

7 Write as a ratio in lowest terms: 

a 800 m is to 500 m b 250 gisto 300 g ¢ $3.20 is to $2.40 
d 1L isto 600 mL e 90cmisto2.1m f 600 kg is to 1.8 tonnes 
g 45 minutesisto 4 hours h 1.4 cm?2 is to 40 mm?2 i 3.6 kgisto900g 

i 80ministo2h20min k750 mLis to 21 L I 6000 m? is to 2.8 ha 

8 By writing each ratio in lowest terms, determine whether the ratios in each pair are equal: 
a 6:8 and 20:15 b 6:16 and 9: 30 
c ;; and 15:25 d 50:125 and 0.2:05 

e 1.1 and 3:6 f 0.35:0.6 and . :2 i : 35: 0. z 

g 10:12:16 and 25:30:40 h 24:6:18 and 36:12:48 

DISCUSSION 
The ratio of the circumference of a circle to its diameter is 7 : 1. 

Can this ratio be written in “lowest terms”?
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PROPORTIONS 

A proportion is a statement that two ratios are equal. 

For example, the statement 6 : 15 = 12: 30 is a proportion. 

Example 7 o) Self Tutor 

Find O to complete the proportion 3 :5=18: Ll 

3:5=18:0 
x 6 
/-\ 

3:5=18:01 
~ 

x 6 

. O=5x6=230 

EXERCISE 15D 

1 Find the unknown value O in each proportion: 

a 3:4=6:01 b 3:6=12:1 

d 5:8=0:40 e 1:3=0:27 

g 30:18=5:01 h 56:21=8:01 

i3:4=1%:D k 05:09=0:9 

m 20:0=4:3 n 2:0=6:9 

p O0:30=2:5 q O:12=8:3 

2 Find the missing numbers [J and A in each proportion: 

a 5:6:7=10:0:A b 2:5:9=0:15:A 

To get from 3 to 18 
we multiply by 6. 

We do the same to get 

the second number. 

¢ 2:5=4:0 

f 4:1=24:0 

i 36:12=0:1 

I 1:6=0:1 

o 24:0=8:11 

. 1._ . r D.2§_9.5 

¢ 7:3:8=0:4A:40 

Example 8 

are going with them? 

The ratio of prefects to students on a grade 5 excursion is 3 : 10. 

12 prefects are going on the excursion. How many grade 5 students 

o) Self Tutor 

prefects : students = 3 : 10 

So, 40 grade 5 students are going on the excursion. 
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3 A group of people auditioning for a quiz show consists of men and women in the ratio 11 : 2. 

a If there are 33 men auditioning, find the number of women. 

b If there are 12 women auditioning, find the number of men. 

4 A street stall sells chicken kebabs and beef kebabs in the ratio 3 : 8. If 96 beef kebabs were 

sold, how many chicken kebabs were sold? 

5 Marion is training for a duathlon. Her time spent running and cycling is split in the ratio 3 : 2. 

If she spends 10 hours cycling in one week, how long does she spend running? 

6 Pedro makes drinks for his soccer teammates by mixing cordial and water in the ratio 2 : 9. 
If he has 0.4 litres of cordial, how much water should he add? 

7 In a biscuit recipe, flour and sugar are combined in the ratio 5:2. If % cup of sugar is used, 

how much flour should be added? 

8 Sean has a choice of four different sizes to print out his S Width | Length 
photographs. The width : length ratio is the same in each 

case. Copy and complete the table showing the dimensions small 6 cm 8 cm 

of each photograph size. regular | 9 cm 

medium 16 cm 

large | 24 cm 

9 Rachel is baking a chocolate cake. She uses flour, sugar, and cocoa in the ratio 9:7: 4. 

If she uses 270 g of flour, what mass will she use of: 

a sugar b cocoa? 

10 Sue invested money in stocks, shares, and property in the ratio 6 : 4 : 5. If she invested 

$36 000 in property, how much did she invest in the other two areas? 

Quantities can be divided in a particular ratio by considering the total number of parts the whole 

quantity is to be divided into. 

o) Self Tutor 

35 lollies are to be divided between Michelle and Wade in the ratio 

3:4. How many lollies will each person receive? 
To find a fraction 

of a quantity, we 

need to multiply. 

The ratio contains 3 +4 =7 parts in total. 

-, Michelle receives % of 35 and Wade receives ; of 35 

=3 _ 4 
_7><35 —7><35 

= 15 lollies = 20 lollies 
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EXERCISE 15E 

1 20 balloons are to be divided between Celena and Drew in the ratio 2 : 3. 

a What fraction of the balloons will be given to: 

i Celena ii Drew? 

b How many balloons will be given to: 

i Celena ii Drew? 

2 At a pro-am tournament involving 60 golfers, the ratio of professionals to amateurs is 5: 7. 

How many amateurs are playing in the tournament? 

3 Divide $450 in the ratio 5: 4. 

4 To make a ground cover for his pet tortoise, Chris mixes 
soil and sand in the ratio 7 : 3. How much of each will 

Chris need to make: 

a 20 kg b 50 kg of ground cover? 

5 A recipe says to mix lemon juice to lime juice in the ratio 

5:2, 

a If a 70 mL mixture is made, how much is lime juice? 

b If 75 mL of lemon juice is used, how much lime juice 

should be added? 

6 Ben and Alice share the cost of a laptop computer in the ratio 5 : 8. 

a If the laptop costs $2600, how much will each person pay? 

b If Ben pays $450, how much will Alice pay? 

¢ If Alice pays $600, how much does the laptop cost in total? 

) Self Tutor 

Clay pavers are made using clay, sand, and cement in the ratio 2:4: 1. 

I wish to make 14 tonnes of clay pavers. How much clay, sand, and cement must I purchase? 

The ratio contains 2+4 41 =7 parts in total. 

. Ineed % x 14 tonnes = 4 tonnes of clay, 

5;- 14 tonnes = 8 tonnes of sand, 

and % 14 tonnes = 2 tonnes of cement. 

7 Kurt is making three-cheese pasta. He needs to use ricotta, mozzarella, and parmesan cheese 

in the ratio 6:3: 1. If Kurt uses 800 g of cheese in total, how much of each type of cheese 
does he use? 

8 An alloy is made from tin, zinc, and lead in the ratio 15:4:1. How much tin is required to 

make 8 tonnes of the alloy?
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9 A hotel receives local, interstate, and overseas guests in the ratio 1:4 : 3. Last year the hotel 
had 12000 guests. How many of the guests were from: 

a interstate b overseas? 

10 Steve owns two sports stores. Store A has 15 baseball 

bats in stock, and store B has 25. 

Steve receives a shipment of 50 new baseball bats. 
How many of these bats should Steve send to each 

store so that the ratio of stock in store A to store B 
is 3:2? 

11 Leon has two buckets of lemons and limes, each containing 40 pieces in total. The first bucket 
contains 31 lemons. If the overall ratio of lemons to limes is 5 : 3, how many limes are in 
the second bucket? 

PUZZLE 
= — =T 

One full glass contains vinegar and water in the ratio 1 : 3. Another glass with twice the 
capacity of the first, has vinegar and water in the ratio 1: 4. 

If the contents of both glasses are mixed together, what is the ratio of vinegar to water? 

When designing a house, it would be 

ridiculous for an architect to draw a 

full-size plan. 

Instead, the architect draws a smaller 

diagram in which all lengths have been 
divided by the same scale factor. 

We see that the lengths on the diagram 

are in proportion to the actual house. 

BEDROOM 1 

ol 
BATHRM @ BEDROOM 2 

LIVING ROOM 

In a scale diagram, all lengths are divided by the same scale factor. 

What happens to the angles? 

To properly use a scale diagram, we need to know the scale used. 

L
A
U
N
D
R
Y
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Scales are commonly given in several ways: 

Scale: 1 cm represents 50 m. This tells us that 1 cm on the scale diagram 
represents 50 m in reality. 

Scale By measuring the scale, we see that 1 cm on 

0 50 100 150 200 250 the scale diagram represents 50 m in reality. 
metres 

Scale: 1 :5000 This ratio tells us that 1 unit on the scale 
diagram represents 5000 of the same units in 

reality. 

For example: 

e 1 cm would represent 5000 cm or 50 m 

e 1 mm would represent 5000 mm or 5 m. 

a Write the scale as a ratio. 

On a scale diagram, 1 cm represents 20 m. 

=) Self Tutor 

b State the scale factor. 

lem:20m 

=1cm: 20 x 100 cm 

=1 cm: 2000 cm 

=1:2000 

b The ratio simplifies to 
1 : 2000 so the scale 

factor is 2000. 

¢ To find the actual length, we 

multiply the drawn length by 

the scale factor. 

% scale factor 

P s Ny 
To find the drawn length, we 

drawn length actual length 

divide the actual length by the 

scale factor. 
N 
-+ scale factor 

On a scale diagram, the scale is 1 : 50. Find: 

a the actual length if the drawn length is 15 cm 

b the drawn length if the actual length is 12 m. 

I 

a actual length 

= drawn length X scale factor 

=15 cm x 50 

=750 cm 

=750 <+ 100 m 

=7.5m 

b drawn length 

= actual length + scale factor 

=12m <+ 50 

=024 m 

= 0.24 x 100 cm 

=24 cm 
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EXERCISE 15F 

1 Write each scale as a ratio, and state the scale factor: 

a 1 cm represents 1 m b 1 cm represents 1 km 

¢ 1 cm represents 30 m d 1 mm represents 2 km 

e 1 mm represents 250 m f 1 cm represents 200 km 

2 For each scale, explain what 1 c¢m represents: 

a 1:250 b 1:4000 ¢ 1:500 

d 1:25000 e 1:150000 f 1:22000000 

3  Write each scale as a ratio: 

a Scale b Scale 

0 20 40 60 80 100 0 60 120 180 240 300 

metres kilometres 

4 Consider the scale 1:10000. Find the actual length if the drawn length is: 

a 3.5 mm b 16 cm ¢ 52cm d 6.4 mm. 

5 Consider the scale 1:20. Find the drawn length if the actual length is: 

a 10m b 26m ¢ 480 cm d 56 m. 

6 Consider the scale diagram of a rectangle. 

a Find the actual dimensions of the rectangle. 

b Which of the following could the rectangle 
represent? 

A a bank note B a domino 

C a tennis court D a chopping board Scale: 1 : 80D 

7 Use this scale diagram to find: 

a the length of the vehicle 

b the diameter of a tyre 

¢ the height of the top of the vehicle above 

ground level 

Scale: 1:80 d the width of the bottom of the door. 

8 Use this scale diagram to find: 

a the total length of the ship 

b the height of the taller mast 

¢ the distance between the masts. 

L—— total length A—J 

Scale 

0 10 20 30 40 50 
metres 
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9 Draw a scale diagram of® 

a a square with sides 25 m using the scale 1 cm represents 10 m 

b arectangle 3 km by 6 km using the scale 1 cm represents 2 km 

¢ a triangle with sides 10 m, 24 m, and 26 m using the scale 1 : 500 

d a circle with diameter 5 km using the scale 1 : 250 000. 

10 Choose an appropriate scale and draw a scale diagram of: 

a a rectangular house block 13 m by 29 m 

b a garage door 4.6 m by 2.2 m 

¢ a triangular park with sides 45 m, 60 m, and 75 m. 

The actual length of the aeroplane in the scale 
diagram is 70 m. 

Find: 

a the scale used in the drawing 

b the actual wingspan of the aeroplane 

¢ the actual width of the fuselage. 

1 

width of 
fuselage 

BEDROOM 2 

LIVING ROOM BEDROOM 1 

V
E
R
A
N
D
A
H
 

Find: 

a the scale factor for the diagram 

b the external dimensions of the house, including the verandah 

¢ the cost of covering the bedroom floors with wooden floorboards costing $127.50 per 
square metre.
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13 Use this map of the USA to find the actual distance between: 
a New York and New Orleans b El Paso and Miami ¢ Seattle and Denver. 

Lsalt Lake City 
. 

San Francisco Denver 

Allanta » 

Miami 

Scale: 1: 50 000 000 

14 This diagram is an enlargement of a mosquito drawn with the 
scale 1:0.25. Find the actual lengths of the: 
a wingspan, a 

b abdomen length, b 

¢ proboscis length, c. 

15 The diagram given shows a microscopic organism 
enlarged using the scale 8000 : 1. 

a Find the scale factor for this diagram. 
b Find the actual length of the; 

i cell width, o il cell length, b. 

What to do: 

1 a Use a measuring tape or ruler to find the dimensions of the rooms in your house. 
b Choose an appropriate scale then draw a plan of your house like the one shown on 

page 313. Do not forget to include the scale on your plan. 
2 Look up some house plans on the internet from real estate sites. 

a Check that the length and width of each room are in the same ratio as the dimensions 
given. 

b Why do you think it is important that real estate plans are to scale?
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One way to make a scale drawing is to 

grid. 

draw a grid over the picture to be enlarged O 

or reduced. We then copy the picture one -, ariD 

square at a time onto a larger or smaller PAPER 

L =A 
What to do: g\), / * 

=3 Click on the icon to obtain grid paper. You 

could use a photocopier to further enlarge 
= 

or reduce it. 

Copy the frog, or a picture of your own choosing. 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

Write as a ratio: 

a 5cmisto9cm b 2kgisto 839 ¢ 

¢ 141 minutes is to 3 hours is to 53 minutes. 

Write a ratio equal to 10:30:25 by: 

a multiplying all parts by 4 b dividing all parts by 5. 

Write in lowest terms: 

a 24:54 b %:2% ¢ 3:22 

By writing each ratio in lowest terms, determine whether the ratios in each pair are equal: 

a 45:60 and 39:52 b %:4 and 4:20 ¢ 48:32 and 0.45:0.3 

Find the unknown value [J in each proportion: 

a 5:8=15:0 b 72:0=9:4 c 5:7=2%:D 

A choir has baritone, soprano, and alto singers in the ratio 2:5: 3. If there are 15 alto 

singers, find the number of: 

a Dbaritone singers b soprano singers. 

Divide $3500 in the ratio 5 : 2.
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8 Three families share the cost of a 120 kg side of beef in the ratio 4 : 5 : 3. How much 

meat should each family receive? 

9 a For the scale given in this scale diagram, ] 

explain what 1 cm represents. - . . 

b Find the actual: - - . 

i height of the building 

ii width of the building. 

Scale: 1:400 

10 Draw a scale diagram of a triangular block of land with side lengths 18 m, 24 m, and 30 m. 

Use the scale 1 : 500. 

11 Answer the Opening Problem on page 304. 

12 Housemates Izaak, Penny, and Sean share the cost of their internet bills in the ratio 2:4: 3. 

a What fraction does each person pay? 

b To set up the account, Izaak paid $30. How much was paid by: 

i Penny ii Sean? 

¢ The total bill in one month was $72. How much did each person pay? 

d When Sean moved out of the house, Izaak and Penny agreed to pay half of Sean’s 

share of the cost. Find, in lowest terms, the ratio in which Izaak and Penny now share 

the cost. 

REVIEW SET 158 | 

1 Write as a ratio: 

a A gardener plants 5 roses for every 3 tulips. 

b For every hour Sara spends running, she spends 45 minutes cycling and 18 minutes 

swimming. 

2 Decide whether the ratios in each pair are equal: 

a %;3 and 4:24 b 4:5:8 and 16:20: 48 

3 Write in lowest terms: 

a 20:55 b 028:0.1 c 1%:% 

& Write as a ratio in lowest terms: 

a 800 kg is to 1.4 tonnes b 2.8 cm? is to 80 mm? 

5 Find the missing numbers [] and A in the proportion 6:3:7=0:18:A. 

6 In a school the ratio of students playing soccer and basketball is 8 : 5. 

If 96 students play soccer, how many students play basketball?



320 RATIO (Chapter 15) 

7 A 26 hectare vineyard grows vines for white and red grapes in the ratio 4 : 9. How many 

hectares of each type of grape are planted? 

8 Each year, Greg donates money to his three favourite charities in the ratio 7:6: 3. 

If he donated a total of $320 this year, how much did each charity receive? 

9 A 1:3000 scale model of the Sydney Harbour Bridge is being built for a museum. The 

actual bridge is 1149 metres long. Find the length of the model. 

10 The rectangle is drawn with the scale 1: 10. 

a Find the actual dimensions of the rectangle. 

b Which of the following could the rectangle represent? 

A aroom B a stamp € a paver 

11 The actual length of the bus in the scale diagram is 

10 m. 

a Find the scale used for the diagram. 

b Hence find: L . 

i the actual height of the windows 

il the actual height of the bus. 

12 Mr Brown is designing a garden. He draws Fruit tree area 

the scale diagram shown. Chicken 

a Find the actual dimensions of: pet (g 3 

i the chicken pen % % 

ii the fruit tree area. Lawn 48‘5,’0 E"‘jo 

b Find the actual area of the lawn. > > 

¢ Mr Brown wants to add another 

vegetable bed between the two existing 

beds. He wants the bed to be 2 m wide 

by 5 m long. Patio Secale: 1: 200 

i How big would this new bed be on 

the diagram? 

ii Will this new bed fit? Explain your 

answer.
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OPENING PROBLEM 

As Lily looks out the car window, she sees that the 

car is exactly level with a train. Both the car and the 

train are travelling at constant speeds. 

In the next 2 minutes, the car travels 2600 m and the 

train travels 3.8 km. 

Things to think about: 

a What do we mean by speed? What does it 

measure? 

b Which is travelling faster, the car or the train? 

¢ Can you write the speed of: 

i the car in metres per second ji the train in kilometres per hour? 

d Can you graph the distance travelled by the car and the train against time on a set of axes? 

e How are the speeds of the car and train observed on the graph? 

We have seen that a ratio is an ordered comparison of quantities of the same kind. 

For example, we can have a ratio of lengths or a ratio of times. 

A rate is an ordered comparison of quantities of different kinds. 

For example, a person’s heart rate is a comparison between a number of heart beats and the time 

taken for them to happen. 

1 Think about quantities which you can measure, such as mass, area, and volume. Discuss 

scenarios where we may be interested in the rate of change of these quantities with respect 

to time. 

2 What rates are you familiar with, which are rot rates of change with respect to time? 

When we write a rate, we do not use a ratio sign “:”, but instead we 

divide one quantity by another. 
The slash “/” 

indicates division. 

Since we are comparing quantities of different kinds, units are very 

important. We must always include units in our answer. We use the 

word per which means “for every”, or a slash “/” to separate the units. 

For example, if a person’s heart beats 65 times every minute, we write 
their heart rate as 65 beats per minute or 65 beats/minute.
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ACTIVITY 1 , 

What to do: 

1 Find your pulse on your wrist or the side of your neck. 

2 Count how many times you can feel your pulse in one 

minute. This is your heart rate in beats per minute. 

Compare your heart rate with those of your classmates. 

& What happens to your heart rate when you exercise? 

5 Find out how your heart rate can be used to measure your 

fitness. 

| Example 1 | ) Self Tutor 

Three weeks ago, baby Hazel weighed 12.5 kg. She now weighs 

13.1 kg. Find Hazel’s rate of weight gain in grams per week. 

In 3 weeks, Hazel’s weight gain = 13.1 kg — 12.5 kg 

= 0.6 kg 

=600g 

600 g 
Hazel’s rate of weight gain = -———— 

= 200 g per week 

EXERCISE 16A 

1 Suggest units which could be used to measure each rate: 

a a person’s rate of pay b an aeroplane’s speed 

¢ the price of petrol d a person’s typing speed 

e the rate at which a car’s temperature increases on a hot day. 

2 Jennifer’s heart beats 375 times in 5 minutes. Express this as a rate in beats per minute. 

3 The Peterson household used 1170 megajoules of gas during April. Express this as a rate in 

megajoules per day. 

4 In 2015, a tree was 19.5 m tall. By 2021 it had grown to 26.7 m tall. Find its rate of growth 

in metres per year. 

5 A 2.8 kg durian costs $18.60. Express this as a rate in $/kg. 

6 The mass of a baby mouse is recorded at birthand [ Bjrh | Week 1 | Week 2 | Week 3 
at the end of each week thereafter. 138¢g| 467¢g | 8.14g | 11.09g 

a Find the rate of change in mass over the 

3 week period. 

b In which week was the growth fastest?
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7 The table below shows the populations of several cities in the years 2009 and 2019: 

City 2009 2019. Population | Population % population 
population | population | growth growth per year growth 

Sao Paulo | 19377000 | 21847000 | 2470000 247000 12.7% 

Lagos 10115000 | 13904000 

Cairo 16539000 | 20485000 

Mexico City | 19958000 | 21672000 

Beijing 15685000 | 20035000 

Manila 11622000 | 13699 000 

a Copy and complete the table. 

b Which city had the highest population growth per year over this period? 

¢ Which city had the highest percentage population growth rate over this period? 

Henry the elephant eats 240 peanuts every 3 minutes. 

a Find Henry’s rate of eating peanuts. 

o) Self Tutor 

b How many peanuts will Henry eat in 10 minutes? 

240 peanuts 

3 minutes 
Henry’s rate of eating peanuts = 

= 80 peanuts per minute 

b In 10 minutes Henry will eat 10 x 80 = 800 peanuts. 

8 A family of four uses 2800 litres of water each week. 

a Find the rate of water usage in litres per day. 

b How much water will the family use in 20 days? 

9 Judy works part-time at a local café. She earned $86.40 for working 4 hours last week. 

a Find Judy’s rate of pay. 

b This week Judy worked 19 hours. How much will she earn this week? 

10 A milk truck takes 5 minutes to discharge 6750 litres of milk. 

At this rate, how much milk would the truck discharge in 18 minutes? 

11 A bus can travel 92 km on 8 litres of diesel. 

a How far could the bus travel on 28 litres of diesel? 

b How many litres of diesel are required to travel 690 km? 

12 Tt costs $640 to buy a 32 m length of fibre optic cable. 

a Find the cost of each metre of cable. 

b Find the cost of a 27 m length of cable. 

¢ Find the length of cable that could be bought for $4400.
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13 Leo’s car uses 28 litres of petrol to travel 518 km. 

a Find the rate at which the petrol is used in: 

i km per litre il litres per 100 km. 

b Leo is driving 1480 km on vacation. 

i How many litres of petrol will he need? 

il If petrol costs $1.35 per litre, how much will he spend on petrol? 

14 26.5 tonnes of gravel costs $1030.85. Find the cost of 42.8 tonnes of gravel. 

ACTIVITY 2 

Population density is a rate which compares the population of a region with  POPULATION 
the area of that region. DENSITY 

Click on the icon to obtain this Activity. 

The most common rate that we use is speed, which is a comparison between the distance travelled 

and the time taken. 

When we go on a car journey, we do not always travel at a constant speed. We need to slow down 
for other cars, and stop at traffic lights. 

We can therefore consider speed in two different ways. 

e The instantaneous speed of an object is the rate at which it 

is travelling at a particular point in time. 

For example, this speedometer tells us the instantaneous 
speed of the car is 50 km per hour. 

e The average speed of an object during its journey is given by 

total distance travelled 
average speed = - 

total time taken 

This formula can be rearranged into: 

distance = speed x time 

distance DEMO 
or time = 

€ speed D 

You can use the triangle alongside to help you remember s|T 
these. Click on the icon for a demonstration. 
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Discuss whether you would be more interested in instantaneous speed or average speed when: 

e you are driving past a police officer with a radar gun 

e you are planning a holiday road trip 

e you are driving to your best friend’s wedding 

e you are driving past a school. 

| Example 3| %) Self Tutor 

Erica cycled 80 km in 2 hours. 

a Find her average speed. 

b How long would it take Erica to cycle 180 km at this rate? 

T distance travelled Bt = distance 

8¢ SPeed = — e taken speed 

= 50 km _ 180km 
" 2 hours T 40 km/h 

_ & _ 180 == km/h = o hours 

= 40 km/h = 4% hours 

EXERCISE 16B 

1 Find, in kilometres per hour, the average speed of: Bareho ohe 

a cyclist who rides 100 km in 4 hours written as kmvh or kmph. 

b a jet boat which travels 150 km in 5 hours ) TN\ 

¢ an athlete who runs 18 km in 1.5 hours 

d an aeroplane which takes 50 minutes to fly 750 km. 

2 The speed limit on a freeway is 100 km/h. Jason drives 210 km along the freeway in 2 hours. 

Has he broken the law? 

3 Bemnadette drives her car at an average speed of 72 km/h. 

a If Bernadette drives for 3 hours, how far does she travel? 

b How long would it take Bernadette to travel 54 kilometres at this speed? 

4 A model train travels around a circular track with radius 
5 m. The train takes 20 seconds to complete a lap of the 
track. Find the average speed of the train, giving your 
answer in metres per second correct to 1 decimal place. 
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5 a Liam’s aeroplane flew at an average speed of 210 km/h for 1 hour and 40 minutes. How 
far did Liam fly? 

b When Liam makes the return journey, he is now flying against the wind, and his plane 
averages only 175 km/h. How long does the return flight take him? 

6 Yiren walks 60 metres in 22.5 seconds, while Sean walks 150 metres in 1 minute, 
a Find the average speed of each person. 
b Yiren and Sean each walk 2000 m at their normal speed. Who will finish first, and by 

how much? 

7 A truck travels 90 km at 90 km/h, then another 90 km at 60 km/h. Find the average speed of the truck for the entire journey. 

Which is heavier: 

1 tonne of lead or 1 tonne of feathers? 

The objects both have mass 1 tonne. However, many people guess that the lead is heavier, since any given volume of lead will be much heavier than the same volume of feathers. They have in fact compared the lead and feathers using a rate called density. 

The density of an object is its mass per unit of volume. 

. mass 
density = 

volume 

Density is usually measured in grams per cubic centimetre. 

For example, the density of pure gold is 19.30 grams per cm3. This 
means that every cubic centimetre of pure gold has mass 19.30 grams. 19.30¢ 

THE DENSITY OF WATER 

We have previously seen that 1 mL or 1 cm3 of pure water at 4°C weighs 1 gram. 

The density of pure water is 1 gram per cm®. 

If an object has density less than 1 gram per cm3, then it will float on water. 

If its density is greater than 1 gram per cm®, then it will sink.
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These tables list some common densities in grams per cm®. 

Material Density Material Density 

carbon dioxide | 0.002 aluminium 2.70 

petrol 0.70 iron 7.87 

ice 0.92 lead 11.35 

water 1.00 gold 19.30 

milk 1.03 platinum 21.45 

|_Example 4 <) Self Tutor 
Find the density of a piece of timber which is 60 cm by 10 cm by 3 cm 

and weighs 1.62 kg. 

=1620 g 

mass 

volume 

_ 1620 g 

"~ 1800 cm? 

= 0.9 g per cm® 

density = 

= 1800 cm® 
The timber has mass = 1.62 kg and volume = 60 x 10 x 3 cm® 

EXERCISE 16C 

1 Find the density of: 

a an object with mass 20 g and volume 5 cm? 

b a metal disc which weighs 1.13 kg and has volume 50 cm® 

¢ a block of ebony whichis 1.1 m x 3 cm x 4 cm and weighs 1.4 kg. 

2 How many times more dense is: 

a lead than water b platinum than aluminium ¢ milk than petrol? 

3 A pair of cubic dice and their weights are A B 

shown alongside. == - —1 ? 

Which die is more dense? b e ofty ° . 
12cm | o |?y 

o off ° 

10 grams 50 grams 

Petrol and water are immiscible which means they do not mix. If 

the two liquids are poured into a container, they will separate into 

two layers. Which is the upper layer? Explain your answer.
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You will need: ruler, set of scales, container of 

The doorstop shown weighs 200 grams. If it is 
dropped into water, will it sink or float? 
Explain your answer. 

A cube of solid silver has side length 2 cm and mass 84 g. 
a Find the density of solid silver. 
b Find the mass of a 5 cm by 6 cm by 10 cm block of silver. 

A cylindrical iron bar has radius 2 cm and length 1.2 m. Find the mass of the bar in kilograms. 
Belinda has a square-based pyramid made of crystal with 
mass 18.3 g and dimensions as shown. 
Calculate the density of the crystal. 3.2cm 

2.8cm 

Calculate the average density of a tennis ball with diameter 66 mm and mass 57 g. 

What to do: 

o
 

n
n
 
P
 
o
w
 

water. 

Gather several solid waterproof objects from 
around your classroom or your home. The 
objects should have a shape that you can 
calculate the volume of, such as a rectangular 
prism or a cylinder. 

Copy this table and list your objects in it: 

Object ;I_jfedic_t_ion__i_ Mass | Volume Density | Result 

Predict whether each object will sink or float when placed in the container of water. 
Measure the mass of each object. 

Measure the dimensions of each object, and hence calculate its volume. 
Calculate the density of each object. If you wish, you may now change your predictions about whether each object will sink or float. 

Place each object in the container of water. Record the result.
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e How is density affected by: 

» temperature » the state of a substance (solid, liquid, or gas)? 

e What is special about the solid and liquid states of water? 

It is sometimes useful to convert a rate into different units so it is easier to understand in the cont
ext 

of the situation. 

2 metres per second is equivalent to 7.2 kilometres per hour. 

Which units are more helpful if you are: 

e walking 300 m to the bus stop e hiking for 5 hours? 

Example 5 0 el Tutor 
A petrol bowser pumps petrol at the rate of 600 L per hour. Write this rate in 

L per minute. 

In 1 hour, the bowser pumps 600 L. 

in 1 minute, the bowser pumps % =10L. {1 h =60 min} 

This is a rate of 10 L per minute. 

SPEED CONVERSIONS 

36 km 

1 hour 

__ 36000 metres 

" 3600 seconds 

=10 m/s 

So, travelling at 10 m/s is the same as travelling at 36 km/h. 

Roger rides his bicycle at 36 km/h = 

{1 h = 60 min = 60 x 60 s} 

Notice that travelling at 1 m/s is the same as travelling at 3.6 km/h. 

e To convert m/s into km/h we multiply by 3.6. / \ 

e To convert km/h into m/s we divide by 3.6. 

\/
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Example 6 

a A sprinter runs at 11 m/s. Convert this speed into km/h. 
b An aeroplane travels at 900 km/h. Convert this speed into m/s. 

a 11 m/s b 900 km/h 
=11 x 3.6 km/h =900 + 3.6 m/s 
= 39.6 km/h = 250 m/s L 

—= 

EXERCISE 16D 

N
 
-
 

10 

" 

A fire hose discharges water at the rate of 180 litres per minute. Write this rate in L per hour. 
Kelly’s heart rate is 60 beats per minute. Write her heart rate in: 
a beats per second b beats per hour ¢ beats per day. 
A shower head has a flow rate of 7.5 L per minute. Write this rate in: 
a L per hour b mL per second. 

A bamboo plant grows 18 m in 60 days. Write this growth rate in: 
a m per day b m per hour ¢ mm per hour. 

Reg eats 175 g of potato chips per day. Write this rate in: 
a grams per week b kilograms per week. 

The density of a metal is 6.8 g per cm3. Write this density in kg per m3. 
A helium balloon with volume 2000 cm3 contains 358 mg of helium. 
a Find the density of helium in mg per cm3. 
b The density of air is approximately 0.0013 g per cm3. Ts helium more dense or less dense than air? 

Convert into km/h: 

a 200 m/s b 45 m/s ¢ 27 m/s d 800 m/s 
Convert into m/s: 

a 50 km/h b 110 km/h ¢ 21 km/h d 540 km/h 
In 2009, Usain Bolt achieved a world record time of 19.19 seconds for the 200 metre sprint. Write his average speed, correct to 2 decimal places, in: 
a m/s b km/h. 

Write the following speeds in km/h: 
a A sprinter runs 100 m in 9.7 seconds. 
A greyhound races 500 m in 29 seconds. 
A horse gallops 2 km in 2 min 10 seconds. 
A swimmer travels 1.5 km in 15 minutes, 
A cheetah sprints 380 m in 12.9 seconds. 

®
 
A
 
A
 
O
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12 A hypersonic jet can travel at Mach 5, which is 5 times the speed of sound. Given that the 

speed of sound is approximately 340 m/s, find the time it would take the jet to fly 12066 km 

from Sydney to Los Angeles. Give your answer in hours and minutes. 

One way to visualise the relationship between two quantities is to draw a graph of one quantit
y 

against the other. 

To determine which quantity to place on which axis, we consider whether the value of one variabl
e 

depends on the value of the other. 

The dependent variable depends on the p 

independent variable. 
v 

We place the independent variable on the 

horizontal axis and the dependent variable on 

the vertical axis. 

dependent 
variable 

independent 
variable 

For example, a travel graph for a journey shows the relationship between distance travelled an
d 

the time taken. The distance travelled depends on the time taken, so time is on the horizontal axis 

and distance is on the vertical axis. 

This travel graph shows the progress of a train travelling 

o) Self Tutor 

4 distance (km) 

between cities. el 

a How far does the train travel in the first 3 hours? 180 

b Find the speed of the train for the first 3 hours. 
. - . 120 

¢ Find the speed of the train during the final hour of 

the journey. 60 

d Find the average speed of the train for the entire time (h) 

joumey. 00 1 B 

a The train travels 180 km in the first 3 hours. 

i 4 distance (km Sl dxsta.nce travelled _ 180km _ oo 940 a ‘( n) 

time taken 3 hours 210}« : 

g 1 5 NN O i 
¢ Speed = chsta'nce travelled __ 30 km __ 30 km/l 80 f= : : 

time taken 1 hour : 

; 120 H : 
{ 

d Average speed = total dlsta-nce travelled /o i o 

total time taken 60 | i I 

210 km O -5 
s o & -+ time(h) 

2 : £ 

= 52.5 km/h e L 
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EXERCISE 16E 

1 This graph shows the progress of a secretary typing 
a document. 

b 

How many words did the secretary type in the 
first 2 minutes? 

How long did the secretary take to type 
450 words? 

Find the rate at which the secretary can type. 

2 This travel graph shows the progress of a car 
travelling between towns A, B, and C, 

-
 
0
 
O
 
A
 
O
 

How far is it from A to B? 
Find the speed of the car between A and B. 
How far is it from B to C? 
Find the speed of the car between B and C. 
Find the total distance from A to C. 
Find the average speed of the car between A 
and C. 

3 This graph shows how much a student earns for 
working at a service station. 

b 

How much does the student receive for working 
6 hours? 

Find the student’s rate of pay for the first 
6 hours. 

How much does the student receive for working 
8 hours? 

Find the student’s rate of pay for each additional 
hour after the first 6 hours. 
Find the student’s average rate of pay for 
working 8 hours. 

4 This travel graph shows the progress of a cyclist 
riding along a flat road. 

a 

b 

Calculate the speed of the cyclist. 
Calculate the gradient of the straight line. 
Comment on your answer. 
Explain the significance of the graph being a 
straight line. 

500 
words 

400 

300 

200 

100 

time (min) 

250 
distance (km) 

time (h) 

T wage ($) 

200 

100 

hours worked 

0 2 4 6 8 10 

distance (km) 
80 

60 

40 

20 

time (h) 
0 - 
0 1 2 3 
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Example 8 <) Self Tutor| 

a 

b 

Max has 10 litres of fuel left in his car’s petrol tank. When he fills it, petrol is pumped into 

the tank at 15 litres per minute. The petrol tank can hold 70 litres. 

Identify the independent and dependent variables. 

For every time increase of 1 minute, what is the change in the amount of petrol in the 

tank? 

Copy and complete: Time (min) ol 1]l 23] 4 

Amount (litres) 

Draw a line graph to display the relationship between the variables. 

Use your graph to find: 

i the number of litres of petrol in the tank after 1.5 minutes 

ii the time when there are 50 litres of petrol in the tank. 

The amount of petrol in the tank depends on the #ime it has been filling. 

time is the independent variable and the amount of petrol is the dependent variable. 

For every time increase of 1 minute, the amount of petrol in the tank increases by 15 litres. 

Time (min) 0|12 | 3|4 

Amount (litres) | 10 | 25 | 40 | 55 | 70 

100 

90 

80 

70 

' amount (litres) 

time (min) 

0 1152 13 4 5 6 
2.7 

i After 1.5 minutes there are 32.5 litres of petrol in the tank. 

ii There are 50 litres of petrol in the tank after about 2.7 minutes. 

5 Identify the independent and dependent variables when considering: 

a the mass of a kitten and its age in weeks 

b the score you achieve for a test and the time you spent studying for it 

¢ the amount of water given to a plant and the amount it grows.
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6 Chickpeas can be bought for $6 per kilogram. 

a Copy and complete: | Weight of chickpeas (kg) | 0 | 1 | 2 | 3 | 4] 5] 
| Cost ($) | || 

b Identify the independent and dependent variables. 
¢ Draw a line graph to display the relationship between the variables. 
d Use your graph to find: 

I the cost of 1.5 kg of chickpeas 
il the weight of chickpeas which can be bought for $15. 

¢ Find the gradient of the straight line. Explain your answer. 

7 A cargo ship travels between two ports at a constant speed of 40 km/h. 
a Copy and complete: Time (h) 0|1|2]3[4T]s 

Distance (km) 

Identify the independent and dependent variables. 
Draw a travel graph to display the relationship between the variables. 
How far will the ship travel in 2.5 hours? 
How long will the ship take to travel 150 km? 
Find the gradient of the straight line. Explain your answer. 

-
 
0
 
O
 
a
 
O
 

8 A Formula 1 car uses 30 litres of fuel to travel 40 km. 

a Copy and complete: Fuel used (L) | 0 |30 60 90 
Distance (km) B 

b Identify the independent and dependent variables. 
¢ Draw a line graph to display the relationship between the variables. 
d Hence find the distance the car would travel on 75 litres of fuel. 
¢ How many litres of fuel would be needed to complete a race of 160 km? 
f Find the rate of fuel consumption in kilometres per litre. 

9 When Chris took his phone off the charger, it had 80% charge. His phone lost charge at 5% per hour for the next 3 hours. Chris then used his phone to watch a movie, and his phone lost charge at 10% per hour for the next two hours. 
a Copy and complete: Time(hours) | 0 | 1 | 2| 3[4 s 1 

Charge (%) l J 

Identify the independent and dependent variables, 
Draw a line graph to display the relationship between the variables. 
Find the charge on the phone after 2.5 hours. 
How long did it take for the charge to fall to 50%? 
Find the average rate at which the charge decreased during the five hours. 

-
 
®
 
O
 
a
 
O
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Global context: Globalisation and sustainability GLOBAL 
T ; . CONTEXT 

Statement of inquiry: Mathematics is an important tool for making . 

informed decisions about global issues. 

Criterion: Applying mathematics in real-life contexts 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ % 

1 At a local market it costs $5.10 to buy 0.6 kg of rhubarb. 

a Find the price per kilogram of the rhubarb. 

b How much would it cost to buy 2.5 kg of rhubarb? 

2 Water from a tap will fill a 9 L watering can in 45 seconds. 

a Find the rate at which water flows from the tap, in litres per minute. 

b How long will it take to fill a 120 L pond? 

3 A freight train travels 770 km in 8 hours, while a truck on the highway travels 120 km in 

85 minutes. Which mode of transport travels faster? 

4 A plane travels at 600 km/h for 1 hour, then 750 kmv/h for 3 hours. Find the total distance 

travelled by the plane. 

5 Find the density of a 420 g paperweight with volume 150 cmd, 

6 A cube of iridium has side length 6 cm. Given that the density of iridium is 22.56 g/cm?3, 

find the mass of the cube in kilograms. 

7 A cat has a resting heart rate of 150 beats per minute. Write this heart rate in: 

a beats per second b beats per hour. 

8 This graph shows the energy consumed by a 1000, enerdy () 

space heater. 

a How much energy did the heater consume g 
in the first 4 minutes? 600 

b How long did it take for the heater to 
consume 750 kJ of energy? 400 

¢ Find the rate at which the heater consumes - 

energy. 
0 time (min) 

0 1 2 3 4 5 6
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9 20 distance (km) Work This travel graph shows Sylvie’s progress when 
driving her car from home to work. 

15 e a How far is it from Sylvie’s home to her 
work? 

g0 b How long did it take Sylvie to get to work? 
5 B 4 find Sylvie’s average speed for the whole 

A time (min) journey. 
0 o 10 20 30 d Find Sylvie’s speed between B and C. 

10 A particular fabric can be bought for $4 per metre. 

a Copy and complete: Length of fabric(m) | 0 | 1 [ 2 [ 3 | 4 | 5 

' Cost ($) 

b Identify the independent and dependent variables. 

¢ Draw a line graph to display the relationship between the variables. 

d Use your graph to find: 

i the cost of 2.5 m of fabric ii the length of fabric which costs $14. 

11 Answer the Opening Problem on page 322. 

REVIEW SET 16B 

1 In 3 hours on his motorcycle, Trent travels 198 km and uses 11 litres of fuel. 

a Find Trent’s average speed in km/h. 

b Find the fuel consumption of the motorcycle in km/L. 

2 In 2013, a house was valued at $580 000. In 2021, it was valued at $676 000. 

Find the rate of increase in value, in dollars per year. 

3 Alex drove 200 km in 4 hours. 

a Find his average speed. 

b Driving at this speed, how long would it take Alex to drive 325 km? 

¢ Write Alex’s average speed in metres per second. 

4 A jogger ran at an average speed of 12 km/h for 35 minutes. How far did she travel? 

5 Foam has density 0.03 g/cm®. Find the mass of a block of foam with volume 24 000 cm3. 

6 A cylinder 10 cm long has diameter 6 cm and mass 200 g. If it is dropped into water, will 
it sink or float? 

7 A tree grows at a rate of 15 cm per year. Convert this rate into mm per month. 

8 A soft drink manufacturer makes 144 000 L of drinks per day. Write this rate in: 

a L per hour b kL per week.
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9 This graph shows the progress of a car as it travels 

between cities. 

a How far does the car travel in 3 hours? 

b How long does it take for the car to travel 100 km? 

¢ Find the speed of the car. 

200“ distance (km) 

150 

100 

50 

10 A satellite orbits the Earth at a constant speed of 3 km/s. 

a Copy and complete: Time (s) 0 5 [ 10| 15| 20 | 25 

Distance (km) 

b Draw a travel graph to display the relationship between the variables. 

¢ How far will the satellite travel in 7 seconds? 

11 Adam is classifying metal samples. 

3cm L 
5 cm - 

2cm 

Sample A Sample B 

36l g 247 g 

a Calculate the density of each sample. 

b i Use the table alongside to find the most 

likely metal of each sample. 

ii Explain why the densities do not match 

exactly. 

¢ Adam’s assistant Jamie gives him a 0.36 cm?® 

lump of metal. Jamie says it is platinum. 

i If the metal is platinum, what should its 

mass be? 

ii The actual mass of the sample is 8.12 g. 

Which metal is it? 

area of end = 1.75 cm? 

/10 cm 

Sample C 

184 g 

Metal Density (g/cm®) 

Tin 7.37 

Iron 7.87 

Silver 10.49 

Aluminium 2.70 

Tridium 22.56 

Palladium 12.02 

Platinum 21.45 
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(LASS BA Of the 20 students in Class 8A, 8 have a food allergy. 

Of the 25 students in Class 8B, 9 have a food allergy. 

Things to think about: 

a More students have a food allergy in Class 8B 

than Class 8A. Does this mean that if a student is 

randomly selected from each class, then it is more 

likely that the student from Class 8B has a food 

allergy? 

b What is the probability that a randomly selected student has a food allergy if chosen from: 

i Class 8A il Class 8B? 

¢ Suppose one student is randomly chosen from each class. What is the probability that both 

selected students have a food allergy? 

d How can we estimate the probability that a randomly chosen student from the whole school 

has a food allergy? 

The probability of an event is the chance or likelihood of it occurring. 

BABILITY 

An impossible event has 0% chance of happening, and is assigned the probability 0. 

A certain event has 100% chance of happening, and is assigned the probability 1. 

All other events have probability between 0 and 1. 

Probabilities may be given as decimals, proper fractions, or percentages. 

This number line shows how we could interpret different probabilities: 

slightly less slightly more 
highly unlikely than 50-50 chance  than 50-50 chance  highly likely 

| N | 
0 . 1 

% L~ ] | X [ | | f'_'|"~_‘\_. 

—_— [ 

/ 
) 

impossible f 1 certain 

unlikely 50-50 chance likely 0.9=90% 

For example, if the weather forecast says there is a 90% chance of rain tomorrow, we would say it 

is highly likely that it will rain tomorrow. 

In probability, we often use capital letters to represent events. 

For example, we could let E be the event that it will rain tomorrow. 

The probability of event E occurring is written P(E), so we write P(E) = 0.9.
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The complement of an event E is the event that E does not Exactly one of 
occur. The complement of E is written E’. E and E' must occur. 

For any event E, P(E’) =1 — P(E). 

If E is the event that it will rain tomorrow, then E’ is the event 

that it will not rain tomorrow, and P(E') =1-0.9=0.1. 

EXERCISE 17A 

1 Use a word or phrase to describe the probability of 
each event: 

a There is a 25% chance that Ella will score a goal 

in her next football match. 

b There is a 60% chance that the restaurant will be 
booked out on Saturday night. 

¢ There is a 5% chance that William will forget to 
take his lunch to school tomorrow. 

2 The schedule for the next round of baseball 
matches is given alongside, as well as the 32% Cubs vs Lions 68% 
probability of each team winning. ) 

a Which team is most likely to win the game 50% Wildeats vs Flames  41% 
between the Cubs and the Lions? 73% Eagles vs Angels 27% 

b Which team is most likely to win their game? 

¢ What is the probability that the Wildcats will 
lose their game? 

d True or false? “It is likely that the Angels will beat the Eagles.” 

20% Pumas vs Strikers 80% 

3 Five students are competing in a long distance race. Each student’s 3 o . . . Julie 20% probability of winning the race is given alongside. 
4 Who i ¢ likelv to win th 0 Edward 22% 
: 0 %s ;nos 1llkely 0 w.m e race{; Rob 7% 

Who is least likely to win t?l.e .race: . Tran 15% 

¢ Find the sum of the probabilities given. Explain your result. Patricia 36% 

d Find the probability that either Julie or Tran will win the race. 

e Describe in words, the probability that Rob will win the race. 

f Let E be the event that Edward will win the race. 

i Find P(E). il State the complementary event E’. ili Find P(E'). 

4 A bag is filled with balls. One ball is to be chosen at random. Use a word or phrase to describe 
the probability of choosing a red ball, if the bag contains: 

a 1 red ball and 1 blue ball b 5 red balls 

¢ 2 blue balls and 3 green balls d 1 red ball and 10 blue balls. 

5 Suppose S is the event that it will snow tomorrow, and P(S) = 0.03. 

a State the complementary event S’. b Find P(S').
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6 Suppose R is the event it will rain tomorrow, and S is the event I will have soup for dinner. 

P(R) =0.2 and P(S)=0.8. 

Are R and § complementary events? Explain your answer. 

B MPLE SPACE 
Before we can calculate the probability of obtaining a particular result in an experiment, we must 

first understand what outcomes can occur. 

The sample space of an experiment is the set of its possible outcomes. 

For example, suppose five cards numbered 1 to 5 are placed in a hat. 

One card is drawn out at random. 

The sample space is {1, 2, 3, 4, 5}. 

There are 5 possible outcomes. w 

2-DIMENSIONAL GRIDS 

If an experiment involves two operations, we can use a 2-dimensional grid to display the set of 

possible outcomes. 

For example, the grid alongside displays the sample space 4 spinner 2 

for spinning these spinners: 
C ® [} L] ° 

B [ ° ° o 

A °® ° e ° 

Spinner 1 Spinner 2 1 2 3 4 spinnerl 

The four possibilities for spinner 1 are listed on the horizontal axis, and the three possibilities for 

spinner 2 are listed on the vertical axis. 

Each point on the grid represents one of the 12 possible outcomes of the experiment. 

For example, the circled point represents spinning 3 with spinner 1 and B with spinner 2. 

EXERCISE 17B 

1 List the sample space, and state the number of possible outcomes for: 

a rolling an ordinary 6-sided die 

twirling a spinner with 3 segments marked A, B, and C 

choosing a season of the year 

taking a card from a pack of playing cards and looking at its suit 

choosing a two-digit number which is less than 20 

choosing a factor of 200.
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2 A Year 8 class contains 9 twelve year olds, 15 thirteen year olds, and 2 fourteen year olds. 
22 of the students are right-handed, and the rest are left-handed. 
A student from the class is randomly selected. 

a State the number of possible outcomes, 

b How many of the outcomes are a student who is: 

i at least thirteen years old il left-handed? 

3 For each experiment below, draw a 2-dimensional grid to display the sample space, and state 
the number of possible outcomes: 

a tossing a coin and spinning a spinner marked with green, orange, and purple sectors 
b rolling a die and spinning a spinner marked 1, 2, and 3 

¢ selecting one consonant and one vowel from the letters in the name SINGAPORE. 

4 a Draw a 2-dimensional grid to display the sample 
space for rolling a die and spinning a spinner 
marked A, B, C, and D. 

b How many possible outcomes are there? 

¢ Draw a red circle around the outcome of rolling 
a 5 and spinning C. 

d Draw green circles around the outcomes of rolling an even number and spinning A. 

5 a Draw a 2-dimensional grid to display the sample 
space when selecting a ticket from each of these 
boxes. 

b State the number of possible outcomes. 

¢ Draw a circle around the outcome of choosing 
two tickets marked B. 

d Draw a square around the outcomes which include 
exactly one ticket marked B. 

(e F"__-._""ETL? E_RQBABI LITY 

The sample space for spinning this octagonal spinner is 
{1,2,3,4,5,6, 7, 8}. There are 8 possible outcomes. 

Since the spinner is a regular octagon, the outcomes are equally likely to 
occur. 

If the possible outcomes of an experiment are equally likely, the theoretical probability of an 
event F is given by 

number of outcomes in E 
P(E) = 

total number of possible outcomes -
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m 
o) Self Tutor 

A ticket is randomly selected from a basket containing 3 green, 4 yellow, and 5 blue tickets. 

Determine the probability of getting: 

a a green ticket b a green or yellow ticket 

¢ an orange ticket d a green, yellow, or blue ticket. 

There are 3 + 4+ 5 = 12 tickets which could be selected with equal chance. 

a P(green) = R b P(a green or a yellow) = &4 =l 
12 4 12 

¢ P(orange) = 20 d P(green, yellow, or blue) = GRRCar B I 
12 12 12 

There is no chance We are certain to 
of selecting an choose a green, 

orange ticket. yellow, or blue ticket. 

EXERCISE 17C 

1 An ordinary die is rolled once. Determine the probability of rolling: 

a a4 b an odd number 

¢ a number greater than 1 d a multiple of 3. 

2 Ten cards with the numbers 1 to 10 written on them are placed in a bag. A card is chosen at 

random. Find the probability that the number chosen is: 

av b 9or10 ¢ a multiple of 3 

d a number greater than 4 e a prime number f not a prime number. 

3 A standard set of balls for a pool table is shown 

alongside. 

If a ball is chosen at random, determine the 

probability of choosing: . @ . . . 

a the white ball b a green ball 

¢ a number less than 8. @ @ @ @ @ Q 
o S 

4 A carton contains eight brown and four white eggs. Find the 

probability that an egg selected at random is: 

a brown b white. 
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5 A ticket is randomly selected from a box containing 3 yellow, 4 green, and 8 blue tickets. 
Find the probability that the ticket is: 

a 

d 

yellow b green ¢ blue 

red e not yellow f yellow or blue. 

6 For each of the following spinners: 

i Find the probability of spinning red. 

ii Decide whether it is more likely that red will be spun or that blue will be spun. 

b < 

7 At the local cinema, one movie session sells 20 adult tickets, 16 concession tickets, and 9 child 

tickets. One person from the audience is selected at random. Find the probability that this 
person has: 

a 

< 

8 A jigsaw puzzle for a small child is shown alongside. 

If a piece of the puzzle is chosen at random, determine the 

a concession ticket b an adult ticket 

either a child or a concession ticket. 

probability of choosing: 

a a corner piece 

b an edge piece 

¢ a corner or an edge piece 

d a piece which is neither a corner nor an edge. 

9 The layout of seats on an aeroplane is given front 
alongside. The seats already occupied are EE OOE 00O 

shaded red. OO OO0 oo 

If you are allocated an unoccupied seat OO0 EEO OO 

at random, determine the probability of O OO0 00O 

getting: 00 OO0 ®BE 
a a front row seat 

b a seat in the emergency row OO W00 O W |<«—emegency 

¢ a window seat E E E E El] g E: o 

d an aisle seat. 00 EEE OO 

O EEO0 OME 

back
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b Find the probability of getting: 

i atailand a b ii a head and a number less than 3 

A coin is tossed and a die is rolled simultaneously. 

a Use a grid to illustrate the sample space. 

il atail orab. 

4 coin 
b The sample space has 12 outcomes, each of 

which is equally likely. 

i P(atailanda5)=1—12 {} 

il P(a head and a number less than 3) 

2 1 
=2 "% {x} 

ili P(atail or a 5) 

— -1:{2- {the enclosed points} 

10 Two coins are tossed simultaneously. 

a Use a grid to illustrate the sample space. 

b How many possible outcomes are there? 

¢ Find the probability of getting: 

i two heads 

11 A coin is tossed, and a spinner with 3 equal sectors A, B, and C is 

ii exactly one head iii at least one head. 

twirled. fif 
a Use a grid to 1111‘15trate the sample space. \\ W\::‘ ) 

b How many possible outcomes are there? S— 

¢ Determine the probability of getting: 

i an A and a head 

iili an A 

v an A, or, a B and a tail. 

12 A disc is taken at random from each of the bags 

shown. 

a Draw a grid to illustrate the sample space. 

b Hence find the probability of getting: 

i two red discs 

ii two discs the same colour 

iii a white disc 

iv a blue disc or a green disc 

ii a head but not an A 

iv an A or a B, and a tail 

Bag A BagB 

v two discs which are different in colour. 

%) Self Tutor | 
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13 Two spinners with equal sectors 1, 2, and 3 are twirled 

simultaneously. 
“‘5 

a Draw a grid to display the sample space. : z‘ ' 

b Find the probability of getting: _ 
i two 2s ii two odd numbers 

jfii a2anda3 iv two numbers whose sum is 3 

v two identical numbers vi two numbers whose sum is 3 or 5. 

14 FErika has separated the integers from 2 to 10 into primes and composites. She now selects one 

number from each group at random. 

a Draw a grid to display the sample space. 

b Find the probability that Erika selects: 

i 3and 8 ii two odd numbers 

iii two even numbers iv two numbers whose sum is 13 

v consecutive humbers vi two numbers with HCF > 1. 

When we calculate the probability of two or more events occurring, we are calculating the probability 

of compound events or combined events. 

Suppose a ball is randomly selected from each of 

these boxes. 

Box X Box Y 

We have seen that we can illustrate the sample space on a box Y 

2-dimensional grid, and wuse this grid to calculate 

probabilities. 0 o e e 

For example, only 1 of the 12 outcomes is a red from X and p VR S S\ 

a blue from Y, so 

1 B < L ° ° 

P(red from X and blue from Y) = T 

For a compound event like this, we can also calculate the ROY G W boxX 

probability without using a grid. 

The selection from each box does not affect the selection from the other. We say the events are 

independent. 

_1 Notice that P(red from X) = %1, P(blue from Y) 3 

and that P(red from X and blue from Y) = P(red from X) x P(blue from Y).
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Two events are independent if the occurrence of each event does not affect the occurrence 
of the other. 

If two events A and B are independent then P(A and B) = P(A4) x P(B). 

The two spinners alongside are spun. Find the 

probability that a “green” and a “3” result. 

) Self Tutor 

The outcome from one spinner does not affect the outcome from the other, so the events 

“spinning a green” and “spinning a 3” are independent. 

*. P(a green and a 3) = P(a green) x P(a 3) 

1 X = 
7 

B
l
r
o
 
S
 

EXERCISE 17D 

1 A coin and a pentagonal spinner with edges marked A, B, C, D, and E are tossed and twirled 

simultaneously. Find the probability of getting: 

a aheadanda D b a tail, and either an A or a D. 

2 A coin and an ordinary die are tossed and rolled simultaneously. Find the probability of getting: 

a atail and a 3 b a head and an even number. 

3 The spinners alongside are twirled simultaneously. 

Find the probability of getting: 

a ared and a green 

a blue and a purple b 

¢ ayellow and a green 

d ared and a purple. 

4 Janice and Lee take set shots at a netball goal. From past 

experience, Janice scores a goal on average 2 times in every 

3 shots, whereas Lee scores a goal 4 times in every 7 shots. 

If the two girls both shoot for goals, find the probability that: 

a both score b both miss 

¢ Janice scores but Lee misses.
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5 Tei has probability % of hitting a target with an arrow, while See has probability % 

a If they both fire at the target, determine the probability that: 

i both hit il both miss 

iii Tei hits but See misses iv Tei misses but See hits. 

b Which of the outcomes in a is most likely? 

¢ Find the sum of the probabilities in a. Explain your answer. 

6 Vicky and Paul are taking their driving test tomorrow. 

Vicky has 70% chance of passing the test, while Paul has 

60% chance. Find the probability that: 

a they both pass the test 

b at least one of them fails the test. 

Are two events always independent? 

Can you think of a situation where the outcome of one event depends on the outcome of another? 

ACTIVITY 

Cards numbered 1 to 5 are placed in a hat. One card is selected from 

the hat, and is placed to one side. A second card is then selected g 

from the hat from the cards which remain. @ 

Let A be the event that the firsz card is odd, M 

and B be the event that the second card is even. 

Mitch says that P(4) = and P(B) = 2, so P(Aand B) = P(4) x P(B) = g X 2= 2—65 

What to do: 

1 List the sample space of possible outcomes for this experiment. Circle the outcomes which 
satisfy A and B. 

Use your sample space to find P(A and B). Is Mitch correct? 

Are A and B independent events? 

Given that event A occurs, what is the probability that event B occurs? 

How should the rule P(A and B) = P(A) x P(B) be adjusted in the case that A and B 
arc dependent events? 

i
 
W
P
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In situations where we cannot calculate theoretical probabilities, we can estimate the probability of 

an event by performing many trials of the experiment. This estimate is known as an experimental 

probability. 

In a probability experiment: 

e the frequency of a particular event is the number of times that this event is observed 

o the relative frequency of an event is the frequency of that event divided by the total number 

of trials 

o the relative frequency is the experimental probability of the event. 

For example, suppose a small plastic cone was tossed into the air 300 times. It fell on its side 

203 times and on its dase 97 times. We say that: 

e the number of trials is 300 

e the possible outcomes are side and base 

e the frequency of side is 203 

e the frequency of base is 97 

e the relative frequency of side = g—gg ~= 0.677 

e the relative frequency of base = % = 0.323. 

In the absence of any further data, the relative frequency of 

each outcome is our best estimate of the probability of it 

occurring. 

We write P(side) =~ 0.677, P(base) ~ 0.323. 

~ Experimental 

probabilities are 

usually written . 

~ as decimals. | 

The accuracy of an experimental probability is improved 

by increasing the number of trials of the experiment. 

Why is the accuracy of an experimental probability improved by increasing the number of trials 

of the experiment? 

EXERCISE 17E 

1 A batch of 145 paper clips was dropped onto 6 cm by 

6 cm squared paper. 113 clips fell completely inside i o 

squares, and 32 finished on a grid line. On\ } 

Estimate, to 2 decimal places, the probability of a clip Gom g ' 
falling: i inside 

a inside a square b on a grid line. ~6em | 
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2 Connor visits the same bakery each day for lunch. On 13 out of his last 40 visits, the bakery 
had sold out of pies. Estimate the probability that on his next visit, the bakery: 

a will have sold out of pies b will still have some pies remaining. 

3 During one day at a carnival, 247 people played the “Coconut 

Shy” game. 175 people did not win a prize, 64 people won a 

minor prize, and the remainder won a major prize. Estimate 
the probability that the next player will win: 

a a major prize b any prize. 

4 When a nut was tossed 400 times, it finished on its edge “ 

84 times and on its side for the rest. A 

a Find the experimental probability that when this nut is 

tossed, it will finish on its edge. edge side 

b Hence estimate the probability that when two identical nuts are tossed: 

i they both fall on their edges ii they both fall on their sides. 

5 Suzanne and Tasha are surveying customers at a supermarket to see whether they buy brand X 
cheese. 

Out of 54 shoppers Suzanne surveys, 23 buy brand X cheese. 

Out of 67 shoppers Tasha surveys, 31 buy brand X cheese. 

a Find the experimental probability that a randomly selected shopper will buy brand X cheese 
using: 

i Suzanne’s results ii Tasha’s results iii the combined results. 

b Which of the experimental probabilities you have calculated do you expect to be most 

accurate? Explain your answer, 

INVESTIGATION 

Many workplaces and families hold a Secret Santa or 
Kris Kringle at Christmas time. 

The name of each person is placed in a hat. Each person 

selects a name from the hat and will buy a present for that 

person. Obviously, it is important that nobody draws their 
own name, 

In this Investigation we will estimate the probability that, 
for a Secret Santa involving 8 people, nobody draws their 

own name. 

What to do: 

1 Write the letters A, B, C, D, E, F, G, and H on 8 identical pieces of paper. The letters 
represent the 8 participants. Place the pieces of paper in a hat or bag. 

2 Randomly draw names from the hat, one at a time. The first name drawn represents the 

person selected by A, the second represents the person selected by B, and so on.



352 PROBABILITY (Chapter 17) 

Determine whether any of the participants have drawn their own name. 

& Perform 50 trials of this experiment. For each trial, record whether any of the participants 

drew their own name. 

5 Use your results to estimate the probability that, in a Secret Santa involving 8 participants, 

nobody will draw their own name. 

6 Combine your results with your classmates to obtain a better estimate. 

7 Click on the icon to open a simulation of this experiment. Use the %iclf_lfz' 

simulation to perform: 

a 500 trials of the experiment b 5000 trials of the experiment. * 

Compare the results with the results you obtained in your own experiment. 

F | “TABLED DATA 
When data is collected, it is often summarised and displayed in a frequency table. We include a 

column for the relative frequency of each result, which gives us the experimental probability. 

m o) Self Tutor 

A marketing company surveys Brand | Frequency | Relative frequency 
50 randomly selected people to discover S 10 
what brand f)f topthpaste they use. The Starbright 14 

results are given in the table. 
Brite 4 

e Clean 12 

No Name 10 

Total 50 

a Copy and complete the table. 

b Estimate the probability that a randomly selected person uses: 

i Starbright il Clean. 

a Brand | Frequency | Relative frequency b i P(Starbright) ~ 0.28 

Shine 10 % =02 ii P(Clean) = 0.24 

. 14 
Starbright 14 5= 0.28 

. 4 
Brite 4 5= 0.08 

12 
Clean 12 5= 0.24 

10 
No Name 10 il 0.2 

Total 50 1.00 
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EXERCISE 17F 

1 A corner shpp §e11§ shortbread and Type Frequency | Relative frequency 

chocolate chip biscuits. In one week - ' 

187 biscuits are sold. Shortbread. i 

a Copy and complete the table. S Gy 

b Estimate the probability that the Total 187 

next customer will buy: 

i a shortbread biscuit il a chocolate chip biscuit. 

2 A football club has three levels of Level Frequency | Relative frequency 

membership, as described in the table. - 
Platinum 419 

a Copy and complete the table. 
Gold 628 

b How many members does the football Silver 991 

club have? Total 

¢ Estimate the probability that the next 24 

membership sold is: 

i silver ii not platinum. 

3 A café sells four types of hot drinks. Its Bpe Frequency | Relative frequency 
sales over a one week period are shown 2 E 
. Spresso 49 
in the table. . 

Milk coffee 187 
a Copy and complete the table. Tea 150 

b Estimate the prpbablhty that the Hot chocolate 113 

next customer will buy: 

i hot chocolate loig) 

ii an espresso or tea. 

4 Passengers on a Baltic cruise ship boarded City Frequency | Relative frequency 

the ship in one of four cities, as shown in Helsinki 03 

the table. et . '24 

a Copy and complete the table. a' 11'1n ) 
. . Klaipeda 400 

b Find the probability that a randomly Gdarisk 750 0.3 

chosen passenger: cnt : 

i boarded in Gdansk digie! 2200 

il boarded in Tallinn or Klaipéda 

ili did not board in Tallinn. 

Sometimes data is categorised by not just one, but two variables. The data is represented in a 

two-way table. 

In a two-way table we include the totals of each row and each column. This makes it easier for us 

to calculate probabilities.
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m N <) Scif Tutor 

60 students at a school were randomly selected and Physics 
asked whether they studied Physics and English. Yes | No | Total 

a Copy and complete the table by finding the total Yes | 15 | 12 

of each row and column. English G0 1713 | 20 

b What does the 13 in the table represent? Tzl 

¢ Estimate the probability that a randomly selected 

student studies English but not Physics. 

d Estimate the probability that a randomly selected student who studies English, also studies 

Physics. 

@ Physics b 13 of the selected students study 
Yes i No Il Tozal Physics but do not study English. 

) Yes | 15 | 12 27 

English "No | 13 | 20 | 33 
Total | 28 | 32 | 60 

¢ 12 out of the 60 students study English but not Physics. 

P(student studies English but not Physics) ~ % 7 0.2 

d Of the 27 students who study English, 15 also study Physics. 

P(student who studies English also studies Physics) ~ 15 ~ 0.556 

In d we are told the student studies English, 

so we only look at the first row of the table. 

EXERCISE 17G 

1 A sample of Year 8 students at a school were asked Mathematics 

whether they completed their homework for English Yes | No | Total 

and Mathematics. Yes | 29 | 6 

a Copy and complete the table. English No 7 | 12 

b How many students were surveyed? Total 

¢ What does the 7 indicate? 

d Estimate the probability that a randomly chosen student completed their Mathematics 

homework. 

Estimate the probability that a randomly chosen student who completed their English 

homework, did not complete their Mathematics homework.
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2 200 randomly chosen people were Preference 
SIIIIWGYC@ tOd determine fVh?t?*er | Like | Dislike | Undecided | Toral they enjoyed a new te ev1§1on Under 40 | 29 49 2% 
show. The results are categorised Age by age. Over 40 | 48 14 34 

a Copy and complete the table. Ll = 
b What does the 49 indicate? 
¢ Estimate the probability that a randomly chosen person: 

i will dislike the new television show il is over 40 and undecided. 

3 A sample of teenagers were asked whether Gender 
they had ever learnt to play a musical Male | Female | Tozal instrument. The results were further . Yes 39 14 categorised by gender as shown. Instrument N 17 5 0 C let le. a Copy and complete the table Total 
b Estimate the probability that a randomly 

chosen female teenager has learnt to 
play an instrument. 

¢ Estimate the probability that a randomly 
chosen male teenager has never learnt to 
play an instrument. 

d Which of the estimates from b and ¢ 
is more likely to be accurate? Explain 
your answet. 

A 40 Year 8 students were asked what grades they 
achieved for Mathematics and Science last term. 
a Copy and complete the table. 
b Estimate the probability that a randomly 

selected student scored: 

I an A for Mathematics and a B for Science 
il an A for at least one of the subjects 
fiithe same grade for both subjects. 

A|B|C| Total 
A 71513 

Science | B 684 

C 4112 

Total 

¢ Estimate the probability that a student who scored an A for Science, scored a C for 
Mathematics. 

5 A sample of 13 year olds were surveyed to find 
out whether they wanted to study at university, and 
whether they wanted children one day. Some of the 
data is shown in the table. 
When a 13 year old is randomly chosen and it 
is found that they want to study at university, the 
probability that they also want children is 0.64. 
a Copy and complete the table. 

b Estimate the probability that a randomly chosen 13 
nor have children. 

University 

Yes | No | Total 

Yes 101 
Children No 14 

Total | 125 l 

year old does not want to go to university
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Venn diagrams give us an alternative way to show the number of individuals in a sample which 

have particular properties. We can therefore use Venn diagrams to find probabilities. 

=) Self Tutor 

30 tourists on a bus are discussing the countries they have visited. 18 of them have visited 

Japan, and 11 have visited Singapore. 6 have visited both countries. 

a Represent this information on a Venn diagram. 

b Find the probability that a randomly chosen tourist on the bus has visited: 

i Japan but not Singapore ii at least one of the countries. 

¢ Given that a tourist has visited Singapore, find the probability that they have not visited 

Japan. 

a Let J represent the tourists who have visited Japan, and S represent the tourists who have 

visited Singapore. 

©) ® 
6 tourists have visited - 11 — 6 tourists have visited 

both countries N AT only Singapore 

® (“2) (© @ @ 
18 — 6 tourists have 1 N (7)- 30—12—6—5 tourists have 

visited only Japan U visited neither country 

b | Of the 30 tourists on the bus, 12 have visited Japan but not Singapore. 

P(has visited Japan but not Singapore) = ;—(2) = % 

ii Of the 30 tourists on the bus, 12+ 6+ 5 = 23 have visited at least one of the 

countries. 

P(has visited at least one of the countries) = %3— 

¢ Of the 11 tourists who have visited Singapore, 5 have not visited Japan. 

P(has not visited Japan given they have visited Singapore) = % 

EXERCISE 17H 

1 This Venn diagram shows dance lessons attended by students 

of a dance studio. Each dot represents one student. 

J represents the students who attend jazz lessons. 

B represents the students who attend ballet lessons. . 

a How many students does the dance studio have? U 

b Find the probability that a randomly chosen student attends: 

i both ballet and jazz lessons 

ii either ballet or jazz lessons, but not both.
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2 Ofthe 25 four year olds in a kindergarten class, 15 have 
swum in a pool, 7 have swum at the beach, 4 have done P > B 
both, and 7 have done neither. r (4) 
a Copy and complete this Venn diagram. i 

U (7) b Find the probability that a randomly selected class 
member has swum at the beach or in a pool. 

3 There are 15 different pizza choices on a menu. 11 contain red meat, 5 contain white meat, 
and 3 contain both. 

a Place this information on a Venn diagram. 
b Forgetting that his friend Simon is a vegetarian, Joshua randomly chooses a pizza from the 

menu. Find the probability that Simon will be able to eat some. 

4 Nathaniel’s mum packs his lunch for him every day. During a 50 day term, Nathaniel finds 
fruit in his lunch box on 37 days, a sandwich on 35 days, and both a sandwich and fruit on 
22 days. 

a Place this information on a Venn diagram. 
b Find the probability that on a randomly selected day, Nathaniel’s lunch box contains fruit 

but not a sandwich. 

¢ On a particular day, Nathaniel finds a sandwich in his lunch box. Find the probability that 
his lunch box does not also contain fruit. 

5 75 people went through the zoo gates in one hour. 59 bought something from the café, 
24 bought something from the gift shop, and 17 bought something from both the café and 
the gift shop. 

a Copy and complete this Venn diagram to illustrate the 
information. C G 

b Find the probability that a randomly selected person at 
the zoo bought something from the café or gift shop, but \ 
not both. U 

¢ Given that a person does not buy something from the gift shop, find the probability that 
they buy something from the café, 

el ECTATION 
If the probability of an event is known, it can be used to predict the number of times the event will 
occur in a given number of trials. 

For example, suppose a die is rolled 120 times. We know that on each 

roll, there is a é probability of rolling a “5”. 

Since % of 120 is 20, we would expect 20 of the 120 rolls to be a “5”
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If there are n trials of an experiment, and the probability of an event occurring 

in each trial is p, then the expectation of the occurrence of that event is np. 

| Example 7 | =) Self Tutor 

In a special promotion, every bottle of iced tea comes with a 1 in 6 chance of 

winning a prize. In one month, the school canteen sells 539 bottles of iced tea. 

How many prizes would you expect to be won? 

p = P(bottle wins a prize) = % 

np = 539 x % 

~ 89.8 

We would expect about 90 prizes to be won. 

1 Look at the answer in Example 7. 

Is it always possible to obtain exactly the “expected” number of occurrences of an event? 

2 Is it reasonable to say that the expectation of an event is its average expected occurrence? 

EXERCISE 171 

1 If a coin is tossed 500 times, how many times would you expect it to land heads up? 

2 FEach time Darren takes the train, he has probability g of getting a seat. In 120 train trips, how 

many times can Darren expect to get a seat? 

3 Turtle hatchlings only have probability 0.01 of surviving to 

adulthood. If 500000 eggs hatch in one year, how many of 

the hatchlings are expected to survive to adulthood? 

& A library has found that the probability of a borrowed book 
being returned on time is 0.68. In one day the library lent 

837 books. How many of those books can the library expect 

to be returned on time? 

5 If the spinner alongside is spun 200 times, how many times 

would you expect the result to be: 

a blue b red 

¢ yellow d green? 

6 If a die is rolled 600 times, how many times would you expect to get: 

a aj b a prime number ¢ a composite number?
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7 If a pair of dice is rolled 900 times, how many times would you expect to get: 

a a pair of 6s b abanda?2 

¢ two odd numbers d two prime numbers 

¢ two numbers whose sum is 10 f two numbers whose product is 12? 

GLOBAL CONTEXT ~ ROLE-PLAYING GAMES 
5 : GLOBAL Global context: Personal and cultural expression SeRee 

Statement of inquiry: Using dice in different ways can dramatically 

change how a game is played. 

Criterion: Investigating patterns 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

REVIEW SET 17A 

1 List the sample space and state the number of possible outcomes for: 

a selecting a letter from the alphabet 

b spinning the spinner shown. 

2 Suppose E is the event that Ned’s bike will get a puncture next week, and P(E) = 0.13. 

a State the complementary event F’. b Find P(E’). 

3 One lollipop is chosen at random from a tub of lollipops. Find the probability of picking 
an orange lollipop if the tub contains: 

a 2 orange, 5 strawberry, and 1 lemon lollipop 

b 3 apple and 7 blackberry lollipops 

¢ 5 watermelon, 10 blackberry, 2 strawberry, and 3 orange lollipops. 

4 A farmer fences his rectangular property into 9 rectangular 

paddocks as shown. A paddock is selected at random. 

Find the probability that it has: 

a no fences on the boundary of the property 

b one fence on the boundary of the property 

¢ two fences on the boundary of the property. 

5 A coin is tossed, and a spinner with equal sectors numbered 1, 2, 3, 4, and 5 is spun. 

a Use a 2-dimensional grid to show the sample space of possible outcomes. 

b Find the probability of getting: i aheadanda b ii ahead orasb.
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6 The spinner alongside is spun twice. T 
e P 3 

a Use a grid to illustrate the sample space. 1 3 

b Find the probability of spinning: / \ 

i two prime numbers \ / 

ii a3andab iii at least one 1 & 5 / 

iv two numbers whose sum is 6 or 8. |~ 

¢ Which pair of events in b is complementary? 

7 Jeff and Santi are baking a cake in a cooking class. Jeff has a 20% chance of burning his 

cake, and Santi has a 15% chance of burning his cake. Find the probability that: 

a they both bum their cakes b neither burns their cake 

¢ Jeff burns his cake, but Santi does not. 

8 Carly has completed 13 of her last 20 half-marathons in less than two hours. Estimate the 

probability that: 

a Carly will take more than two hours to complete her next half-marathon 

b Carly will complete both of her next two half-marathons in less than two hours. 

9 A marketing company surveyed teenagers about the main reason they used their home 

computers. The results of the survey are shown below. 

Reason Frequency | Relative frequency 

Homework 29 

Social networking 43 

Playing games 15 

Downloading music 69 

Total 

a Copy and complete the table. 

b Estimate the probability that a randomly selected teenager mainly uses their computer: 

i for homework ii for something other than downloading music. 

10 The cars serviced by a mechanic this month are summarised in this two-way table. 

Age 

Lessthan | 3-10 | More than | - 
3 years old | years old | 10 years old 

Automatic 9 17 9 
Type 

Manual 1 7 6 

Total 

a Copy and complete the table. 

b Estimate the probability that the next car to be serviced will be: 

i automatic ii manual and at least 3 years old. 

¢ Estimate the probability that the next automatic car to be serviced will be more than 

10 years old.
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11 90 students from one school took part in a Geography competition and a History competition. 

12 of the students won a prize in the Geography competition, and 17 won a prize in the 

History competition. 6 students won prizes in both competitions. 

a Display this information on a Venn diagram. 

b Find the probability that a randomly chosen student won at least one prize. 

¢ Given that a student won a prize in the History competition, find the probability that 

the student did not win a prize in the Geography competition. 

12 When a high jump bar is set at 1.90 metres, Steve has probability 0.26 of successfully 

completing the jump. If Steve attempts 50 jumps at this height, how many times would 

you expect him to be successful? 

REVIEW SET 17B 

1 The probability that Lionel will pass his English exam is 0.93. 

a Usc a word or phrase to describe this probability. 

b Find the probability that Lionel will not pass his English exam. 

2 List the sample space for selecting: 

a a disc from a bag containing red, pink, white, and brown discs 

b a 2-digit multiple of 5. 

3 A variety box contains 6 packets of plain chips, 6 packets of salt and vinegar chips, 4 packets 

of chicken chips, and 4 packets of barbecue chips. A packet is chosen at random from the 

box. Find the probability it contains: 

a barbecue chips B chicken chips or plain chips. 

& Are you more likely to select a prime number by randomly choosing a whole number from 

1 to 20, or by randomly choosing a whole number from 1 to 407 

5 The two spinners alongside are twirled 
simultaneously. QB 

a Draw a 2-dimensional grid to illustrate 

the sample space. 

b Find the probability of spinning: o A 

i the same number with both spinners 

fi two numbers whose sum is 4. 

6 A card is randomly selected from each bag. 

a Find the probability that: 

i the card from bag A is green and the card 

from bag B is not green 

ii the card from bag A is not green and the 

card from bag B is green. 

b Are the events in @ complementary? Explain 

your answer. 
BagA Bag B
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7 Evan has answered 7 of the last 12 phone calls he has received. Estimate the probability 

that he will not answer the next call he receives. 

8 The numbers of middle school students sent to detention last term are shown in the table. 

Year level | Frequency Relative frequency 

7 38 

8 29 

9 57 

Total 

a Copy and complete the table. 

b Estimate the probability that the next student to arrive at detention is: 

i a Year 9 student ii nota Year 8 student. 

9 Answer the Opening Problem on page 340. 

10 150 randomly selected people were asked what radio station they listen to. The results were 

categorised by age, and are shown in the table. 

Radio station 

Mash | Planet | Gold | Total 

Under 30 | 43 14 24 

Over 30 12 35 22 

Total 

Age 

a Copy and complete the table. 

b Estimate the probability that a randomly chosen person: 

i is under 30 and listens to Gold §i listens to Mash 

ili does not listen to Planet. 

¢ Estimate the probability that a randomly chosen person who listens to Mash, is 

over 30. 

11 The 40 people living on one street were asked if they played an instrument or sport. 

16 played an instrument, 24 played a sport, and 9 played both. 

a Place this information on a Venn diagram. 

b Find the probability that a randomly selected person living on the street played an 

instrument, but not a sport. 

12 A ball is removed from each of these boxes. 

a Find the probability that both balls 

removed are yellow. 

b Suppose this experiment is performed 

60 times. How many times would you 

expect both balls removed to be yellow? 
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OPENING PROBLEM 

Chan-juan wants to find the mean number of people 

living in the apartments on her block. Her block is quite 

large, so instead of surveying every apartment, she only 

visits the apartments in her own building. She obtains 

the following results for the number of people living in 

each apartment: 
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Things to think about: 

a What is the most commonly occurring number of 

people in an apartment? 

b Can you find the average number of people per apartment? 

¢ What things will Chan-juan need to consider if she is to use her data to predict the mean 

number of people per apartment for the whole block? 

Facts or picces of information are called data. The singular of data is one datum. 

Statistics is the study of collecting and analysing data. 

The data we collect describes a particular feature or variable which differs between the people or 

objects we are studying. 

The process of statistical enquiry or investigation includes the following steps: 

Step 1: Decide on a topic you wish to investigate. Determine what data you will need to 

collect and how you will collect it. 

Step 2: Collect the data. 

Step 3: Organise the data. 

Step 4: Summarise and display the data. 

Step 5: Analyse the data and make a conclusion in the context of your investigation. 

Step 6: Write a report to describe what you have done. 

For any statistical problem there is a target population. This is the group of things or people we 

are interested in finding information about. 

For example, we may want to know: 

o the colours of cats in a particular animal shelter 

o the ages of people who live in a suburb 

¢ how much money people borrow when buying a house.
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CENSUS OR SAMPLE 

When we collect data, we can either perform a census or a sample. 

A census involves collecting data about every individual in the whole population. 

For example, if we wanted to know the colours of cats in a particular animal shelter, we could visit the shelter and record the colour of every cat. 

Analysing the data obtained would provide exact information, such as the exact percentage of cats that are black. 

A sample involves collecting data about a part of the population only. 

For example, if we wanted to know the colours of cats in a city, it would be very difficult and expensive to collect information from the whole population. We may choose instead to take a sample from the population. 

Conclusions based on data from samples always involves some error. However, we can use the properties of the sample to estimate the properties of the population. 
We can make our estimate more reliable by choosing a sample that is unbiased and sufficiently large. 

BIAS IN SAMPLING 

We can only reliably use the properties of a sample to estimate the properties of the whole population if the sample is representative of the population. 

For example, if you sampled a selection of students [ U u UI leaving a high school in South Africa, the information 
you would obtain would not be representative of the 
whole population of South Africa. We would call this 
a biased sample. 

To obtain more representative data, we could choose 
our sample from a location where there is less age bias, 
such as a shopping centre. 

SAMPLE SIZE 

For the results from a sample to be reliable, the sample must also be sufficiently large. For example, if we were to estimate the average age of all South Africans by surveying only five people, we would not have a very reliable estimate. 

EXERCISE 18A 

1 State whether a census or a sample would be used to investigate: 
a the country of origin of the parents of students in your class 
b the proportion of Canadians who are concerned about global warming 
¢ opinions about the public transport system in Lisbon 
d the heights of trees in a garden.
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2 Explain any bias in the following samples: 

a To determine the proportion of Californians who can 

swim, Bill surveys a selection of people at Santa 

Monica State beach. 

b To determine the average height of plants in her wheat 

crop, Jill measures the plants nearest the barn. 

¢ To determine the average time workers in England 

take to travel to work, Gary surveys a group of 

workers in Liverpool. 

d To determine how many meals the average adult eats out per week, a “Healthy Eating” 

group takes a sample of 30 adults who all live in the central business district. 

3 Maura is interested in finding the average membership size for 

gyms around New Zealand. She uses the membership numbers 

from four randomly selected gyms for her estimate. Explain why 

Maura’s estimate is likely to be unreliable. 

A good sample is 
unbiased and 

sufficiently large. 

4 Cindy wants to know what proportion of her youth group prefers 

drinking tea to coffee. She randomly selects 80 fellow group 

members to survey. 56 prefer tea and 24 prefer coffee. 

a Estimate the proportion of Cindy’s youth group members who 

prefer tea. 

b Do you think this estimate is reliable? Explain your answer. 

The best way to avoid bias when selecting a sample is to make sure the sample is randomly 

selected. This means that each member of the population has the same chance of being selected 

in the sample. 

In this Activity, we will consider two different sampling methods: 

e simple random sampling where individuals are selected completely randomly 

e systematic sampling where individuals are selected according to a rule or system. 

What to do: 

1 Identify the sampling method used in each scenario: 

a The names of club members are placed in a barrel. 10 members are selected by drawing 

names from the barrel. 

The first name on every 3rd page of a list of school students is chosen. 

Every 25th person leaving a supermarket is asked about changes to the deli section. 

6 tickets are chosen in a lottery draw. 

Every Wednesday, a librarian records the number of books borrowed. 

-
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The first 100 people leaving a stadium are asked about proposed changes to surrounding 

car parks. 

g A handful of paperclips are taken from a well-mixed bin of paperclips.
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2 How could you randomly select: 

a one ticket out of 5 tickets b one of the letters A or B 
¢ one of the numbers 1, 2, 3, 4, 5, or 6 d one card from a pack of 522 

3 How could you select a random sample of: 

a 400 adults b bottles of soft drink at a factory 
¢ 30 students at a school d words from the English language? 

& s it always practical to select a simple random sample? 

5 Will a systematic sample always be biased? You can use the scenarios in 1 to help discuss 
your answer. 

6 Research how stratified sampling works and discuss its advantages and disadvantages. 

A categorical variable describes a particular quality or characteristic of the individuals in a 
population. 

Categorical data is data which can be placed in categories, 

Examples of categorical variables are: 

o Method of getting to school: the categories could be train, bus, car, and walking. 
e Colour of eyes: the categories could be blue, brown, hazel, green, and grey. 

ORGANISING CATEGORICAL DATA 
We can organise categorical data using a tally and frequency table. 
e The tally is used to count the data in each category. 
e The frequency gives the total number in each category. 

The mode of a set of categorical data is the category that occurs most frequently. 

) self Tutor | 
Jordan wanted to know which season his classmates liked most. He collected the following 
categorical data from the 30 students in his class. The categories are autumn (A), winter (W), 
spring (Sp), and summer (Su). 

Sp A A Su W Su Sp A Sp W A Sp W Su A 
A Sp Su W $p Su W Sp A $p Sp A Sp Sp Su 

@ Draw a tally and frequency table for the data. 
b Find the mode of the data. Explain what it means. 
¢ What fraction of the students chose summer as their favourite season? 
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a | Season ! Tally - Frequency b Spring has the highest frequency so it is the 

Autumn | i I g T _ 
- _ The most popular season is spring. 

11% er i i ? ¢ The fraction of students choosing summer 

Spring | W I | 11 as their favourite season is & = z. 

Summer | JHf | 6 

Total 30 

DISPLAYING CATEGORICAL DATA 

Having collected and organised data, we often want to display it visually using a graph. This is 

not only attractive, but often helps us to identify trends and understand the data. Graphs are often 

published by governments, companies, and the media to convey information to the public. 

There are several types of graph we can use to display categorical data: 

e vertical column graph e horizontal bar chart 

124 frequency fieason 

8 Spring | 

o[ 2] |2 g é Autumn ] . 

0 <| | 2] |#] [@ . 0 2 4 6 8 10 12 

season frequency 

e In a pie chart, the angle of each sector illustrates 

the percentage of data in that category. 

For Jordan’s seasons data, each student represents 

& of the pie chart, which is 35 x 360° = 12°. Summer 
So, the sector for autumn is 8 x 12° = 96°, and 

SO on. 

Autumn 

Winter 

Spring 

Add up the percentages in the pie chart above. 

Why do they not add up to exactly 100%? 

In the following Exercise you can draw the graphs either by hand or using the S;‘:ZEI(I;CES 

statistics package. l
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EXERCISE 18B 

1 Write down possible categories for each categorical variable: 
a flavours of ice cream b methods of transport 
¢ families of musical instruments in a band d methods of communication. 

2 50 students were asked their favourite way of spending time with their friends. 
The responses are given below, using the categories beach (B). movies (M), park (P), shopping (S), and video games V). 

VVSBP MSBVS MMMBS M 
B 
M B B 

PSSMM VSVMS BB S VM MPP 

v 

S 

S V P S 
S MV M 

a Construct a tally and frequency table for this data. 
b How many students chose shopping? 
¢ Find the mode of the data. 
d What fraction of the students chose the beach? 

3 Guests of a hotel in Paris were asked which 10 Hotel guests 
country they lived in. The results are shown in 4 frequency 
the vertical column graph. 

a How many guests were surveyed? 
b Find the mode of the data. Explain what it 

means. 

¢ How many more guests lived in China than 
in Canada? 

d  What percentage of guests lived in Spain? 

M 
P 

& A class of 25 students is having a party for multicultural week. The class captain conducts a survey to determine which cuisines are most desired for the party. He records the results using the categories Chinese (C), Greek (G), Indian (In), Italian (It), and Thai (T). 
In It It G It CTGGTIt TG Ch G 
G Ittt CT It t T In It 

a Draw a tally and frequency table for the data. 
b Construct a column graph to display the data. 
¢ The three most popular cuisines will be used for the party. Which cuisines should the class captain organise? 

5 A member of each household in one street was asked which brand BE | Frequency of washing machine they own. The data collected is summarised ' — alongside. 
A i 

a How many households were surveyed? g 15;) 
b Find the mode of the data. Explain what it means. D 8 
¢ Construct a horizontal bar chart for the data. E 7 
d What percentage of households own a brand E washing F 6 

machine? 
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6 The horizontal bar chart shows the median house Median house prices in 2020 

prices for four cities in 2020. A city 

a Find the median price in 2020 in: Liverpool | 

i Liverpool ii Edinburgh. Birmingham | 

b Ho_w much highc.:r was the median price in Glasgow B 

Edinburgh than in Glasgow? 

¢ By what percentage was the median price Edinburgh | 

in Liverpool lower than the median price 0 50 100 150 200 250 300 
in Birmingham? price (thousand pounds) 

7 The pie chart alongside shows the distribution of /7~ NUMBER OF SUPERMARKETS ™ 

supermarkets in a particular country. 

a Which supermarket chain accounted for the 

most supermarkets? 

b Ifthere are 12 582 supermarkets in total, find 

the number of supermarkets which are: 

i Tudor’s Foods 

_!! deOd Clfly independent s Food City 4.9% 

ili Independent. \\SUPefmafkefS Superfresh 7.3% ) 

8 The graph displays the results of a national poll 

where children aged six to sixteen were asked what What chidren do between 4 pm and 6 pm 

they do at home between 4 pm and 6 pm. 0% 20%  30%  40% 

a Estimate the percentage of children who: | Schoolwork 

i watch TV, videos, play with computers, or == mt,z,gf':fis ] 

listen to music =7 crt‘,/mfi?eo, 

ii spend time with friends, siblings, or pets. — ] G g 

b 240 children were surveyed in the poll. ) Crores el vy 

i How many do schoolwork? _—_[ b 

ii How many more spend time on the phone = 

than do chores? 

9 The graph alongside indicates the Ticketed arts performances 

number of ticketed arts performances in 35004 number of performances =] 

a city from 2007 to 2017. Find: 3000 o 

a the number of ticketed arts .5, — 7] | 

performances in 2007 - 

b the increase in ticketed arts 2000 B 

performances from 2016 to 2017 1500 

¢ the percentage decrease in ticketed 

arts performances from 2012 to 1000 H 

2013 500 

d the year which showed the greatest 0 = 

increase in performances from the N Q¥ R 9 O N R R gy 
S SSIISKRKRIIR previous year.
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10 The pie chart alongside shows how the health THE HEALTH BUDGE budget will be allocated. o ————— 
a How much money was allocated to the health 

care budget in total? 

b What percentage of the budget will be 
allocated to mental health services? 

¢ Which service will receive the most money? 
d How much money will be spent on: 

i hospital support services 

ii other programs? 

11 Sixty students were asked which elective subject they  Subject ) Frequency would like to learn next semester. Their first preferences Art e 11 —— are given in the table alongside. . 
Design 8 @ What percentage of the students want to learn Art? Music 17 

b What fraction of t}'le students want to study Textiles? Performing Arts 15 
Give your answer in lowest terms. . ) . ) Textiles 9 ¢ Draw a pie chart to display this data. 

12 The graph shows the number of students studying IURSING STUDENT: 5 | nursing over a period of 4 years. Students 
a Estimate the total number of nursing students 4000 

in 2018. - . 

b Estimate the percentage of the total nursing 000 \ 
students in 2018 who were male. . j 

¢ In which year was the proportion of male 1000 '_ 
students the highest? ) | . 

2017 2018 2020 

13 143 people voted on who they think is the greatest poet ever, Poet | Frequency The results are shown in the table. Yeats | 34 
a  What percentage of people voted for: Whitman 11 

i Shakespeare il Goethe? Shakespeare 56 
b Draw a pie chart to display the data. Goethe 23 

Dante 19 

GLOBAL CONTEXT EADING GRAPHS 
. . 

GLOBAL 
Global context: Fairness and development CONTEXT Statement of inquiry: Knowing the ways in which statistical graphs can 

be misleading can help us to better interpret data. 
Criterion: Communicating 
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A numerical variable describes a quantity which takes a value which is a number. 

CAL DATA 

The numerical data is either counted or measured. 

For example in the Opening Problem, the number of people living in an apartment is a numerical 

variable. There could be 0, 1, 2, 3, 4, .... people living in the apartment. 

The tally and frequency table for the data in the Number of people | Tally | Frequency 

Opening Problem is shown alongside. 1 W Wi 10 

Notice that the data value “8” is separated from 

the rest of the data. We call this data value an . el . 

outlier. 3 Wl 7 

4 I 6 

5 i 3 
6 

7 

8 | 1 

Total 40 

We can display numerical data using a column graph or a dot plot. 

Column graph Dot plot In a dot plot, each 
dot represents one 

frequency ° 
15, ° data value. 

[] [ 

[ [ 
o o 

[ [ [} 

° o [ ° 

L [ (-} [ 

@ [+ o (] 

[ ° [} (] (<] 

[} o ] e [} 

0 I ] 6 © o o o ° 

1 345678 12 3 45 6 78 
number of people number of people 

m 
o) Self Tutor 

Every time Ashley buys something at the canteen, he has to wait in line. On his last 20 visits 

to the canteen, he counted the number of people in front of him when he arrived: 

7 10 6 5 5 8 10 7 9 7 8 6 1 7 9 11 5 8 9 8 

a Draw a dot plot of the data. 

b Are there any outliers in the data? 

¢ On what percentage of visits were there more than 8 people in front of Ashley? 
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10 11  number of ;eople 
b Yes, the data value “1” is an outlier. 
¢ There were more than 8 people in front of Ashley on 3+ 2+ 1 =6 occasions. 

This is 25 x 100% = 30% of his visits. 

You can use the statistics Package or your calculator to S;':z:afgés 
graph numerical data. 

EXERCISE 18C 

1 Classify each variable as either categorical or numerical: 

GRAPHICS 
CALCULATOR 
INSTRUCTIONS 

a the number of hospitals in capital cities b the places where you access the internet 
¢ the brands of breakfast cereal d the heights of students in your class 
¢ the number of road fatalities each day f the breeds of horses 
9 the number of hours you sleep each night. 

2 A randomly selected sample of teenagers was asked Meat consumption 
“How many times a week do you eat meat?” A Tfrequency 
column graph has been constructed from the results, 8 — 
a How many teenagers answered the survey? sl 
b How many of the teenagers eat meat at least ' 

once a week? 4)f 
¢ What fraction of the teenagers eat meat twice a 9 ,I: 

week? _ 
d What percentage of the teenagers eat meat more 0 S 5 6 7 8 than twice a week? times meat is eaten per week 

3 25 randomly selected residents of a retirement village were asked “How many great-grandchildren do you have?” Their responses are recorded in the dot plot below. 
a How many residents do not have any b 

great-grandchildren? : o 
b What percentage of residents have . o . : : 

more than one great-grandchild? o o o o o o 
¢ How would you describe the data value - 2 * & e o S i 0 1 2 3 4 5 6 7 8 9 

“9”? 

number of great-grandchildren
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4 Bernadette counts the number of tomatoes on eac 

her plants. The results are shown in the table. 

a How many tomato plants does Bernadette own? 

b What fraction of plants produced more than 

7 tomatoes? 

¢ Draw a column graph to display the data. 

d Are there any outliers? 

h of Number of tomatoes | Frequency 

5 2 

6 7 

7 8 

8 5 

9 3 

10 1 

5 Rosie records the number of doughnuts she sells each day in her bakery: 

15 14 12 8 16 17 12 1 

14 16 17 11 18 12 15 1 

a Construct a tally and frequency table for this 

b Display the data using a column graph. 

¢ 

4 13 18 12 11 13 15 

3 15 16 12 15 11 14 

data. 

On what percentage of days were 15 or more doughnuts sold? 

d State any outliers in this data. 

6 30 customers in a supermarket were asked how many litres of milk they bought each week. 

The following data was collected: 

32145026 

24011235 

Construct a dot plot to display the data. 

32112 2 3 

012 4 2 10 2 

What percentage of the customers do not buy milk? 

What percentage of the customers buy 3 or more litres of milk each week? 

a 

b Are there any outliers in the data? 

< 

d 

If there are a large number of different data values, it may be appropriate to group the data into 

class intervals. 

For example, a local kindergarten was concerned about the number of vehicles passing by between 

8:45 am and 9:00 am. They recorded the following data over 30 consecutive weekdays: 

27 30 17 13 46 23 40 28 38 24 23 22 18 29 16 

35 24 18 24 44 32 52 31 39 32 9 41 38 24 32 

In this case we use class intervals of length 10 to 

construct a tally and frequency table: 

The modal class is the class with the highest 

frequency. In this case the modal class is 20 to 29 

cars. 

Number of cars | Tally | Frequency 

0to9 | 1 

10 to 19 M 5 

20 to 29 W 10 

30 to 39 1 9 

40 to 49 il 4 
50 to 59 | 1 

Total 30 
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We can display grouped data using a column graph Passing traffic 
as before, except the columns correspond to the 10 { frequency 
class intervals, rather than individual values. 

5 

0 aniiiialdly 

0 10 20 30 40 50 60 

EXERCISE 18D 

1 Dave plays golf almost every day. The scores for his last 
40 rounds were: 

72 81 78 77 82 78 89 82 

8 76 75 81 74 87 84 77 

80 83 79 82 75 T4 74 71 

79 72 76 71 75 82 78 

76 76 81 77 72 84 87 83 

a Construct a tally and frequency table for this data using the class intervals 70 to 74, 
75t0 79, 80 to 84, and 85 to 89. 

b How many of Dave’s scores were more than 84? 

¢ What percentage of Dave’s scores were less than 757 

d Copy and complete: More scores were in the interval ...... than in any other interval. 

2 An English teacher asked her students to write a brief description of themselves using 70 to 
100 words. The teacher recorded the number of words each student used, and displayed the 
results in the column graph below. 

Number of words used 

12 frequency The A~ in the 
horizontal axis indicates a 

10 break in the values. 

8 

6 

oL\ - 
50 60 70 80 90 100 110 

number of words 

How many students are in the class? 

Find the modal class of the data. 

How many students did not reach the minimum word limit? 

How many students exceeded the maximum word limit? 

®
 
O
 
A
 
O
 
o
 

Is it possible to determine the highest number of words used?
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3 A delicatessen records how many customers it has each day for 50 days. The results are: 

81 82 75 83 104 92 112 124 110 92 

111 105 78 87 99 86 129 115 121 76 

109 75 104 96 74 104 98 114 106 109 

101 110 92 86 122 118 115 117 84 71 

73 116 119 122 94 81 107 109 115 127 

a Construct a tally and frequency table for this data using the class intervals 70 to 79, 

80 to 89, 90 to 99, 100 to 109, 110 to 119, and 120 to 129. 

b Draw a column graph for the data. 

Find the modal class of the data. 

On what percentage of the days did the delicatessen have at least 100 customers? 

e If we are given a set of raw or unordered data, how can we efficiently find the lowest and 

highest data values? 

o If the data values are grouped in classes on a frequency table or column graph, do we still 

know what the highest and lowest values are? 

e Is there another way to display data in groups without “losing” information about the highest 

and lowest values? 

A stem-and-leaf plot is a method of writing data in groups without losing the actual data values. 

o
 
n
 

For each data value, the last digit is used as a leaf, and the digits before it determine the stem on 

which the leaf is placed. 

We include a scale to tell us the place value of each leaf. 

Once a stem-and-leaf plot has been constructed, we can write the leaves in ascending order to form 

an ordered stem-and-leaf plot. 

m o) Self Tutor 

The ages of guests at a 21st birthday party were: 

22 20 18 27 35 21 48 19 21 47 17 26 49 

16 21 48 19 22 31 20 18 21 19 45 22 

Construct a stem-and-leaf plot for the data. 

Hence construct an ordered stem-and-leaf plot for the data. 

How many guests attended the party? 

How old was the youngest guest? 

How many guests were at least 30 years old? 

-
 
0
 
0
 
n
 
T
 
o
 

What percentage of guests were in their twenties? 
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a2 The stem-and-leaf plot is: b The ordered stem-and-leaf plot is: 

118976989 116788999 
2(2071161201 2 2/00111122267 
3151 3115 
4187985 4157889 

Scale: 1|8 means 18 Scale: 1|8 means 18 

¢ 25 guests attended the party. d The youngest guest was 16 years old. 

€ 7 guests were at least 30 years old. 

f 11 guests were in their twenties. 

So, the percentage of guests who were in their twenties = % x 100% = 44%. 

EXERCISE 18E 

1 For the data in this stem-and-leaf plot, find: 21569 

a the value of the circled leaf 311277 

b the maximum value 4103 4®9 

¢ the number of data values greater than 50 53/2356 
d the total number of data values. Scale: 2|6 means 26 

2 For the stem-and-leaf plot given, find: 7134678909 

a the minimum value 81 0011233556788 

b the maximum value 9111244589 

¢ the number of data values greater than 90 101237 

d the number of data values of at least 100 E , 
e the percentage of data values less than 75. 

Scale: 9|1 means 91 

3 a Construct an unordered stem-and-leaf plot for the following data: 

27 34 19 36 52 34 42 51 18 48 

20 27 33 30 46 19 35 24 21 56 

b Hence construct an ordered stem-and-leaf plot for the data. 

¢ State the modal class for the data. 

4 Mandy’s netball team went undefeated for the season. The 
winning margins for each game were: 

32 20 1 7 5 13 14 9 23 12 6 55 

14 23 30 16 6 13 24 9 4 19 8 27 

Construct an unordered stem-and-leaf plot for the data. 

Order the stem-and-leaf plot. 

Find the highest and lowest winning margins. 

Find the modal class of the data. 

In how many games was the winning margin less than 20 points? 

-
 
®
 
O
 
n
 
O
 
o
 

Are there any outliers in this data set?
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5 The number of students absent from City Bay High School was recorded for 40 days during 

winter: 
21 16 23 24 18 29 35 37 41 38 33 28 29 34 

25 23 17 26 34 33 10 27 49 52 43 41 31 

24 20 25 23 19 22 12 16 17 15 14 14 32 

Construct a stem-and-leaf plot for the data. 

Redraw the stem-and-leaf plot so it is ordered. 

Find the highest and lowest number of absences for the period. 

On what percentage of the days were there 40 or more students absent? 

Attendance is described as “good” if there are fewer than 25 absences per day in winter. 

On what percentage of the days was the attendance “good”? 

O
 
0
 

n
 
O
 
o
 

We can gain a better understanding of a data set by locating the middle or centre of the data, and 

by measuring its spread. Knowing one of these without the other is often of little use. 

MEASURING THE CENTRE 

There are three statistics that are used to measure the centre of a data set: 

e mean ¢ median e mode. 

THE MEAN 

The mean of a data set is the arithmetic average of the data values. 

sum of data values 
mean — 

number of data values 

The mean is not necessarily a member of the data set. 

For example, suppose the mean success rate of a basketball team from the free throw line is 78%. 

It is likely that several of the players score less than 78%, and several score more than 78%. It is 

not necessary for any of the players to score exactly 78%. 

THE MEDIAN 

The median of a data set is the middle value of the ordered set of data values. 

The median splits the data in two halves. Half of the data are less than or equal to the median, and 

half are greater than or equal to the median. 

For example, suppose the median success rate of a basketball team from the free throw line is 78%. 

This means that half of the team scores less than or equal to 78%, and half scores greater than or 

equal to 78%. 

If there is an odd number of data values, there is one middle value which is the median. 

If there is an even number of data values, there are two middle values. The median is the average 

of these values.
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If there are n data values, the median is the ( Z "2'_ 1)th data value. 

For example: 

n+1 
e When n =09, — = 5, so the median is the 5th ordered data value. 

e When n = 12, nTH = 6.5, so the median is the average of the 6th and 7th ordered data 
values. 

THE MODE 

The mode is the most frequently occurring value in the data set. 

If there are two data values which are the most frequently occurring, both values are modes and we 
say the data is bimodal. 

If there are more than two data values which are the most frequently occurring, we say the mode is 
undefined and do not use it. 

MEASURING THE SPREAD 

The range of a data set is the difference between the maximum or largest data value, and the 
minimum or smallest data value. 

range — maximum value — minimum value 

m =) Self Tutor 
The numbers of games won by a hockey team over the last 12 seasons have been: 

5 73 65 9 8 75 7 8 6 

For this data set, find the: 

a mean b median ¢ mode d range. 

54+ T7T+3+6+54+9 847 +5+T+8+6 ~—— sum of data values 
e 12 number of data values 

_ 
T 12 

22 6.33 wins 

b The ordered data setis: 355566 777889 {n =12, n_2_4-_1 = 6.5} 

the median = 6—;—7 = 6.5 wins 

¢ 5 and 7 are the values which occur most often. 
the data set is bimodal with modes 5 and 7 wins. 

d The lowest value is 3 and the highest value is 9. 
the range = 9 — 3 = 6 wins. 
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m N o) Self Tutor 

Find the median and mean of the data In order, the data values are: 

set illustrated: 5 666677 7 888891010 
y M 2 H L 2 > ? 2 9 2 > 2 ? 

" " Now n =15 so n;1=8 

L] o -] 

B OO s . the median is 7. 
—-— [-] e <] [} L] @ - score 

[ : F R 

111 
SEE S 7.4 

You can use the statistics package or your calculator to STATISTICS 
PACKAGE 

find the measures of centre and spread. 

EXERCISE 18F 

1 Find the mean, median, mode, and range of each data set: 

a 1,3,4,5,9,9, 11 

10, 12, 12, 15, 15, 17, 18, 18, 18, 19 

8, 4,17, 11, 10, 10, 12, 11, 9, 18, 11, 6, 17, 7, 8 

3.8, 3.6, 4.1, 3.9, 3.6, 4.0, 3.7, 3.8, 4.0, 3.9, 3.7, 4.3 

6.8, 8.3, 7.9, 11.0, 9.2, 8.6, 10.1, 9.7, 8.3, 9.4, 6.9, 9.5, 8.9 

127, 123, 115, 105, 145, 133, 142, 115, 135, 148, 129, 127, 103, 130, 146, 140, 125, 124, 

119, 128, 141, 116 

-
 
®
 
B
 
a
 
T
 

92 The number of bedrooms in the houses on a street are listed below: 

23132 24322512131 

For this data set, find the: 

a mean b median ¢ mode d range. 

3 In a survey, 25 randomly selected women were asked to give their shoe size. The results were: 

75 7 65 85 9 10 11 65 85 9 8 8 95 

85 75 5 7 9 85 8 8 95 10 6 7.5 

Find the range of the data. Explain what it means. 

Find the median of the data. 

Find the mode of the data. Explain what it means. 

A
 
n
 
T
 
o
 

If you were a shoe store owner, would you stock the same number of shoes for each size? 

Explain your answer.
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& At the supermarket checkout, the items in Anita’s shopping basket cost: 

$2.30, $3.45, $1.98, $5.27, $0.95, $5.45, $3.99, $2.89, 
$1.45, $6.12, $12.99, $6.59, $9.10, $3.95, $1.85, $6.45. 

a Find the mean price of the items. 

b Find the median price of the items. 

¢ Does the data set have a mode? Explain your answer. 

d Find the range of the data. 

5 Find the median and mean of the data set: 

10 

a b 5 frequency ¢ 2|13 

4 31256 

° 5 434458 
511587 [} [+ [ 2 

LA S = 1 Scale: 2|1 means 21 
2 3 5 6 

score 0 

score 

%) Self Tutor 

A set of 7 data values has mean 9. Find the sum of the data values. 

sum of data values 
mean = 

number of data values 

g — Sum of data values 

I 

‘. the sum of the data values = 9 x 7 = 63 

A set of 12 data values has a mean of 6. Find the sum of the data values. 

A set of data values has sum 143 and mean 13. How many data values are in the set? 

Huang does casual work at a petrol outlet. On average, he has earned $214.50 per week for 
the last 6 weeks. How much has he earned in total? 

It started snowing on Sunday January 21st. 11 cm of 
snow fell that day. On the next 5 days 24 cm, 28 cm, 
22 cm, 16 cm, and 13 ¢cm of snow fell. 

a Find the mean snowfall from Sunday to Friday. 

b How much snow would need to fall on Saturday 
for the mean to rise to 20 cm? 

¢ If 10 cm of snow fell on Saturday, calculate the 
mean snowfall for the week. 

Helen rolled a die eight times. The numbers she rolled had mean 4, median 3.5, mode 3, and 
range 4. List the results of Helen’s rolls, from smallest to largest.
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ACTIVITY 2 

In this game players compare statistics from their dice rolls to earn points. DICE GAME 

1 
INVESTIGATION 

In this Investigation we will examine the effect of an outlier on the mean, mode, and median of 

a data set. 

What to do: 

1 a Copy and complete: Data set Mean | Mode | Median 

4,5,6,6,6,7,7,8, 9,10 

4,5,6,6,6,7,7,8,9, 10, 100 

b Comment on the effect that the outlier had on the: 

i mean ii mode ili median. 

¢ Which measure of centre was most affected by the inclusion of the outlier? 

2 The prices of 20 cars in a used car dealership are: 

$4800 $7900 $12950 $3000 $4950 $9800 $12000 

$11000 $6200 $5250  $8750 $6900 $9900 $7500 

$8250 $6900 $5800 $10000 $8500 $7600 

Calculate the mean and median prices. 

A luxury car is now being sold at the dealership for $45 000. 

Find the new mean and median prices. 

Which measure of centre was most affected by the inclusion of the outlier? 

Which measure of centre gives a better indication of the price you would expect to 

pay for a car at this dealership? 

g
 
o
 

Q
 
n
 

3 Under what circumstances do you think the mean or the median would be more appropriate 

to use as a measure of the centre of a data set? Explain your answer. 

| DON'T T WHY WELL, IT'S LIKE SAYING you FeeL WELL, IF YOU 
COMPARE 

AVERAGES... AVERAGES/! HEAD IN THE OVEN GOOD ON 
AND YOUR FEET IN 

THE REFRIGERATOR... 

AVERAGE. 
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We can find the measures of centre and spread directly from a frequency table without having to list the individual data values. 

To do this we add: 

® a product column which records the sum of scores with each particular value 
® a cumulative frequency column which records the number of data values less than or equal to that particular score. 

We use the product column to help calculate the mean, and the cumulative frequency column to help calculate the median. 

Eromplc 7 8 ) Selt Tutor A class of 20 students take a spelling test. Their results Score | Number of students out of 10 are shown in the table. 5 1 
For these scores, calculate the: 6 9 
a mode b median 7 4 
€ mean d range. 8 7 

9 4 

10 2 

Total 20 N 

Score LNumb_e_r of students Product | Cumulative Jrequency 

5 1 5x1=5 1 4 students scored 7, 6 2 6x2=12 =2 =8 so the sum of these 7 4 [7x4=28 3+4=7J“‘_'“ scores is 7 x 4 = 28, 8 " 8 x 7= 56 T4+7=14 7 students scored 7 

or less. 9 4 9x4=236 14+4=18 
10 2 10x2=20 1842=20 

Total 20 157 

a The score “8” had the highest frequency, so the mode = 8. 
n ntl_ 21 b n=20 so 5 —2—-10.5 

The 10th and 11th scores are both 8, so the median = &, 
¢ Mean — _Sum of scores _ 157 

" number of scores 20 

=17.85 

d The lowest score is 5 and the highest score is 10, so the range = 10 — 5 = 5, J 
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EXERCISE 18G 

1 A class of 28 students was asked how many " Number of televisions | Frequency 

televisions they had in their home. The results are - = 

shown in the table. 0 1 

For this data, calculate the: 1 8 

a mode b median g 172 

¢ mean d range. — Total 28 

2 Sarah recorded the number of occupants in each car Occupancy in cars 

that drove down her street in one hour. The results T frequency 

are shown in the column graph. 16 — 

a Construct a frequency table from the graph. 12 

b How many cars did Sarah record data for? 8 

¢ For this data, find the: 4 

i mode ii median 0 2 

iii mean iv range. number of occupants 

3 QO students in the Netherlands were asked how many I’ " Numberof | 

times they had travelled to another country for a international holidays Frequency 

holiday. The results are given in the frequency table. — 5 — 3 

a For this data, find the: 1 9 

I mode .ii median 9 11 

iii mean iv range. 3 19 

b Construct a column graph of the data. Show the 4 8 

positions of the mode, median, and mean on the 5 5 

horizontal axis. 6 3 

7 2 

(T 8 2 

4 The horizontal bar chart alongside shows the ages Student ages 

of students participating in an international school 4 age 

mathematics competition. 16 ] 

a How many students participated in the 15 ] 

competition? 14 __—___—_I 

b Find the mode and explain what it means. 

¢ Find the median age of the students. 1 :] 

d Find the mean age of the students. 12 :] 

e Compare the median and mean ages. Explain N 

how you can tell which is greater by looking at 10u 

the chart. 0 5 10 15 20 25 30 35 
frequency



STATISTICS  (Chapter 18) 385 

GLOBAL CONTEXT OF A POPULATION 
Global context: Identities and relationships C%'hoTB&T Statement of inquiry: Calculating statistics and constructing graphs can : help us understand the characteristics of and 

relationships within a population. 
Criterion; Communicating 

PUZZLE 

Use the bridges to move from the Start island to the Finish island. The mean of the numbers you have landed on must never drop below 5 or rise above 10. You may not land on the same 

L 20 ) Finish 

QUICK QuIZ 
MULTIPLE CHOICE QUIZ * 

REVIEW SET 18A 
1 Classify each variable as categorical or numerical: 

a the area of each block of land in a town 
b the marital status of people in a suburb 
¢ the number of matches in a match box. 

2 The dot plot shows the number of 
goals scored by a group of netballers in = 10 attempts. 

o o o 
@ How many netballers are in the group? _ ® At T o b Are there any outliers? 0123456738910 

goals scored ¢ Find the median number of goals scored.
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3 Of the passengers on a bus, 15 were children, 11 were students, 22 were
 adults, and 12 

were pensioners. 

a Find the mode of the data. 

b What percentage of the passengers were pensioners? 

¢ What fraction of the passengers were children? 

d Display this data on a pie chart. 

& Explain any bias in the following samples: 

a To find the favourite TV show of high school students, the Year 8 
students at the local 

high school are surveyed. 

b To determine the most popular dish at a restaurant, the diners at Sunday 
lunch are 

surveyed. 

5 This horizontal bar chart shows the Crude oil reserves 

crude oil reserves for the top five oil countty 

producing countries in the world. Venezuela | 

a How many barrels of crude oil  Saudi Arabia il 

do these countries have in total? Canada l 

b How many more barrels does 

Saudi Arabia have than Iraq? tzd l 

¢ What percentage of the crude oil Iraq - ] L 

is held by Iran? 0 50 100 150 200 250 300 
barrels (billions) 

6 The results of the university students studying Quantum 

Physics were graded as high distinction (HD), distinction (D), 

credit (C), pass (P), or fail (F). The grades obtained were: 

CPFPD D CPFP CCPDP 

CFPPC HDDCPF CPFP 

a Draw a tally and frequency table to organise the data. 

b Construct a column graph to display the data. 

4 

d 

State the mode of the data. Explain what it means. 

What percentage of the students failed the course? 

7 A customer satisfaction survey produced a rating out of 100 for each cus
tomer’s overall 

experience. The results were: 

62 85 100 57 12 74 63 91 54 58 100 96 80 86 98 

100 82 66 92 75 89 68 85 73 82 95 95 61 100 96 

a Construct a tally and frequency table for this data using the class intervals 10 to 19, 

20 to 29, 30 to 39, ..., 90 to 100. 

b Display the data using a vertical column graph. 

¢ Find the modal class of the data. 

d What percentage of customers were at least 80% satisfied?



STATISTICS (Chapter 18) 387 

8 The test scores out of 40 marks were recorded for a group of 30 students: 
25 18 35 32 34 28 24 39 29 33 929 34 39 31 36 
35 36 33 35 40 26 25 20 18 9 40 32 23 28 27 

Construct a stem-and-leaf plot for this data using 0, 1, 2, 3, and 4 as the stems. 
Redraw the stem-and-leaf plot so it is ordered. 

a 

b 

¢ What advantage does the stem-and-leaf plot have over a column graph? 
d Find the range of the marks scored for the test. 
e An “A” was awarded to students who scored 36 or more for the test. What percentage of students scored an “A”? 

9 Damien bought his lunch each day for four days, spending an average of $6.20 each day. 
a Find the total amount of money that Damien has spent on lunches. 
b The next day, Damien pays $8.40 for his lunch. Find Damien’s new average lunch cost. 

10 A cinema wanted to find the average age of their patrons. At the end of a children’s movie, 20 randomly selected audience members were asked their age. The responses were: 
4296842910613157426519113382812 

a Find the mean of the sample. 
b Find the median of the sample. 
¢ Explain why neither the mean nor the median will be good estimates of the average age of the cinema’s patrons. 

11 For the data in this stem-and-leaf plot, find the: 3/89 
a mode b median 41225 
€ mean d range. 5/01179 

6134 

710 

Scale: 3|8 means 3.8 
12 Bernie asked 25 randomly selected adults how many hot beverages they drank per day. The results are listed below: 

4 2 10035432221 
1 101 2 4 20113 4 2 

@ Draw a tally and frequency table for the data. 
b Find the: 

i mode ii median ili mean. 
¢ Construct a column graph to display the data. Include the mode, median, and mean on 

the horizontal axis. 

d Identify the outlier in the data. 
e Which measure of centre is most affected by the outlier? Explain your answer. 
f What fraction of the adults drink less than 3 hot beverages per day?
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13 The staff at a cinema asked customers to state 

their favourite type of film. The results are 

shown in the pie chart alongside. 

a 

b 

What is the most popular film type? 

What percentage of customers chose 

Sci-Fi or Fantasy? 

20 of the customers surveyed chose Horror. 

How many customers: 

i were surveyed 

ii chose Romance? 

Favourite film type 

_-Horror 

_-Historical 

Fiction 

Thriller/ 

Crime 

Fantasy 

REVIEW SET 18B 

1 Decide whether a census or sample would be appropriate for finding: 

a the average number of books owned by members of a book club 

b the median height of people living in Tokyo. 

2 To investigate the public’s opinion on whether 

money should be spent upgrading the local library, 

a questionnaire is placed in the library for people 

to answer. 

Explain why this sample is likely to be biased. 

3 The students in a class recorded how many siblings they have. The results were: 

01211 01310 01221 

a 

b 

< 

How many students are in the class? 

Draw a dot plot to display the data. 

10124 12001 210 

Are there any outliers in the data? Explain your answer. 

What percentage of children in the class have no siblings? 

4 An English class was asked how many pages they 

had read so far of their class novel. The results 

are given alongside. 

a 

b 

< 

What is the modal class for the data? 

Draw a frequency table for this data. 

What percentage of students have read 40 or 

more pages? 

The class was supposed to read the first 

30 pages for homework. How many students 

did not complete their homework? 

10 

8 

6 

4 

2 

0 

Pages read 

4 frequency 

- 

0 10 20 30 40 50 60 
number of pages read 

Can you find the range of the data? Explain your answer.
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5 Forty soccer players at a training camp were asked 
what position they played. The results were recorded 
as striker (S), midfielder (M), defender (D), or 
goalkeeper (G). 

S DMM S MD S G M 
MDS DM DS MD G 
S GMD S DMD S M 
DGMSM DGMM S 

@ Summarise the data in a tally and frequency table. 
b Find the mode of the data. Explain what it means. 
¢ What fraction of the players were midfielders? 
d What percentage of the players were defenders or goalkeepers? 
e Display the data on a horizontal bar chart. 

6 An office recorded the number of phone calls it received each day for 30 days: 
18 32 25 37 24 28 35 42 31 16 28 38 30 41 27 31 46 17 35 26 32 14 44 37 48 23 19 33 15 36 

a Organise the data into a tally and frequency table, using the class intervals 10 to 19, 20 to 29, 30to 39, and 40 to 49 
b Display the data on a column graph. 
¢ Find the modal class of the data. 
d On what percentage of days did the office receive at least 30 calls? 

7 This stem-and-leaf plot shows the weights of Year 8 students in a class. Find: 
a the minimum weight 

31248 b the maximum weight 4104479909 
¢ the median weight 

5/001223355688 
d the range of weights 6101244579 
e the number of students who weigh at least 7/026 70 kg 8|4 
f the percentage of students who weigh less 9|1 

than 48 kg. Scale: 9|1 means 91 kg 
8 The lengths of a group of cars were measured. The results in metres were: 

446 4.58 4.37 421 4.19 4798 4.75 4.54 4.64 
4.68 4.27 438 4.35 4.48 458 452 4.43 4.24 

@ Draw an ordered stem-and-leaf plot to display this data. 
b Find the range of the data. 

9 For the data in the dot plot, find the: 
_ e o o a mode b median s L R 

€ mean d range. 6 7 9 10 11 12 
score
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10 Hospital patients with cardiovascular disease 

4 number of patients 
500 - 

400 - . 

300 

200 | = 

100 

0-14 15-24 25-34 35-44 45-54 55-64 65-74 75andover 
age group (years) 

This graph shows the number of cardiovascular patients admitted to a hospital over 3 m
onths. 

a How many 55 - 64 year old males were admitted to hospital? 

b Find the percentage of the total patients aged 45 - 54 who were female. 

¢ Which age groups had more male patients than female patients? 

11 The table shows the scores in a fitness test for a class of Score | Frequency 

13-year-old Vietnamese students. 6T 2 

a Calculate the median score. 7 4 

b Calculate the mean score. 8 7 

¢ The average score for all 13-year-old Vietnamese students 9 12 

was 7.2. How does this class compare with the national 10 5 

average? Total 30 

12 The column graph alongside shows the number Assists per game by a basketballer 

of assists per game in a basketball player’s 121L frequency 

international career. 10 =) 

a Construct a frequency table for the data. 8 

b Determine the total number of assists made 6 H 

by the player. 4 

¢ For this data, find the: 9 H H H 

i mode il median 0 L 

ili mean iv range. 0 1 2 3 4 5 6 
number of assists
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OPENING PROBLEM 

Jane cut two triangular slices of cheesecake, and gave 

one to her brother Nathan. 

“That’s not fair!”, Nathan said, “Your slice is bigger than 

mine!” 

Jane used a ruler to measure the sides of each slice. 

“See, my slice has sides 5 cm, 6 cm, and 7 cm, and so 

does yours. That means the slices are the same size.” 

“Not necessarily”, said Nathan, “the slices might have 

the same sides, but the angles might be different.” 

Things to think about: 

a Who do you think is correct? 

b What mathematical argument can you use to justify your answer? 

In previous years we have studied several transformations. 

When we perform a translation, rotation, or reflection, the image is identical in size and shape to 

the original object. We say that the object and image are congruent. 

When we perform an enlargement or reduction, the image is identical in shape to the original 

object, but its size is different. We say that the object and image are similar. 

In this Chapter we will study congruence and similarity, and see how these principles are used in 

practical problems. 

Congruent figures are identical in size and shape. They do not need to have the same position 

or orientation. 

o) Self Tutor 

Decide whether these pairs of figures are congruent: 

| | E ‘ C O 

a The figures do not have the same shape, so they are not congruent. 

b The figures are identical in size and shape even though one is rotated. They are therefore 

congruent. 

¢ The figures have the same shape, but they are not the same size. They are therefore not 

congruent. 
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EXERCISE 19A 

1 Decide whether these pairs of figures are congruent: a - 

2 Which two of these figures are congruent? 

A Efl B fi c @ D g ! g 

3 Which three of these figures are congruent‘? 

E}Qfi@@[& 
4 Quadrilaterals ABCD and EFGH A 

are congruent. 

Determine the: 

a length of side [EF] 

b size of angle FGH 

¢ perimeter of EFGH. 

12 cm 

5 Triangles ABC and PQR are congruent. 
Determine the: 

a length of side [RQ] 4cm 

b size of angle P@R 

¢ area of PQR. 
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You will need: Two sheets of card, scissors. 

What to do: 

1 Draw a shape on one of the sheets of card. 

2 Place the second sheet of card behind it, and hold them together tightly. Carefully cut out 

the shape, cutting through both sheets of card. This will give you two congruent figures. 

3 Ina group or as a class, place the figures from each student 

in a box, and mix the figures up. 

& Try to pair up the congruent figures. Discuss what 

transformations you apply to the figures in order to test 

whether two figures are congruent. 

5 Can you define congruence in terms of transformations? 

Write your answer in the form: 

Two figures are congruent if one can be placed exactly 

on top of the other using a combination of ...... 

The triangles alongside have identical side 

lengths and angles, so the triangles are 

congruent. 

However, we do not necessarily need to know 

all of the information given to conclude that 8em 

the triangles are congruent. 

For example, if we know that two triangles 

have the same side lengths, this information is 

sufficient to conclude that the triangles must be 

congruent. 

Click on the icon to explore this property for yourself. DEMO 
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INVESTIGATION 2 

In this Investigation we will discover other conditions which allow us to conclude that two triangles are congruent. 

You will need: Paper, ruler, protractor. 

What to do: 

1 Two sides and an included angle 
Draw a triangle with two side lengths 8 cm 
and 12 cm, and with an angle measuring 25° 
between these sides. 
How many different triangles can be 
constructed? 

2 Two angles and a corresponding side 
Draw a triangle with two angles measuring 70° 
and 45°, and with a side 10 cm long between 
these angles. 
How many different triangles can be 
constructed? 

3 Right angle, hypotenuse, and a side 
Draw a right angled triangle with hypotenuse 
10 cm, and one other side 6 cm long. How 
many different triangles can be constructed? 

The hypotenuse is 

the longest side of a 

right angled triangle. 

4 Two sides and a non-included angle 
Draw a triangle with two side lengths 8 cm and 
12 cm, and with an angle measuring 25° between 
the 12 cm side and the third side. 
How many different triangles can be constructed? 

5 Three angles 

Draw a triangle with angles measuring 50°, 60°, 
and 70°, 

How many different triangles can be constructed? 

8cm 

25° 

12cm 

£ 700 45° 
10 cm 

6 cm 

8cm 

12cm 

Ao 

£ 60° 50°™, 
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From the Investigation you should have made the following discoveries: 

Two triangles are congruent if any one of the following is true: 

e All corresponding sides are equal in length. (SSS) i ;:7 

e Two sides and the included angle are equal. (SAS) 

e Two angles and a pair of corresponding sides are 

equal. (AAcorS) /N b 

e For right angled triangles, the hypotenuses and 

one pair of sides are equal. (RHS) i\»\ /*Ar{ 

When we use one of these reasons to conclude that two triangles are congruent, we use the appropriate 

abbreviation to record our reason. 

We use the symbol = to indicate congruence. 

From the Investigation, you should also have found that: 

o If we know two side lengths and a non-included angle, there may be two ways to construct the 

triangle. We therefore cannot conclude that the two triangles are congruent. 

e If we know all angles of a triangle, the triangle may still vary in size. We therefore cannot 

conclude that the two triangles are congruent. 

m «) Self Tutor 

Are these pairs of triangles congruent? Give reasons for your answers. 

a b 

c d 

4cm i 

a Yes {RHS} b Yes {SAS} 

¢ No. This is not AAcorS since the equal sides are not in corresponding positions. One is 

opposite angle o, the other is opposite angle 5. 

d Yes {AAcorS} 
] 
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Once we have established that two triangles are congruent, we can deduce that the remaining 

corresponding sides and angles of the triangles are equal. 

a Show that these triangles are 

congruent. 

What can be deduced from 

this congruence? 

o) Self Tutor 

\! 

= means 

In As ABC and XYZ: 

e AB=XY 

e BC=YZ 

e ABC =XVYZ 

AABC = AXYZ {SAS} 

We can deduce that: 

s AC=XZ 

e BAC=YXZ {8} 

e ACB=XZY {6} 

| “is congruent to”. 

M
 

When we describe congruent triangles, 
In the previous Example, we therefore write in the same order. 

AABC @ AYZX. 

EXERCISE 19B 

1 Explain why we cannot conclude that these triangles 

are congruent: 

we label the vertices that are in corresponding positions 
ANABC = AXYZ, not 

2 Decide whether these pairs of triangles are congruent, giving reasons for your answers: 

a b 

<4 
N
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d e 
| 60° -y 

7] 

30° A . 

4 Which of these triangles are congruent to each other? 

A B 5 < 
cm 15¢cm 17em 

- 

-~ 17cm 9cm 
O 

D E F 

: 15¢m ] 17m 

0 9cm 
15m 
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5 The following pairs of triangles are not drawn to scale, but the information on them is correct. 

i Determine whether the triangles are congruent. 

i If the triangles are congruent, state what else we can deduce about them. 

a B Q b K L 

We have seen that if two triangles have equal 

corresponding sides, then they are congruent. 

Is the same true for quadrilaterals? Can we say 

that the quadrilaterals alongside are congruent? 
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PUZZLE 

Pablo wants to build a geometric path which completes 

a lap around his fountain. 

The fountain is circular with diameter 1 m. 

Pablo will use tiles which are congruent triangles. Every 

tile must share at least fwo full edges with other tiles. 

1 Suppose Pablo uses the tiles alongside. 40cm PRINTABLE 

What is the least number of tiles that Pablo FAGES 

needs? Illustrate your answer. t 
30cm 

50 cm 

2 Now suppose Pablo uses these tiles instead. 

What is the least number of tiles that Pablo needs? Aolem 42 em 

Ilustrate the solution which fits most tightly around 

the fountain. 

In Chapter 9, we studied the properties of isosceles triangles and special quadrilaterals. We can 

use congruence to prove many of these properties. 

|_Example 4 <) Self Tutor 
Consider the isosceles triangle ABC. C 

M is the midpoint of [BC]. 

a Use congruence to show that BAM = CAM. A M 

b What property of isosceles triangles has been proven? 

B 

a In triangles ABM and ACM: 

e AB=AC {AABC is isosceles} 

e BM=CM {M is the midpoint of [BC]} 

e [AM] is common to both triangles. 

AABM =2 AACM {SSS} 

Equating corresponding angles, BAM = CAM. 

b In any isosceles triangle, the line joining the apex to the midpoint of the base bisects the 

vertical angle. 
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EXERCISE 19C 

1 Consider the parallelogram ABCD. 
A e — B 

a Copy and complete: / . / 

In triangles ABD and CDB: / = 

o ADB= ... {equal alternate angles} / P - // 

o ABD= ... {equal alternate angles} b - e 

e [BD] is common to both triangles. 

AABD 2 ACDB  {......} 
Equating corresponding sides, AB = ...... and AD=.... . 

b What property of parallelograms has been proven in a? 

2 Consider the kite PQRS. QH_H 

a Use congruence to show that QPR = SPR and I T 

QRP = SRP P R 
b What property of kites has been proven? \'\ \S/*’* 

3 Consider the squarec ABCD. 

a Show that AABC = ADAB. 

b Hence show that AC = DB. 

¢ What property of squares has been proven? 

D 

Consider the rhombus WXYZ. 

a Show that AWXY = AYZW. 

b Hence show that: 

i XYW =zWY 
ii [XY] is parallel to [WZ] 

ili [XW] is parallel to [YZ]. 

¢ What property of rhombuses has been proven? 

o
y
 

The diagonals of rhombus PQRS meet at M. 

a Show that APSQ = ARSQ. % _y® 

Hence show that P§Q = R§Q. 

What property of thombuses has been proven? A ) 

Explain why APSM = ARSM. 

P = : Yo Hence show that PM = RM. 

Find the sizes of SMP and SMR. 
Hence show that ASMP = AQMR and therefore SM = QM. 

What property of thombuses has been proven in e, f, and g? T
W
 
-
 
®
 
O
 
A
 
O
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6 Use congruence to show that: 

a the base angles of an isosceles triangle are equal 

b the diagonals of a kite intersect at right angles. 

7 In the diagram alongside: X 

e AABC is right angled at C M A 

e AMLC and CBNK are squares 

e [MX] L (AB) and [NY] Ll (AB) L C“1 B 

e A B, X, and Y are collinear. Y 

Prove that MX + NY = AB. 

The illustrated rectangles A, B, and C are not the same size, but they have the same shape. Their 

side lengths are in the same ratio. 

i | 

When an object is enlarged or reduced, all of its lengths are enlarged or reduced by the same scale 

factor. 

For example: 

e The side lengths in figure B are all twice the corresponding side lengths in figure A. We say 

that B is an enlargement of A with scale factor 2. 

e The side lengths in figure C are all half the side lengths in figure A. We say that C is a reduction 

of A with scale factor —%— 

If the scale factor is greater than 1, we have an enlargement. 

If the scale factor is less than 1, we have a reduction. 

| Example 5| «) Self Tutor 

Enlarge or reduce the given figure with scale factor: 

a3 b 1 1 
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a For a scale factor of 3, the figure is b For a scale factor of %, the figure is 

enlarged and all lengths are tripled. reduced and all lengths are halved. 

EXERCISE 19D 

1 For each transformation from A to B, state whether the transformation is an enlargement or a 

reduction, and find the scale factor. 

a b < 

e 

2 Enlarge or reduce the given figure with scale factor: 

a 2 b 

3 

[
N
 
S
T
 

3 An object is reduced with scale factor k. 

a What values could k have? 

b What needs to be done to the image to return it to the original size?
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4 Triangle B is an enlargement of triangle A. 

a Use a ruler to measure the side lengths of each triangle. 

Hence find the scale factor for the enlargement. 

b Use a protractor to measure the angles of each triangle. Comment on your results. 

The word similar suggests a comparison between objects which have some, but not all, properties 

in common. In mathematics, similar figures have the same shape, but not necessarily the same size. 

We can define similarity in terms of transformations: 

Two figures are similar if one can be placed exactly on top of the other using a combination of 

a translation, a rotation, a reflection, and an enlargement or reduction. 

Common examples of similar figures include television images, photo enlargements, house plans, 

maps, and model cars. 

In the figure below, A’B’C'D’ is an enlargement of ABCD with scale factor 3. The two figures are 
therefore similar. 

! CI 

A'B B¢ D DA 
AB _ BC _ CD _ DaA Notice that =3, so the corresponding sides are in the same ratio. 

When a figure is enlarged or reduced, the sizes of its angles do not change. We say that the figures 
are equiangular.
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Two figures are similar if: 

o the figures are equiangular and 

e the corresponding side lengths are in the same ratio. 

Example 6 

Determine whether each pair of figures is similar: 

the corresponding side lengths are 

in the same ratio. 

The figures are also equiangular, so the 

figures are similar. 

a 4 4cm B b B 

[T H 5 

+: + 2cm 

1 u ] 
D i C 

AI 6“Em BI 

1 L] 

x *3cm 

0 T | 
D’ @ 

A'B" 6 3 B'C’ 3 A'B" 4 B'C’ 9 
= o = = —_— T — —:—:2 and — T e T 

AR —1-3 ™ =3 ® 45 =3 BC 3 
the corresponding side lengths are 

not in the same ratio. 

the figures are not similar. 

EXERCISE 19E 

1 Determine whether each pair of figures is similar: 

a A 3cm B 
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2 A 20 cm wide picture frame surrounds a painting which 

is 100 cm by 60 cm. 

Are the two rectangles shown here similar? 

3 Comment on the truth of the following statements. For any statement which is false, justify 

your answer with an illustration. 

a All circles are similar. 

¢ All squares are similar. 

b All parallelograms are similar. 

d All rectangles are similar. 

These figures are similar. 

Find z, rounded to 2 decimal places. 

3ch 5cm 

4 cm 
z cm 

o) Self Tutor 

Since the figures are similar, their 

corresponding sides are in the same 

ratio. 
z 5 

1~ 3 
5 

:c=§><4 

=2 
3 

T =~ 6.67 

h These figures are similar. Find the value of z, rounded to 2 decimal places if necessary: 

& cm 

[4 ’ 

e ¥° 

b 

T cm 

9cm 

94 s 

62° 

5 If a line of length 2 cm is enlarged with scale factor 3, find its new length. 

6 A 3 cm length has been enlarged to 4.5 cm. Find the scale factor k.
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7 Narelle is drawing a scale diagram of her bedroom, which is a rectangle 4.2 m long by 3.6 m 

wide. On her diagram she draws her room 7 cm long. 

a How wide will her bedroom be on her diagram? 

b What is the scale factor for the diagram? 

8 Rectangles ABCD and EFGH are similar. B C E F 

Find the length of [EF]. 

4m 3.6m 

A 6m D H G 

9 Find the value of = given that triangle ABC is similar to triangle A’B'C": 
! a 5 C b C 

T cm B/ 

Jecm 12m 
B/ 

6 m 
C 8 cm q A T m > ol 

5cm Al A 8m 

A B 

¢ B N d B__ 8m C A 

; 50° 10m 
A 12m 

C! A 

B c Tm B’ 

10 Sketch two quadrilaterals that: 

a are equiangular but not similar 
“In proportion” means 

“in the same ratio”. 

b have sides in proportion, but are not similar. 

11 Can you draw two triangles which are equiangular 

but not similar? 

12 ¥ A picture x cm X y cm is surrounded by a frame 2z cm 

Nz cm o A wide, as illustrated. 

Prove that the rectangles in the figure are similar only 

if the picture is a square. 
TEm 
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In the previous Exercise we saw that quadrilaterals which are equiangular are not necessarily similar, 

and quadrilaterals with sides in proportion are not necessarily similar. 

However, if triangles are equiangular then their corresponding sides must be in the same ratio, and 

vice versa. So, to show that two triangles are similar, we only need to show that one of these 

properties is true. 

TESTS FOR TRIANGLE SIMILARITY 

Two triangles are similar if either: 

e they are equiangular or 

o their side lengths are in the same ratio. 

Notice that since the angles of any triangle sum to 180°, if two angles of one triangle are equal to 

two angles of another triangle, then the remaining angles of the triangles must also be equal. 

«) Self Tutor 
Show that these figures possess similar triangles: 

i list corresponding 

g vertices in the 

the triangles are similar. same order. 

A 

s As PQR and STR are equiangular as: 

o a;=ay {given} 

e (3, =B, {vertically opposite angles} 

the triangles are similar. 

c 

Q 

B 

© As ABC and DBE are equiangular as: 

A _ e o3 =as {equal corresponding angles} If two triangles 
E 

D 

! o 

¥ 

Q 

e the angle at B is common to both I Blallg 

| a 

a 

a 

b 

P 
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EXERCISE 19F.1 

1 Show that these figures possess similar triangles: 

a vy X b < 
F G D P . 

W o 505/ 50 H™ /.{ 
E S T U Y 

d B e ] 

+ C E K 

A \ fi\ 
i 70° " L v N 

D 

2 Explain why these triangles are similar: 

a b X 34m v A 

24m 16m 

W C 

17m z 
8m 

V 12m U 

3 a Showthat ACB = a. 

b Hence show that the three triangles in the given 

figure are all similar to each other. 

FINDING SIDE LENGTHS 

Once we have shown that two triangles are similar, we can use the fact that corresponding sides are 
in the same ratio to find unknown lengths. 

Example 9 o) Self Tutor 

Show that a pair of triangles is similar, and hence find 
the value of z: 



410 CONGRUENCE AND SIMILARITY (Chapter 19) 

As ABE and ACD are equiangular as: 

e a3 =as {equal corresponding angles} 

e (3;,=08, {equal corresponding angles} 

the triangles are similar. 

BE_2B {same ratio} 
CD ~ AC 

o 
7 6+4 

. Y . T= 10><7_4.2 

When solving similar triangle problems, it may be useful to use a table. 

Step 1. Label equal angles. For the triangles in Example 9, 

Step 2: Show that the triangles are equiangular, and we would write: 
hence similar. R 

Step 3: Put the information in a table, showing the equal 
angles and the side lengths opposite these angles. 

-| 6 | | small A 

-| 10| 7| large A 
Step 4. Use the columns to write down the equation for 

the ratio of the corresponding sides. 6z 

Step 5:  Solve the equation. w7 
=42 

Example 10 o) Self Tutor 

Show that a pair of triangles is similar, 15 m/' C 
and hence find the value of z: -— B 

A 

! 10m 

\.77 m 
~aE 

D 

As ABE and ADC are equiangular since: 

7 e AEB=ACD  {given} 

A~ 10m e the angle at A is common 
V\ 03 

T E .. the triangles are similar. 

D . ABE = ADC, and we call this angle . 

. z _ 6 . 
o 3 9 Using the table, = = 15 {same ratio} 

- T 6 | small A 6 
z=15x — 

- 15 10 | large & {1 
z=9 
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EXERCISE 19F.2 

1 In each figure, show that a pair of triangles is similar. Hence find the value of z. 
a A_zcm g b »p < 

U 

10cm 5cmh X 
6cm 

C Q zcem zcm 

D lcm E 

d D e X f A 
g 10cm 

B 5cm Scm R Tcm 4cm 
v 7 

Q Jcm 2cm 
e 5cm 

v T E C [5) rcm P 9cm 

2 Given the figure alongside, B 
find the length of [BF]. 7\ 

A - < D 
m 

E 

The properties of similar triangles have been known since ancient times, However, even with the technologically advanced measuring instruments available today, similar triangles are still important for finding heights and distances which would otherwise be difficult to measure. 

Step I: Read the question carefully. Draw a diagram Diagrams are very useful. showing all of the given information. Make sure your diagrams 
. t and 1 h. Step 2: Introduce a variable such as z, for the e mreenong 

unknown quantity to be found. 

Step 3:  Show that a pair of triangles are similar, and 
hence write an equation involving the variable. 

Step 4:  Solve the equation. 

Step 5. Answer the question in a sentence, 
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=) Self Tutor 

When a 30 cm stick is stood vertically on the ground, it casts a 24 cm shadow. 

At the same time a man casts a shadow of length 152 cm. How tall is the man? 

The sun shines at the same angle on both the stick and the . T 

man. We suppose this is angle a° to the horizontal. (90—a) ,A 

Let the man be h cm tall. 
hecm 

The triangles are equiangular and therefore similar. 

ho 152 =t {same ratio} o | (90— a)° | 90° 

h 152 - | large A 
h = 152 . 30 = 54 30 24 - | small A 

h =190 - 

The man is 190 cm tall. 

EXERCISE 19G 

1 Find the height of each pine tree: 

a b 

1m 
st_ick 

[ -] 
1.2m 8.4m 24m 18m 
shadow shadow 

2 A ramp is built to enable wheelchair access to a building that is 24 cm above ground level. For 

every 15 cm horizontally, the ramp rises 2 cm. Calculate the length of the base of the ramp. 

building 

/ 24 cm 

r‘l 2cm 
ground level 

|«——15 cm——— 

3 A piece of timber rests against both the top of a fence 

and the wall behind it, as shown. 

a Find how far up the wall the timber reaches. 

b Find the length of the timber. 
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4 A pinhole camera displays an image 

On a screen as shown. The monument 
is 21 m tall, and its image is 3.5 ¢cm 
high. The distance from the pinhole to 
the image is 6.5 cm. 
How far is the pinhole from the monument? 

monument 

5 Ryan is standing on the edge of the shadow cast by a 5 m tall building. Ryan is 4 m from the building, and is 1.8 m tall. How far must Ryan walk towards the building to be completely shaded from the sun? 

6 A swimming pool is 1.2 m deep at one end, and 2 m 
deep at the other end. The pool is 25 m long. Isaac 
Jumps into the pool 10 metres from the shallow end. 
How deep is the pool at this point? 

7 i S Kalev is currently at K, driving with speed 10 m/s along | 20m a strect parallel to a line of buildings. A statue is located 
at S. How long will it be before Kaleyv will be able to 
see the statue? 

100m view 
from 

buildings above 

8 A,B,C,andD are pegs on the bank of a canal which has E parallel straight sides. C and D are directly opposite each J\ othe. AB=30m and BC = 140 m. o B When I walk from A directly away from the bank, I reach A a point E, 25 m from A, where E, B, and D are collinear. 
How wide is the canal? 

9 Two spheres with diameter 6 cm and 4 cm 
touch each other at A as they rest on a 
horizontal table. How high is A above the 
table? 
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10 The dimensions of a tennis court are given alongside. A 

Samantha hits a shot from the baseline comer at S. The ball 

passes over her service line at T such that UT = 1.92 m. 

The ball then travels over the net and lands on the opposite 

baseline [AD]. 

a Find the length of: 

6.4m 

i [SU] il [BC] 

b A ball landing on the baseline is “in” if it lands between 

points B and C. U 

Assuming the ball continues along the same trajectory, 

will it land “in”? 

1.92m 

11 In the given figure, determine the ratio BN : CM. 

MULTIPLE CHOICE QUIZ 

23.8m 

QUICK QUIZ 

REVIEW SET 19A 

1 Which two of these figures are congruent? 

2 Which of the following triangles is congruent to the one 

alongside? 6cm 

50° 

A B \ C D 

M 6 cm N 6cm 

20° 20° 50° 50° 20° 30° 50°
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3 The following pairs of triangles are not drawn to scale, but the information on them is 
correct. 

i Determine whether the triangles are congruent. 
ii If the triangles are congruent, state what else we can deduce about them. 

a B Y b p T 

i E 

4 Consider the kite ABCD alongside. B 

a Use congruence to show that BAC = DAC. 
b Hence show that AABX = AADX. 
¢ Show that [BX] and [DX] have the same length. 
d What property of kites has been proven in €? 

D 

5 Use congruence to prove that, in an isosceles triangle, the line joining the apex to the 
midpoint of the base meets the base at right angles. 

6 For each transformation from A to B, state whether the transformation is an enlargement 
or a reduction, and find the scale factor. 

a b [ 

k i 
7 Determine whether each pair of figures is similar: 

a 9m 8m b 6cm 4cm 100°> 

8 These figures are similar. Find the value of z: 

a b 

2em ij 5cm 

T cm Tcm 

[0 

60° 
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9 Show that these figures possess similar triangles: 

P = b D < 

Q 

A 78° 

B R S T 

10 In each figure, show that a pair of triangles is similar. Hence find the value of z. 

a B b Q 

10.8m D 

18.7m C 4cm 

om 11.2m p 

= E 
zem S 6cm R 

11 Standing on the beach, Francis holds a ruler 50 cm away from his eye, and measures a ship 

in the distance. It appears to be 1.6 cm high. Francis knows the ship is really 20 m high. 

How far is the ship from Francis? 

REVIEW SET 19B 

1 Decide whether these pairs of figures are congruent: 

a Q b c 

2 Decide whether these pairs of triangles are congruent, giving reasons for your answers: 

A A DN LT 
3 Consider the kite ABCD. B 

a Use congruence to show that ABC = ADC. 

b What property of kites has been proven? A C
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& A square piece of paper is divided into four triangles 

as shown. 

a Show that triangles A and D are congruent. 

b Hence show that triangles B and C are congruent. 

¢ Find the area of each triangle. 

5 Enlarge or reduce the given figure with the scale factor: 

5 3 a 3 b4 

6 Are all rhombuses similar? Explain your answer. 

7 The shaded rectangles in this diagram are similar. Show 

that the rectangle ABCD is also similar to the shaded 

rectangles. 

8 Show that these figures possess similar triangles: 

D 

9 P and Q are markers on the bank of a canal which 
has parallel sides. R and S are telegraph poles 

which are directly opposite each other. 

When I walk 20 m from P directly away from the 

bank, I reach the point T such that T, Q, and S are 

collinear. 

How wide is the canal? 

417 

A 

30 m 

20 m 

Q 

100 m
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10 Show that a pair of triangles is similar, and hence 

find the value of x: o 

8cm Q 

dem 6cm 

T o 

3 R 

e xem | 

11 In the figure alongside, each angle of the isosceles 

triangle ABC is trisected into 3 equal angles. The 

angle trisectors meet at D, E, and F as shown. 

a 

b 

Show that BF = CF. 

Show that AABD = AACE, and hence that 

BD = CE. 

Show that ABDF & ACEF. 

Hence show that triangle DEF is also isosceles. 



Pythagoras’ theorem 

Contents: A Pythagoras’ theorem 
B Problem solving 
€ The converse of Pythagoras’ 

theorem 
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OPENING PROBLEM 

Phil is concerned that the street lamp outside his house 

is not quite at right angles to the ground. 

He marks a point A on the lamp 1.5 m from its base, 

and a point B on the ground 2 m from the lamp’s base. 

Using a tape measure, he finds that the distance between 

A and B is 2.40 m. 

Things to think about: 

a What assumptions has Phil made? 

b Are the measured lengths sufficient information to 

determine whether the street lamp is at right angles 

to the ground? 

A right angled triangle is a triangle which has a right angle 
. &2 

as one of its angles. & 

. : : ) 
The side opposite the right angle is called the hypotenuse. > _" 

. . . 
. 

It is the longest side of the triangle. ' other sides 

Right angled triangles are frequently observed in the real world. Some examples are shown below. 

horizontal and vertical distances 

between people or objects 

the brackets to q 

hold a shelf 

HISTORICAL NOTE 

For many centuries people have used right angled corners to construct buildings and to divide 

land into rectangular fields. They have done this quite accurately by relatively simple means. 

Over 3000 years ago the Egyptians knew that a triangle with sides in the ratio 3 : 4:5 was 

right angled. They used a loop of rope with 12 knots equally spaced along it to make corners 

in their building construction. 

» 

make rope taut 
) corner 

\ - — 

take hold of knots at arrows line of one side of building
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Around 500 BC, the Greek mathematician . AT D. AT . AP 
Pythagoras of Sameos proved a rule which AVNA PNV \a 
connects the sides of a right angled triangle. Wh A Wh AW} 

According to legend, he discovered the rule INAV A / 

while studying the tiled palace floor as . 4 B b4 4 

he waited for an audience with the ruler ' NA& NAY N4 
Polycrates. 

INVESTIGATION 

Consider a right angled triangle with hypotenuse of length ¢ cm, 
and other side lengths & ¢cm and b cm. 

Your task is to find an equation which connects a, b, and c. b 

acm 

What to do: 

1 Copy or print the table alongside. el t‘fi’:l_flTl 2| 22| & | a2+ 

PRINTABLE 4 3 16 
TABLE 6 3 

* 5 | 12 
7 4 

2 Draw a horizontal line of length a =4 cm. At one end, 

draw a vertical line of length b = 3 cm. The horizontal 

and vertical lines meet at right angles. cem 3em 

Complete a right angled triangle by drawing in the 

hypotenuse. Find ¢ by measuring this hypotenuse with 

a ruler. 4em 

Write your answer in the table and hence complete the 

first row. 

3 Repeat the process in 2 for the values of a and b given in the next three rows of the table. 

& Repeat the process in 2 for two more right angled triangles of your choosing. Write your 

results in the last two rows of the table. 

5 By comparing your results for ¢ and a2 + 5%, write down Pythagoras’ theorem, which 

is an equation connecting a, b, and c.
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6 In the era of Pythagoras, there was very little algebra. It is therefore likely that he discovered 

his theorem using geometry. 

Suppose we start with a square. We mark a point 

along each side which divides the side into lengths 

a and b, then connect these points as shown. 

b a 

a Explain why the four right angled triangles formed are congruent. 

b Find the sum of ABC and ACB. 
¢ Hence find the sum of ABC and DBE. 

d Hence explain why the shaded region is a square. 

e Let the side length of the shaded region be c. Write down its area. 

f Suppose we rearrange the four right angled S C 
triangles within the original square as shown. a i 

Write down the sum of the shaded areas. ul . 

g Use your results to prove Pythagoras’ theorem. 

PYTHAGORAS’ THEOREM 

In a right angled triangle with hypotenuse of 

¢ // : length ¢, and other sides of length ¢ and b, 

c? = a? + b2, 

In geometric form, Pythagoras’ theorem states: 

In any right angled triangle, the area of the square on the 
hypotenuse is equal to the sum of the areas of the squares on 
the other two sides. ) I 

Look back at the tile pattern in the Historical note on page 421. h m 
Can you see the figure alongside in the pattern? 

To find side lengths in triangles using Pythagoras’ theorem, we need to solve a power equation. 

Since side lengths must be positive, we can always reject the negative solution.
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m ) Self Tutor 

Find the length of the hypotenuse in this 
right angled triangle: 3em 

b 

7 cm 

Let the hypotenuse have length = cm. 

. 2 =7>43%  {Pythagoras} e 3 cm 

. z?=49+9 d 

. x? =58 7cm 

.z =158 {since z > 0} 

TR T7.62 

The hypotenuse is about 7.62 cm long. 

EXERCISE 20A 

1 Find the length of the hypotenuse in each right angled triangle: 

- 

4cm 

= 

a 4cm b 
(] 

2 Find the length of the hypotenuse in each right angled triangle, rounding your answer to 
2 decimal places: 

a b C 

A 3cm 5m 7.8cm 

2cm 7m 

7.5cm 

3.1cm 

e 
Find the length of the third side of this right ; 
angled triangle: At 

10cm 

Let the unknown side have length z cm. xcm 

. z? + 42 =102 {Pythagoras} - 

. 2% +16 =100 o 
Lz =84 

. z=v84 {since z> 0} 

Loz 9.17 

The third side is about 9.17 cm long. 
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3 Find the length of the third side in each right angled triangle: 

a b 24 cm ¢ 
= 12.5m 

10cm 6cm 3.5m N 
26 cm 

4 Find the length of the third side in each right angled triangle, rounding your answer to 2 decimal 

places: 

5 Find the length of the third side in each right angled triangle. Round your answer to 3 significant 

figures if necessary. 

a a'\l_\/Iake sur; yofiT 

7 | identify the 
- hypotenuse. 

6 Find the perimeter of each right angled triangle, rounding your answer to 2 decimal places: 

a b 

4 cm I_‘\ 
3.27\ 

7 cm 6.6 m 

7 Find the area of this right angled triangle, rounding your 7km 

answer to 3 significant figures: 

8 Find the value of z, rounding your answer to 3 significant figures: 
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Right angled triangles occur in many practical problems. In these situations we can apply Pythagoras’ 
theorem to help find unknown side lengths. 

The problem solving approach involves the following steps: 

Step I: Draw a neat, clear diagram of the situation. 

Step 2. Mark known lengths and right angles on the diagram. 

Step 3:  Use a variable such as z to represent the unknown length. 

Step 4. Write down Pythagoras’ theorem for the given information. 

Step 5:  Solve the equation. 

Step 6: Where necessary, write your answer in sentence form. 

| Example3 [N o) Self Tutor 

Joe runs 6 km west and then 4 km south. How far is he now from his starting point? 

Suppose Joe is z km from his starting point. N 

S T {Pythagoras} ol 
.z =16+ 36 W = — i 
- .’52 =52 

\start 

i = < 4 {since z > 0} 4km zkm S 
o T.21 

Joe is about 7.21 km from his starting point. it 

EXERCISE 20B 

1 This rectangular gate has a diagonal strut for support 
and strength. How long is the strut? 1m 

3m 

2 Mary walks 9 km north and then 3 km east. How far is she now from her starting point? 

3 Y An 8 m high pole is held vertical by 4 cables. Each cable 
is anchored 4 m from the base of the pole. Find the total 
length of the cables. 

' 8m 

h 

........ / {LL:,Fl
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4 An orienteer runs 540 m in a straight line, then turns at right angles and runs a further 380 m. 

a How far is the orienteer from his starting point? 

b The orienteer then turns and runs straight back to his starting point. How far has he run 

in total? 

5 Find, to 3 significant figures, the length of a diagonal 

of a square courtyard with side length 4.6 m. 
+4.6m 

6 One end of a 38 m long zip-line is attached to a tree. 

The other end is fixed to the ground 32 m from the 

base of the tree. How high up the tree is the zip-line 
attached? 38m 

32m 

A log is 60 cm in diameter. Find the dimensions of the largest 

square section beam which can be cut from the log. 

8 The shorter side of a rectangle is 40% shorter than the diagonal. If the longer side of the 

rectangle is 64 mm, find the length of the shorter side. 

9 Vanessa is using the material alongside to 
make a skirt. 

Find the area of the material. 

10 The diagram shows the roof structure of a house. B 

Find the length of the beam [AB]. 
1.7m 

5.6 m A 

11 An aquarium has the dimensions as shown. A 

Find the length of the diagonal [XY]. X 

40cm : v 

30cm 
120 cm
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12 A huge concrete dam is used to control water 
flowing down a river. It has the cross-section 
shown, with area 177.31 mZ2. 

Find the length of: 

a the sloping face of the dam, [AB] 

b the sloping bottom of the dam, [AC). 

11.2m 

If we are given the lengths of three sides of a triangle, the converse of Pythagoras® theorem gives 
us a simple test to determine whether the triangle is right angled. 

THE CONVERSE OF PYTHAGORAS' THEOREM 

If a triangle has sides of length a, b, and c units where a2 4 52 = c?, 
then the triangle is right angled. 

@imn ) seif Tutor | 
triangle has side lengths 9 cm, 15 cm, and 12 cm. 

Is the triangle right angled? If a triangle is right 

angled, the hypotenuse 
is the longest side. 

The two shorter sides have lengths 9 cm 
and 12 cm. 9¢cm 12cm 

Now 924122 =81+ 144 =225 
and 152 = 225 15¢m 
T T =l 

the triangle is right angled. 

EXERCISE 20C 

1 The following figures are not drawn to scale. Determine whether each triangle is right angled. 
b 

5 

a 
[4 

10cm : 3em cm 12¢cm 7m 

8m 

6 cm 13 cm 

2m
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d e f , 
m 

2.5¢cm fim 
V2em 

2 Answer the Opening Problem on page 420. 

Use the converse of Pythagoras’ theorem to explain why this 2cm 

isosceles triangle cannot be right angled: lom > 

2cm 

4 Consider the right angled isosceles triangle alongside. 

a Use Pythagoras’ theorem to find the length of the hypotenuse in 

terms of x. 

b Copy and complete: 

rcm In any right angled isosceles triangle, the hypotenuse is 

always ...... times the length of the other sides. 

What to do: 

1 Select some objects around your school which appear to be at right angles to the ground. 

You could use a goal post, a wall, or a lamp post. 

2 Use the converse of Pythagoras’ theorem to determine whether each object is at right angles 

to the ground. 

3 Write a short report to summarise your findings. Include your measurements, calculations, 

and conclusions. Discuss the accuracy of your results. 

GLOBAL CONTEXT - PYRAMIDS 

! : GLOBAL 
Global context: Personal and cultural expression CONTEXT 

Statement of inquiry: Investigating the monuments of ancient civilisations 
can help us to understand their cultures. 

Criterion: Communicating 

QUICK QUIZ 

MULTIPLE CHOICE QUIZ *
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1 Find the length of the hypotenuse in each right angled triangle: 

2.8cm 

4.5¢cm 

2 Find the length of the third side, rounding your answer to 2 decimal places: 
a b € w/f’\ 3.7m ;7 

7 20m 93m 

15¢cm 21m 

3 Find the perimeter of each triangle, rounding your answer to 2 decimal places: 
a b 

1.2m 

5cm 

9cm & 

& Find the length of the illustrated brace. 

| 24m 

5 The following figures are not drawn to scale. Determine whether each triangle is right 
angled. 

a 15¢cm b 

8cm 17cm 

29m 

2.5¢cm 0.7cm V3m 2m 

2.4cm B
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6 Jenny made a kite with the dimensions shown. 

She wants to decorate the edges of the kite 

with ribbon. Find the total length of ribbon 

that Jenny will need. 

REVIEW SET 20B 

1 Find the length of the hypotenuse in each right angled triangle, rounding your answer to 

3 significant figures: 

a b < 
6 cm 

; 7 cm 

24m 8.6 m 

4cm 

11.1cm 

2 Find the area of this right angled triangle, rounding your 

answer to 2 decimal places. 

3 Find the value of z, rounding your answer to 3 significant figures: 

a b 7m 

12.4cm 
zem 

3zm 
4rm 

5z cm 

& Two roads intersect at right angles. Point X is 5 km ¥ 

from the intersection of the two roads, whereas point Y . 

is 3 km from the intersection. 

How much distance is saved by walking straight from 

X to Y instead of along the roads? S 

5 The ratio of a television screen’s width to its height is 16 : 9. The screen’s diagonal is 

127 cm long. Find the dimensions of the television screen correct to 1 decimal place. 

6 Louis is drawing the lines for a basketball court. He 
has drawn two lines so far, as shown in the diagram. 39m 

Has Louis drawn the lines at right angles? 15m 

28m
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OPENING PROBLEM 

Kevin, Mai, and Bruce had breakfast at an all-you-can-eat 

pancake parlour. Bruce ate twice as many pancakes as Kevin. 

Mai ate one more pancake than Kevin. Between them they ate 

13 pancakes. 

Things to think about: 

a How can we represent this problem using algebra? 

b How many pancakes did Kevin eat? 

Many problems we encounter are presented in sentences rather than symbols. 

In this Chapter we will examine some techniques for solving these problems, including: 

e writing the problem as an algebraic equation e solution by search 

e solution by working backwards. 

When solving problems presented in sentence form, it is important to be able to write the problem 

as a mathematical equation. 

m o) Self Tutor 

“ start with a number, add 4, then multiply by 3. The result is 33.” 

Write this statement as an algebraic equation. 

Let the unknown number be z. 

Start with a number T 

add 4 x+4 

multiply by 3 3(x+4) 

the result is 33 3(z+4)=233 

The algebraic equation which represents the problem is 3(z + 4) = 33. 

EXERCISE 21A 

1 Starting with the number z, rewrite each statement as an algebraic equation: 

a I think of a number and subtract 7 from it. The result is 11. 

b I think of a number and divide it by 8. The result is 5. 

¢ I think of a number, multiply it by 3, then add 5. The result is 23. 

d I think of a number, add 1 to it, then divide the result by 4. The final result is 10. 

e I think of a number, subtract 3, then multiply the result by 9. The final result is 36.
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f I think of a number, divide it by 4, then add the original number to the result. The final 
result is 20. 

g I think of a number, multiply it by 5, then subtract 8. The result is 4 more than the original 
number. 

2 Summarise the information as an equation: 

a Clint has = sons and 3 daughters. He has 5 children in total. 

b Beth took = minutes to walk to the shops and the same amount of time to walk back. She 

spent 15 minutes at the shops, and the trip took 37 minutes in total. 

¢ Stan has mass z kg. Ted is 6 kg heavier than Stan. Their combined mass is 100 kg. 

(-
4 Sylvia has $x in her bank account. Depositing $100 into her account would triple the 

amount of money in the account. 

e Jacinta is = years old. She is presently three times her brother’s age. Four years from now, 
she will be twice her brother’s age. 

To solve problems presented in sentence form, we follow these steps: 

Step I: Select a letter such as x to represent the unknown quantity to be found. 

Step 2. Write an equation using the information in the question. 

Step 3:  Solve the equation. Check your solution. 

Step 4:  Answer the question in a sentence. 

Example 2 o) Self Tutor 

I think of a number, double it, then subtract 7. The result is 10. 

Find the original number. 

Let x be the number, so 2z is the number doubled. 

2z — 7 1is the number doubled minus 7. 

L 22 —-T7=10 

20 -7+ 7=104+7 

2z = 17 

2 _ 17 
2 2 

:, m=8—% 

Check. LHS =2x8L—-7=17-7=10=RHS 

The original number was 8%. 
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EXERCISE 21B 

1 

2 

3 

6 

When a number is doubled, the result is 28. Find the number. 

I think of a number, treble it, then subtract 8, The result is —5. Find the original number. 

When 3 is subtracted from a certain number and the result is divided by 4, the final result is 

10. What was the original number? 

When 4 is added to a certain number and the result is doubled, the final result is 6 more than 

the original number. What was the original number? 

When a number is halved and then 5 is added, the result is 8 more than the original number. 

Find the original number. 

m o) Self Tutor 

A set of cricket wickets consists of 3 stumps and 

2 bails. Each bail has mass 100 g. The total mass 

of the wickets is 1.7 kg. 

Find the mass of each stump. 

bail = 

stump — 

Let each stump have mass z g. 

The total mass of the wickets = 1.7 kg = 1700 g 

. 3xz+2x100=1700 

. 3z + 200 = 1700 

3z + 200 — 200 = 1700 — 200 

3z = 1500 

80 _ 1500 
3 3 

*, =500 

Check: LHS = 3 x 500 + 200 = 1500 + 200 = 1700 = RHS 

Each stump has mass 500 g. 

A market stall has 13 bags of potatoes, and 11 loose potatoes on display. In total there are 

141 potatoes at the stall. How many potatoes are in each bag? 

A packet of lollies is shared equally among 5 friends. Layla 
eats two of her lollies and has five left. How many lollies 

were in the packet? 

Leanne cuts some roses in her front garden, and another 

20 roses in her back garden. She uses one quarter of her 
roses to make a bouquet of a dozen flowers. How many 

roses did Leanne cut in her front garden? 
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m o) Self Tutor 

I have one rake and two identical shovels for sale. Each shovel costs $7 more 

than the rake. The total value of the items is $59. Find the cost of the rake. 

Let the rake cost $r, so each shovel costs $(r + 7). 

. r+2(r+7) =59  {the total value is $59} 

or+2r+14=359 

c. 3r+14=159 

- 3r=45 

r_45 
3 3 

. r=15 

The rake costs $15. 

9 The Firebirds won last night’s netball match, scoring 12 more goals than the Swifts. In total, 

108 goals were scored in the match. How many goals did the Firebirds score? 

10 Class A had 33 students and class B had 21 students. A number of students were moved from 

class A to class B so the classes now have the same number of students. How many students 

were moved? 

11 Mandy bought some apples with mass 100 g each, and some oranges with mass 150 g each. In 

total she bought 10 pieces of fruit, with total mass 1.35 kg. How many apples did Mandy buy? 

12 When the Norton family went out for dinner, they paid for their meal with a $100 note. The 

change they received was one seventh of the cost of the meal. Find the cost of the meal. 

m o) Self Tutor 

A rectangle is 2 cm longer than it is wide. The perimeter is 52 cm. Find the width of the 

rectangle. 

Let the width of the rectangle be = cm, so the length is (z + 2) cm. 

Since the perimeter is 52 cm, 

z+z+ (z+2)+ (x+2) =52 

©odr+4=052 Z cm+ 

4r+4—4=52—-4 

4r = 48 (z +2) om 

4 _ 18 
4 4 

o &= 1A 

The width of the rectangle is 12 cm. 
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13 The length of a rectangle is double its width. The perimeter is 54 cm. Find the width of the 

rectangle. 

14 A rectangle is 7 cm longer than it is wide. The perimeter is 74 ¢cm. Find the width of the 

rectangle. 

15 The perimeter of a square is 24 cm. Find its area. 

16 The equal sides of an isosceles triangle are twice the length of the base. The perimeter of the 

triangle is 60 cm. Find the length of the base. 

17 The parallelogram ABCD has perimeter 56 m. 

The length AD is twice the height, and the length CD 

is 1 m more than the height. 

Find the area of the parallelogram. 

With some problems it is either difficult to write down an equation, or the equation may be difficult 

to solve. In some cases the equation may have more than one solution. 

C 

1 
height 

| 

SR 

If the number of possibilities for the solution is small, it may be quickest to search through all of 

them to find the solutions which work. We call this a proof by exhaustion. 

In other cases, a search through particular values may reveal a pattern which tells us what the correct 

solution must be. 

«) Self Tutor 

What rectangle with perimeter 24 cm has the greatest area? 

The perimeter is 24 cm, so 2 x (length + width) = 24 cm 

length + width = 12 cm width+ P=24cm 

We construct a table with some possible lengths and widths: 3 = ) 
eng 

Length (cm) | Width (cm) | Area (cm?) 
1 11 1x11=11 

2 10 2x10=20 

3 9 3x9=27 

i . SIS We observe symmetry either 

8 1 Dl S side of the area 36 cm?. 
6 6 6x6=236 So, we conclude that the area 

7 5 7x5=35[" / is largest when the rectangle 
8 4 8x4=321  isa6cm by 6 cm square. 
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EXERCISE 21C 

1 Consider the equation 3z + 4y = 30 where z is a positive integer and y is positive. 

a Explain why z cannot be greater than 9. 

b Copy and complete the following table for all of the possible values of z and . 

o 

—
 

2 3 1 5 6 7 fa 9 

]
 

For example, when z =1,  3(1)+4y =30 

LAy =27 

Ly =34 =6} 
¢ Find the solutions to 3x + 4y = 30 for which z and y are both positive integers. 

2 Find positive integers = and y which satisfy 9z + 6y = 90. 

32 a Find the smallest positive number greater than 3 which, when divided by 4 and 5, leaves 

a remainder of 3. Try 4, 5, 6, .... 

b Describe a quicker way to find this number. 

4 A rectangle has perimeter 32 cm and area 48 cm?. Find the dimensions of the rectangle. 

5 Find all positive integers less than 40 which cannot be written in the form a2 + b3, where a 

and b are natural numbers. 

Hint: Be systematic in your approach. 

Calculate 0%+ 13, 12+ 0%, and so on. 
02 +93, 12413, 

0% +3% 12428, 
0% 443, 12433, 

6 Find the smallest integer greater than 1 which is both a perfect square and a perfect cube. 

7 Three sides of a rectangle have integer lengths which add 

to 32 cm. 

a Copy and complete this table: widh 

Width (cm) | Length (cm) | Area (cm?) 

1 30 30 length 
2 28 56 

10 12 120 

b Hence find the dimensions of the rectangle which maximise its area. 

8 A number is called perfect if the sum of its factors, excluding itself, is equal to itself. For 

example, 6 is a perfect number because its factors are 1,2, 3,and 6, and 14+2+3 =6. 

Find the only other perfect number less than 40.
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9 Leslie has bought ten presents for her two sons. The price of each present is shown below. 

& fi 
$18 $10 $24 $5 $1 $8 $35 $15 $2 

Leslie wants to divide the presents into two groups of five. The total value of the presents in 

each group must be the same. Explain how Leslie can do this. 

$20 

10 Suppose a and b are positive integers such that 2a + b = 40. Find the greatest possible value 

of ab?. 

In mathematics, we usually begin with an initial condition and work systematically towards an end 

point. However, if we know sufficient details about the final situation, we can work backwards to 

determine what the situation was initially. 

m o) Self Tutor 

My friend lost $5 from her wallet, but she then doubled what remained by selling a book to 

me. She finished with $50 in her wallet. How much did she have in her wallet initially? 

My friend doubled her money to reach $50. 

Double means multiply by 2, so to work backwards we divide by 2. 

she had $50 < 2 = $25 in her wallet before selling the book to me. 

Lose $5 means subtract $5, so to work backwards we add $5. 

before losing the $5, she had $25 + $5 = $30. 

My friend had $30 in her wallet initially. 

EXERCISE 21D 

1 1 think of a number. I multiply it by 7, add 1, divide by 8, subtract 2, then divide by 3. The 

result is 2. What was my original number? 

2 A breeder sold half of his horses, then another two. 

He then sold half of his remaining horses, then another 

two. He then only had his one favourite horse left. 

How many horses did he have initially? 

3 Xuen and Xia are sisters. In 2019, Xia grew 4 cm and 

Xuen grew 3 cm more than Xia. In 2020 Xuen grew 
3 ¢cm and Xia grew 2 cm. When measured at the end 

of 2020, both girls were 140 cm tall. What was the 

height of each girl at the end of 20187 
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4 A teacher offers members of the class a peppermint for every problem they get right, but he 
takes back two for each incorrect answer. 

Barry stored up his peppermints over a week. On Thursday he got 8 questions right and 
2 wrong. On Friday he got 9 right and 1 wrong. He finished the week with 16 peppermints. 
How many did he have at the start of Thursday? 

5 ® In the game “101”, students sit in a circle. Going around in 

Fran a clockwise direction, students call out the prime numbers 
® ® in increasing order, starting with “2”, “3”, “5”, and so on. 

Eli Gail The student who calls out “101” is the winner. 

Fran will decide who should start the game. Which player 
O @ should Fran choose so that Fran herself ends up winning? 

Des Alan 

& ® 
Craig Bonnie 

Example 8 o) Self Tutor 

Sally cycles % of the way to school, then is driven the remaining 6 km by a friend’s family. 

How far does she live from her school? 

She cycles % of the way and is driven % of the way. 

% of the way is 6 km. 

3 of the way is 3 km. 

Sally lives 3 km + 6 km = 9 km from her school. 

6 Joe and Jerry went for a bike trek during the holidays. 

On the first day they rode % of the total distance. 

On the second day they were tired and only rode % of the remaining distance. 

On the third day they rode half of the remaining distance. 

The last day they rode 18 km. 

How far did they ride altogether? 

7 Anders gave % of his lollies to Bree, then Bree gave % of her lollies to Charlie. Each child 

now has 12 lollies. How many lollies did each child have originally? 

8 Two bottles X and Y each contain some water. 

From bottle X we pour into bottle Y twice as much water as bottle Y already contains. 

We then pour from bottle Y into bottle X as much water as bottle X now contains. 

Both bottles now contain 200 mL. 

How much water was in each bottle to start with?
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In this Exercise we consider various problems which can be solved using the techniques in this 

Chapter. You should aim to choose the most appropriate technique for each problem. 

EXERCISE 21E 

10 

11 

12 

13 

14 

I am thinking of two numbers. One of them is 5 more than the other, and their sum is 53. 

What are the numbers? 

One number is three times as large as another, and a third 

number is 13 less than the smaller one. The sum of the 

three numbers is 42. Find the largest number. 

Tim bought 4 packets of nails from a hardware store. He 

used 10 nails to fix his gate, and put the remaining 50 nails 

in his toolbox. How many nails were there in each packet? 

Colleen has three daughters. The sum of her daughters’ 

ages is 13, and the product of their ages is 48. Find the 

ages of the daughters. 

Ashley brought some biscuits for morning tea at work. Her colleagues ate % of them, then her 

boss came by and ate two biscuits. When Ashley went to the container, there were only four 

left. How many biscuits did she bring for morning tea? 

The equal sides of an isosceles triangle are 6 cm longer than the third side. The perimeter of 

the triangle is 33.6 cm. Find the length of the third side. 

A television costs $200 more than a digital radio. Together, they cost $378. Find the cost of 

the television. 

When Samuel was 7, Claire was 34. Claire’s age is now double Samuel’s age. How old will 

Samuel be in 10 years’ time? 

In a multiple choice test there are 20 questions. A correct answer to a question earns 2 marks. 

An incorrect answer results in a deduction of 1 mark. Sarah answered every question and 

achieved a score of 19. How many questions did she answer correctly? 

If = can take any whole number value from 1 to 10, find the smallest possible value of 

z? — 8z + 25. 

A Russian Blue kitten costs $150 more than a Manx kitten. 9 Russian Blue kittens and 8 Manx 

kittens cost $14 100 in total. Find the cost of a Russian Blue kitten. 

One half of an unknown number is equal to the number subtracted from forty eight. What is 

the number? 

Each day, Sam the dog drinks half of the water remaining in his bowl. His owner adds another 

200 mL of water to the bowl at the end of the day. 

There was 500 mL of water in the bowl at the end of Thursday. How much water was in the 

bowl at the start of Wednesday? 

Nine more than a number is the same as twenty four less a quarter of the number. What is the 

number?
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17 

18 

19 

20 
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Jim wrote down a sequence of numbers. After the first two numbers, each number in the 
sequence is equal to the sum of the previous two numbers. 
The first number is 3 and the tenth number is 199. What is the fifth number in the sequence? 

A pair of shoes costs $5 more than twice the cost of a tie. If Grant buys two pairs of shoes 
and three ties, the total cost is $255. Find the cost of: 

a atie b a pair of shoes. 

Juan has two sets of metallic balls. The mass of ! ra 
each red ball is double the mass of each green \ 
ball. He knows that two red balls plus a five 
gram weight balance three green balls plus an 
eight gram weight. Find the mass of each red 
ball. 

A 2-digit number is four times the sum of its digits. 
Show that there are four possible numbers with this property. 
Hint: The number “zy” with z “tens” and y “units” has value 10z + Y. 

A 6-digit number begins with a 1. However, if the 1 is put at the other end of the number 
instead of at the start, the resulting 6-digit number is 3 times the original number. Find the 
number. 

A motorcyclist and a cyclist leave simultaneously from A at 12 noon. They travel the same 
road to B. The motorcyclist arrives at B at 1:30 pm, and the cyclist arrives at 2 pm. At what 
time was the cyclist twice as far from B as the motorcyclist was? 

QW THE DIGITS PROBLEM 
Using three different digits from 1 to 9, we can write six possible two-digit numbers. 

For example, using the digits 2, 7, and 8 we can write 27, 28, 72, 78, 82, and 87. 

In this Investigation we explore a property of the sum of the six two-digit numbers. 

What to do: 

1 Find the sum of 27, 28, 72, 78, 82, and 87, and write this sum in prime factored form. 
Record your answers in a table like this: 

~ Digits “_ ' ]Yfimb_ei | Sum of numbers | Sum in prime factored form 
2,7,8 27,28, 72, 78, 82, 87 

2 a Choose any three digits from 1 to 9, and write them in the next line of the table. 

b Write down the six possible two-digit numbers which can be formed from them. 
¢ Find the sum of these six numbers, and write the sum in prime factored form. 

3 Repeat the process in 2 to complete the table.
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4 Look at the sums in prime factored form. Find the HCF of all of the sums. 

5 Prove that you will always obtain this HCF for all possible choices of 3 different digits. 

Hint: The number “zy” with 2 “tens” and y “units” has value 10z 4+ y. 

6 Is there a similar pattern when four different digits are chosen and we look at the HCF of 

the sum of all of the two-digit numbers that can be formed? Prove your answer. 

For some problems in mathematics, we need to allow ourselves to think differently. 

The problems in this Section will require you to carefully analyse the information given to you, and 

think logically about what you need to do. 

EXERCISE 21F 

Two towns A and B are connected by the series of roadways 

passing through two other towns X and Y. 

a How many different paths are there from A to B which 

pass through: 

i X i Y iiil XorY? 

b If X and Y were connected by a road, how many 

different paths would there now be from A to B? 

2 How many positive integers less than 150 have an odd number of factors? 

3 You have 6 chains, each containing 4 links as shown. You 

wm@:@j wish to make one chain of 24 links. It costs $2 to cut each 
link and $5 to weld a link. Describe the most economical 

way to make the chain. 

4 Find the missing digits A, B, C, and D in the addition: A 8 7 

7 4 B 

+ 2 C 3 

2 D05 

5 This diagram shows 5 squares built from 16 matches. By 
moving 2 matches only, form 4 squares equal in area to one fl 

of the original squares. Each square must have a single match 

for each of its sides. You must use all of the matches. fl 

6 e o o Is it possible to draw 4 straight lines through all of the 9 points without taking 

your pen off the paper? If so, sketch a possible solution.
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12 

13 

14 

15 

Many years ago, MENSA inserted the notice alongside 

in a newspaper. This is really a mathematical problem. 

Can you see what the problem is? What is the solution 

to the problem? 

MENSA’s contribution to 

Road Safety Week 

CROSS 

ROADS 

DANGER 

given that CAR = 956 

On a clear day, sound travels 335 m every second. Pam shouts across a valley and notices that 

her echo returns in 6 seconds. How far is it across the valley? 

Two men dig a trench 30 m long in 3 days. How long would it take three men to dig a trench 

15 m long working at the same rate? 

How many triangles does this figure 11 How many cubes does this solid contain? 

contain? 

S, H, and E are different digits. What are they? 

King Arthur, Sir B, Sir C, and Sir D sit around a round table. Show that there are 6 different 

possible seating arrangements. 

A cord fishing net is 100 m long and 4 m wide. The cord lengths 
e e e T e T e e 

:‘:]":‘::{:1_5_%_!: @ 5 are fixed 5 cm apart so that 5 cm by 5 cm holes are created. 
i 750 T [ i 

‘ti_ii;{l Bans How many holes does the net have? 
I 0 A 0 1) R O 5 0 ) 

9 sheep are located in a square paddock, 

as shown. Draw 2 squares of fencing so 

that each sheep will be in a pen by itself. 

&) oY) &l 

&) & 

16 Suppose you have a set of scales, and 

single masses of 9 kg, 3 kg, and 1 kg. 

Explain how you could measure the 

mass of any whole number from 1 kg 

to 13 kg.
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17 

19 

21 

22 

23 

24 

25 

26 

In an enclosure at the zoo there are ostriches and giraffes. In total there are 17 heads and 

50 legs. How many of each animal are present? 

In how many different ways can 5 letters A, B, C, D, and E 

be mailed into 2 mail boxes? 

Two wheels touch at their blue marks, The large wheel has 

diameter 20 cm and the small wheel has diameter 10 cm. The 

large wheel moves clockwise, and no slipping between the 

wheels occurs. 

a In which direction does the smaller wheel move? 

b After how many revolutions of the small wheel will the 

wheels once again touch at their blue marks? 

Using exactly four 4s and any of the operations +, —, X, +, 4 e 4 1 
. . 4 4 

find expressions for as many of the integers from 1 to 20 as L 
ou can. T you can it 2 

A+4+4 
1 =3 

Store A reduces its prices by 10%. By what percentage must the store increase its prices by so 

that its prices are back to what they were originally? 

A log is sawn into 7 pieces in 7 minutes. How long would it have taken to saw the same log 

into 4 pieces? 

The diagram below shows the start of a sequence of piles of tennis balls. 

pile 1 

How many balls will be in pile: a 4 b 8§ 

Pete takes 3 days to dig a well working at a constant rate. It would take Matt 5 days to dig the 

same sized well, also working at a constant rate. 

If they work together to dig the well, each working at their usual rates, how long will they take 

to dig the well? 

The current in a river flows at 5 km per hour. When a boat travels at maximum speed against 

the current, it reaches its destination in 2 hours. On the return journey it takes just 1% hours. 

a What is the boat’s maximum speed? 

b How far does the boat travel against the current? 

Two numbers differ by 3, and the sum of their squares is 8. Find the product of the numbers.
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27 

29 

30 

31 

32 

=S Where should point B be located along [PS] such that [AB] 

= divides the figure into equal areas? 

i 
B 0 
i 

AV P 

Nine people stand in a 3 by 3 grid with one person in each square. 

Of the 3 people who are the fallest in each row, Celine is the shortest. 

Of the 3 people who are the shortest in each column, Dianne is the 
tallest. 

Who is taller, Celine or Dianne? 

To pick all of the oranges in an orchard, it should take 14 people a total of 10 days. If 3 of the 

workers are sick and cannot work, and 2 others can only work at half the usual rate, how long 
will it take to pick all of the oranges? 

Two consecutive perfect squares differ by 71. Find the smaller of the two numbers. 

Show how this figure can be cut into four congruent pieces. 

100 marbles are placed on a table. Adam and Belinda take turns removing marbles from the 

pile, starting with Adam. During their turn, a player can choose to remove any number from 

1 to 10 marbles. The player who removes the last set of marbles wins the game. 

Describe a strategy Adam can use to win the game. 

PUZZLE 

A prisoner has been sentenced to death. However, 

the emperor decides to give the prisoner a chance to 
live. 

The prisoner is given 50 black marbles, 50 white 

marbles, and two empty bowls. The prisoner is 

told that he must divide the marbles between the 

bowls. He may place the marbles in the bowls in any 

combination he likes, but all of the marbles must be 

used, and neither bowl may be empty. 

Once the prisoner has divided the marbles between the bowls, he will be blindfolded. The 

bowls will be placed on a table in front of the prisoner so he does not know which is which. 
The prisoner must choose a bowl at random, and then select one marble from that bowl. If 

the marble is black, the prisoner will be executed. If the marble is white, the prisoner will be 
allowed to live. 

1 How should the prisoner divide the marbles between the bowls, to maximise the probability 
that he will live? 

2 What is the probability that the prisoner will live in this case?



446 PROBLEM SOLVING (Chapter 21) 

ACTIVITY 1 

Use the clues given to solve these puzzles. 

1 Two married couples, Louisa and James, and Damien and Brigitte, went out to dinner. Use 

the following information to determine where each person sat and which main course they 

ate: 

e The married couples sat opposite one another. 

e Brigitte, who sat in position A, is married to the man who ordered beef. 

e Damien sat immediately to the left of the person who ordered fish. 

e James, who enjoyed his chicken, did not sit in either position A or C. 

e Louisa did not sit in position D. 

e The person in position B did not order pork. 

Name: 

Food: 

A 

Name: Name: 

Food: D Bl Food: 

C 

Name: 

Food: 

2 Three people were discussing their cars, their pets, and the colour of their houses. Use the 

following information to identify the car, pet, and house colour for each person: 

e Lisa owns a cat. 

e Anne does not drive a Nissan, and does not live in the green house. 

e Neither Sue, nor the person who drives a Honda, owns a dog. 

e The person who owns the parrot lives in the blue house. 

H
o
n
d
a
 

Ca
t 

G
r
e
e
n
 

T
o
y
o
t
a
 

N
i
s
s
a
n
 

Pa
rr

ot
 

Bl
ue
 

W
h
i
t
e
 

o0 
=) 
= You may complete the 

table with ticks and 

crosses to help you. 
Lisa 

Anne 

Sue 

Green 

Blue 

White PRINTABLE 
PUZZLES 

Cat 

Parrot 

Dog 
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3 A cross-country running race has just concluded. When the top 5 athletes were interviewed, 
each athlete told one truth and one lie. Their statements were: 

Allen: Dillon came second and I finished in third place. 

Billy: I won and Chris came second. 

Chris: I was third and Billy came last. 

Dillon: T finished second and Evan was fourth. 

Evan: I came fourth and Allen won. 

In what order did the athletes finish the race? 

ACTIVITY 2 

Draw an equilateral triangle and write a positive 

integer at each vertex. At the midpoint of each side, 

write the difference between the integers at the ends 

of each side. Join these midpoints, and repeat the 
procedure on the newly formed triangle. 

For example, suppose the numbers 6, 12, and 14 are 

chosen. After three steps you should generate the 

figure alongside. 

The procedure continues until either the numbers 

created are identical in consecutive triangles, or a 

pattern emerges. 

What to do: 

1 Copy the given example, making sure your original triangle is large enough. Continue the 

procedure until there is a clear pattern. 

2 Repeat the procedure using triangles with the following combinations of =~ PRINTABLE 
. SHAPES 
mtegers: 

a three even integers b two even integers 

€ one even integer d no even integers. 

Can you draw any general conclusions? 

3 Try the same procedure starting with a square 1 16 17 

instead of an equilateral triangle. 

For example, if the numbers 1, 17, 6, and 25 are 8 3 5 

chosen, the square alongside is produced. 0 0 

Can you suggest a general result for the case of a 

square? 24 3 3 11 

0 0 

5 3 8 

25 19 6
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QUICK QUIZ 

MULTIPLE CHOICE QUIZ * 

1 a When a certain number is halved, the answer is 19. Find the number. 

b I think of a number, multiply it by 7, then subtract 2. The final result is 26. What was 

the original number? 

2 Anita umpired 4 hockey matches between 6:00 pm and 9:30 pm. There was a 10 minute 

break between each match. How long did each match last? 

3 A rectangle is 5 cm longer than it is wide. The perimeter is 50 cm. Find the length of the 

rectangle. 

4 Consider the equation 3z + 4y = 40 where z is a positive integer and y is positive. 

a Explain why x cannot be greater than 13. 

b Copy and complete: 

=
=
 

o
o
 

N
l
 

"z 123456 10[11]12]13 
Y 

¢ Find the solutions to 3z + 4y = 40 for which z and y are both positive integers. 

5 George has three times as many marbles as Steph. If George gives 5 of his marbles to 

Steph, George will have twice as many marbles as Steph. How many marbles does Steph 

have? 

6 An isosceles triangle has integer side lengths, and a base which is 10 cm longer than its 

height. Its area is 48 cm? and its perimeter is 36 cm. 

a Find the length of the base of the triangle. 

b Find the lengths of the equal sides of the triangle. 

7 There are 5 bowls of cupcakes on a table. Four 
children sit between the bowls as shown. Each 

child can reach cupcakes in the bowls either 

side of them. The diagram alongside indicates 

the number of cupcakes each child can reach. 

Given that there are 6 cupcakes in bowl 5, how 

many are there in bowl 17 

8 Leonard stays awake for 15 hours each day, then goes to sleep. Each night he sleeps the 

same number of hours before and after midnight. 

Suppose Leonard wakes up at 5 am Friday morning. At what time did he go to sleep 

Wednesday night?
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9 Reiko and Josie are buying food for their party. They find that a doughnut costs 80 cents 
more than a lamington. 

a If a doughnut costs $x, write an expression for the cost of a lamington. 

b The girls buy 8 doughnuts and 12 lamingtons, spending a total of $25.40. Find the 

cost of each item. 

¢ Ifthe girls had only bought lamingtons, how many could they have bought with $25.40? 

10 A triangle has perimeter 21 cm, and the length of each side is a whole number of centimetres. 

a Explain why no side of the triangle can be longer than 10 cm. 

b Find all the possible dimensions of the triangle. 

¢ Find the dimensions of: 

i the isosceles triangle with the longest possible base 

li the scalene triangle with the shortest possible side. 

REVIEW SET 218 

When half of a number is subtracted from 20, the result is 14. Find the original number. 

2 A necklace costs twice as much as a bracelet. T bought 4 necklaces and 3 bracelets for a 

total of $121. Find the cost of each item. 

The sum of three consecutive numbers is 54. Find the middle number. 

& Karen takes 4 minutes longer to make a pizza than she does to make a pasta dish. She can 

make 4 pasta dishes in the time it takes to make 3 pizzas. How long does Karen take to 

make a pasta dish? 

5 Suppose a and b are positive integers such that 3a + 46 = 22. Find the greatest possible 

value of ab. 

6 A number is semiprime if it is the product of two prime numbers. Find all of the 2-digit 

semiprimes. 

7 Jo spent half of the money in her wallet on a new cardigan. She then spent $4.50 on a 

cup of coffee. After drinking her coffee, she spent three quarters of the money remaining 

in her wallet on a book. If Jo is left with $8 in her wallet, how much did she have in her 

wallet initialty? 

8 Brothers Jake and Phil have a mother named Sue. A year ago, Sue was three times as old 

as Jake. Four years ago, Sue was four times as old as Phil. If Phil is 13 years old, how old 

is Jake? 

9 The total area of the kite is 6 times the area A. 

Find the ratio k: x. 
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10 Tommy has some 20 cent and 50 cent coins in his pocket. He has 3 more 20 cent coins 

than 50 cent coins. Suppose Tommy has = 20 cent coins. 

a Write an expression for: 

i the total number of coins in Tommy’s pocket 

ii the total value of coins in Tommy’s pocket. 

b With the coins in his pocket, Tommy can afford a pie costing $4.30, but not a quiche 

costing $5.10. 

i How many of each coin does Tommy have? 

ii Find the exact value of Tommy’s coins. 

11 Ange, Bill, Chad, Dean, and Eve are kicking a 

football amongst themselves. 

Ange only kicks the ball to Dean. 

Bill only kicks the ball to Eve. 

Chad only kicks the ball to Ange. 

Dean kicks the ball to either Bill or Eve. 

Eve kicks the ball to either Ange or Chad. 

a Suppose Chad currently has the ball. Who will 

have the ball after two kicks? 

b Suppose Bill currently has the ball. Who had 

the ball two kicks ago? 

¢ Suppose Eve currently has the ball. Name the 

people who could have had the ball three kicks 

ago. 
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WCISE 1A S 

a9 b9 c 19 d 19 e —9 f -9 
g —-19 h -9 

a 40 b —14 ¢ —14 d 40 e —40 f 14 
g —40 h 14 

a-9 b -7 7 d -9 e 15 f -1 

a9 b 21 ¢ 21 d 9 

a 36 b —-36 ¢ —36 d 36 e 33 f —33 
g —33 h 33 i 56 i =56 Kk 56 1 —56 

ald=6 b O=-8 ¢ce O=7 d 0=3 

e =11 fO=-4 

a 4 b —4 c —4 d 4 e 5 f =5 

g -5 h5 i9 i -9 k -9 9 

al=-8 bO=-20 ¢O=-3 d0O=55 
e O=-9 f O=-—48 

ad=-10 b O=-1 =-16 d O=-5 
e 0=-5 f O=10 g 0=-40 h O=-2 
iO=18 j =172 k O=10 1 O=-9 

WISE 1B EESS— 
a2l=2 922=4, 23=8, 2¢=16, 25 =32, 26 —64 
b 31=3 32=9, 33=27, 3¢=381 
¢ 51 =35, 52 =25 53 =125 5% =625 
d 7t =7 72=49, 7 =343 
a 18 b 60 ¢ 108 d 225 
e 2250 f 1176 g 825 h 52000 

a 22x3 b 2x32x5 ¢ 32 x 52 

d 2% x 52 e 32x5x72 f 24%x33x5 

al b -1 ¢ —1 d 1 e —16 f 16 

g —16 h —25 i 125 j —125 k 81 1 —49 

a —12 b 270 ¢ 2250 

a 22 b 23 c 25 d 27 

a 52 b 53 c 5 

31 =3, 32 =9, 33 =27, 3% =81, 35=243, 3% =729, 
37 = 2187, 38 =6561, ... 
The last digit follows the pattern: 3,9,7,1,3,9,7, 1, .... 

the last digit of 320 is 1. 

8 b1 ¢ 7 

(ERCISE 1C I 

| 

H 

n
 
C
o
n
 
Q
A
o
 

[-
% 

yes b no ¢ no d 

1,2,3,6 b 1,383,515 

1,3,7,9, 21, 63 

1 and 45, 3 and 15, 5 and 9 
1 and 48, 2 and 24, 3 and 16, 4 and 12, 6 and 8 

1land 72, 2 and 36, 3 and 24, 4 and 18, 6 and 12, 

8 and 9 

1 and 100, 2 and 50, 4 and 25, 5 and 20, 10 and 10 

2x10, 4x5, 2x2x5 

2x18, 3x12, 4x9, 6x6, 2x2x9, 2x3x86, 

3x3Ix4 2x2x3x3 

yes e no f ves 

¢ 1,2 3,4,6,8 12,24 

e 1,23 f 1,525 

€ 2x32, 4x16, 8x8, 2x2x16, 2x4x8, 4x4x4, 

2Xx2x2x8 2x2x4x4, 2Xx2x2x2x4, 

2X2X2x2x2x2 

EXERCISE 1D mmsss—mooo 

12,3,5,7, 11, 13,17, 19, 23, 29, 31, 37, 41, 43, 47 

2 71,73 3 28 

4 a 24 b 34 c 26 d 3° e 132 ¢ 28 

5 a24=23x3 b 40=23x35 

¢ 36 =22 x 32 d 54=2x33 

e 66=2x3x11 f 84=22x3x7 
g 100 = 22 x 52 h 132=22x3x11 

i 320=20x5 j 324 =22 x 3¢ 

lk 588 =22x3x72 | 945=33x5x%x7 
6 a 1960=2% x5 x 72 

b 22 x5x72=(22x7)x(2x5x%x7) 

7 as8 b 48 ¢ 160 
8 a=2 b=5 or a=5, b=2 

EXERCISE 1E B 

1 ad b 3 c14 d8 e 12 f5 
g 11 h 6 i 16 

2 15m x 15 m 3 ad b 6 ¢ 4 

4 a4 b 4 c 12 d 13 e 14 f 28 

5 28 tables 6 a ab b ab?c ¢ a?bic 

EXERCISE 1F o 

1 a 7,14,21,28,35 b 11, 22, 33, 44, 55 

¢ 18, 36, 54, 72, 90 d 21, 42, 63, 84, 105 

e 30, 60, 90, 120, 150 

2 a 405 b 798 3 60, 75, 90 

4 a 40 b 12 ¢ 40 d 90 e 60 f 140 

g 108 h 630 

5 al2 b 70 c 24 d 360 e 120 f 180 

g 126 h 300 
6 90m 7 180 minutes or 3 hours 

8 a 24 days b 120 days 9 a a?bc b a?b33 
10 The HCEF is the largest factor common to both numbers. 

The LCM is the product of the prime factors that appear in either 
number. 

the LCM is equal to the HCF multiplied by the prime factors 
exclusive to each number. 

LCM x HCF = (HCF x factors exclusive to 1st number) 

% {HCF x factors exclusive to 2nd number) 

= product of numbers 

EXERCISE 16 i 

1 a5 b 9 < 

g 20 h —41 i 

m 15 n 16 o 

2 al b -7 < 

g 16 h 8 i 

3 a3 b 6 [ 

g 27 h 7 i 

45 a 11 b [ 

5 a 438 b 874 < 

6 a 60 b 39 ¢ 

7 a7+3—-4=6 

¢ 12+4%x3=9 

e 348+2~-5=2 

7 d -11 e 1 f9 

13 i5b k 39 17 

—23 

1 d 2 e 4 f —15 

4 

81 d 88 e 18 f14 

21 j 22 ke 44 | —b4 

17 do e 9 f 69 

33 d 8 e —83 f 28 

23 d 4 e 8 f 13 

or 

b 4x6-3=21 

d 3+5-6-4=-2 

3-8+2+5=2
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9+3+2x4=11 or 9+3x2—-4=11 
(9—T)x4=8 b 80+ (8x2)=5 
80+ 8 x 2=20 d 4x8—(7T—1)=26 
4x(8-T)—1=3 fax(B—7-1)=0 
(5+2)x6—3=239 h 54+2x(6—3)=11 
(5+2) x (6—3)=21 

EXERCISE 1H HEEESSSSMSS 

1 a 5x10+3x20450 b $160 

2 a 4000 — (2 x 900 + 5 x 250) b 950 mL 

3 a (5+3)x12+2 b $48 each 

4h a 45-20x2 b 5km 

5 a (225+200+175+4 x60)=+8 b 105 g each 

6 a 8482 b 72 kittens 
7 a 196x4+(140+84)x5 or 196x4+140x5484x5 

b $1904 

8 a (4246%)+(7+8—2) b 4 blocks each 

REVIEW SET 1A B 

1 a-3 b -72 ¢3 d-9 

2 a 200 b 350 ¢ —125 

3 a1,3721 b 1,2481632 ¢ 1,37 

4 41,43,47 5 a 450=2x32x52 b 212=22 x 53 

6 a3 bad c40 7 a2 bs ¢ 9 

8 al6 b —13 <c30 d6 e 11 
9 104 minutes 10 18 nectarines 

11 a 3x5-4=11 b8-6:3=6 

12 a 200 x (20+4) + 150 x (8 4 4) b $6600 

REVIEW SET 1B IR 

1 a24 b4 c -7 

2 ald=-9 bO=12 ¢ O=-11 
3 a 32 b 33 ¢ 34 4 8,16, 24, 32, 40 

5 54=2x3% 6 91,93, 95 7 a6 b 90 
8 729 and 784 9 a—-2 b3s c 4 

10 a 12+(6—-2)=3 

c18=(1+2x4)=2 

11 60 lollies 

12 a (16000 — 8 x 1200) + (12 — 8) 
¢ 200 minutes or 3 hours 20 minutes 

EXERCISE 2A EEssss==——u 

1 a {Sunday, Monday, Tuesday, Wednesday, Thursday, Friday, 

b (6+4)+(2+3)=2 

b 1600 votes each 

Saturday} 

b {EO,T.B A L} ¢ {2,3,5,7,11, 13, 17, 19} 
d {a, e i, 0,u} e {1,3,7,21} f {white, black} 

g {43, 44, 45, 46, 47} 

h {Asia, Africa, North America, South America, Antarctica, 

Europe, Australia} 

2 a 1in(S)=6 

b 1 true i true 

3 a i A={1,49} 
il B={4,6,8,9,10, 12, 14, 15, 16, 18} 

i C=1{1,234,6,9, 12,18, 36} 
b I n(A)=3 il n(B)=10 

¢ 1 false ii true 

4 a S=1{1,2,36} nS) =4 

il n(T) =4 
iii false iv true ¢ no 

il n(C)=9 

b S =16 12, 18,24, 30, 36}, n(S)=6 
¢ §={1,17}, n(S)=2 

d §={1,4,9,16,25 36,49}, n(S) =7 
e §=1{28,5711,13,17, 19, 23,29}, n(S)=10 
f 8 = {12, 14, 15, 16, 18, 20, 21, 22, 24, 25, 26, 27, < 

n(S) =13 

a n(Ad)=12 b n{A) =21 

a { h{=} b { }, {8} {9} {8, 9} 
¢ { h{ph{a}. {r}. {m. o}, {o. v} {a. 7}, {p. ¢, 7} 

7 a A= {red, blue, green}, 

B = {orange, red, yellow, blue, pink, green} 

b yes ¢ | nld)y=3 il n(B)=6 d 

8 r=3,6,7,0r1l 

EXERCISE 2B EEEEESSSSSm———— = 

1 a A'={1,3,51728,9} b B'=1{2,4,6, 8} 

c C'={1,2,56,9 d D ={4506} e E'= 

a P=1{1,23,4,6, 12} b @ = {11, 13, 17, 19} 

¢ PP={51,8,9,10, 11, 13, 14, 15, 16, 17, 18, 19} 

d @ =1{1,23,4,5,6,7,89, 10, 12, 14, 15, 16, 18} 

a 

[ 

3 a X={LN,HABT} bY={MLLO,N} 
X'={C,D,E,FGJ,KLMO,PQR,S,UV\ 
X, Y, Z} 

d Y'={A,B,CD,EFGHIKPQRSTUV 
X, Y, Z} 

i U = {Rugby, Athletics, Volleyball, Baseball, Cricke 

Archery, Netball, Tennis} 

ii K = {Baseball, Cricket, Tennis} 

iii K’ = {Rugby, Athletics, Volleyball, Archery, Netba 

b K’ represents sports played at school which do not invc 
hitting a ball with a bat or racquet. 

5 a IinU)=7 il n(A)=4 iii n(A’')=3 

iv n(B)=2 v n(B)=5 

b oin@=12 i n(A)=6 i n(4)=6 
iv n(B) =8 v n(B)Y=4 

¢ n(8) +n(S") =nU) 
& Yes, any positive whole number is either even or odd. 

7 No, 1 is neither prime nor composite. 

EXERCISE 2C B 

1 a AnB={3,5)} b AUB={1,3,5,6,7, 9} 
2 a PnNQ = {Dragons, Tigers} 

P U Q = {Dragons, Tigers, Roosters, Raiders, Storm, 

Knights} 

b PNnQ={1}, Pu=1{13,4,6,9 10,15, 16} 

¢ PnQ={g,m}, PUQ=1{d e g bk I, m p} 

3 Band C 

A a X=1{23,5711,13,17, 19}, 

Y ={1,2,4, 5, 10, 20} 

b i XNnY ={25} i n(XNnY)=2 

il XUuY =1{1,23,4,5,7 10, 11, 13, 17, 19, 20} 

v n{XUY)=12 

5 ag b A 

6 A contains all the elements in AN B, and may contain elements 

which are not in B, Also, AU B contains all the elements in 

A, and may contain elements in B which are not in A. 

n(AN B) < n(4) < n(AU B)
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a U = {January, February, March, April, May, June, July, 4 a b i 

August, September, October, November, December} P Q 
[ 

b G = {September, October, November, December} e g | 

R = {October, November, December, January, February, I J 
Ul h 

March} 

e fl R = {October, November, December} _ 5 a O = {Monday, Thursday, Saturday} 
This set represents the months when both gardenias and roses H = {Tuesday. Thursday. Sund 
are in flower. = {Tuesday, Thursday, Sunday} 

d G U R = {September, October, November, December, b 

January, February, March} G M Tu H 

This set represents the months when either gardenias or roses Th 

(or both) are in flower. Sa Su 

¢ (GU RY = {April, May, June, July, August} vl v F 
This set represents the months when neither flower is in 

bloom. ¢ G’ = {Sunday, Tuesday, Wednesday, Friday} 
a S = {flous, butter, milk, jam, sultanas} Irl::;i estet represents the days on which George does not play 

C' = {margarine, flour, caster sugar, eggs, milk, jam} ’ 
- d GN H = {Thursday} 

b SN C = {flour, milk, jam} . . 
. . . This set represents the days on which both George and Hugh 

This set represents ingredients common to both scones and . 
cake play cricket. 

¢ SUC = {flour, butter, milk, jam, sultanas, margarine, 6 a A={2,35,7} b — 6 

caster sugar, eggs} B ={1, 2,5, 10} Asg 1 

d 8 different ingredients (which is n(S U C)) ; 10 

a A={4,8}, B=1{1,24,8, 16} b yes ol t ) 

¢ i ANB={4,8} ii AUB=1{1,2,4,8, 16} 

d “If ACB then ANB=A and AUB = B ¢ TAUB={12357 10} 
il (AUuB) =1{4,6, 8,9} 

RCISE 2D mEEEmsmsmmssmeecnc 7 a b 

a ; b ) A > B A B 

A 7 A 6 

5 3 7 
8 8 Ul U 

6 4 

U U [4 d 

4 A B A B 

la 
2 6 

U 5 [7] E— Ul 

8 a in either X or Y (or both) b inY but notin X 

a A={1,2,56,8 b B=1{24,6} ¢ inX 
¢ ANB={2, 6} d AUB={1,2,4,5,86,8} 9 a X=1{2,46,810,12}, Y ={23,5,7, 11} 

e A'={3,479} f B'={1,3,5,7,8,9} b i XNY ={2} 

9 U={1,2,34,56.7,8, 9} i XUY =1{23,4,5,6,7,8,10,11, 12} 

a b % d i nX'NnY)=4 

A 1 A B X4 6 Y il n(Y)=56 
7 2 e 8 1o i n(XUY)=10 

9 4 12 
vl _* U i 5 

[ 

EXERCISE 2E = 

1 a9 b 5 c 3 d 11 e 6 f 18 

o 2 a9 b7 c9 dI18 e 14 
¢ 3 4 

A B P Q 

@ (11) @ 

U @ 4 (1) 
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5 a b 17 it 17 5oy 
3) 

h 
S 

Ul 

6 There are 3 possible Venn diagrams. 

hS
 

S
 

©
 

(=
) 

S
 

o]
 

3 

B 

A (O M) 

o
]
 

=
 

o
 

(74) Ul 

¢ i PnQ=1{235} 
Il P'nQ={1,4 6,10, 12, 15, 20, 30, 60} 

EXERCISE 2F 

1 a b i 25 people 

ii 7 people 

i 5 people 

1 person 3
)
 

=
 

B
 

g
 
=
=
 

2 a [ b i 8itrees 

i 11 trees 

25 trees 

b
 

.
 

E
 % 

3 a b i 22 people 

i 41 people 

iii 9 people 

n
 

a
 

®) 

b 1 3types 

ii 7 types 

iii 5 types 

[
 R
,
 

<
 

(2
 
|6

 

5 a b 18 nations 

E F ¢ 4 nations 

@ d 6 nations 

o (12 

6 a b | 8 patients 
S X . . 

ii 16 patients 

@ iii 29 patients 

o (©) 

REVIEW SET 2A EEES 

1 a A={1,2,3,46,12}, B={2,4,6,8} 
b 1 nA)=6 il n(B)=4 

¢ i te ii false il true iv false 

a A’ represents the months of the year that do not contain 

letter R. 

b A’ = {May, June, July, August} ¢ n(A)=4 

aX¢gyvy b XCY ¢ XCY d XC% 

& { 1 {2} {4}, {6}, {2, 4}, {2, 6}, {4, 6}, {2, 4, 6} 
5 

10 

1 

a SNE = {4,16} 
b SUE=1{1,24,6,8,9,10, 12, 14, 16, 18, 25, 36, £ 

a i A={1,3,5,15} i B={3,6,9,12 1t 
i AnB = {3, 15} 
iv AUB=1{1,3,5,6,9, 12, 15} 
v (AUBY ={2,4,7,8, 10, 11, 13, 14} 

b 
4 B 

4 10 
ul7 8 4 13 

a 3 ! b 

6 P Q 

3 4 e 9 
7 g =" 

[4 

a b 

X@Y X Y 
U U 

a5 b10 ¢6 d7 c 19 f 2 
g9 h 4 

a 1 P={23,5711,13, 17, 19} 

it §={1,4,9, 16} 

b PNS=9 
No square number is prime. 

d | n(P)=38 14 6 20 
» s i n(S)=4 

i n(PUS) =1t 

8 

U 18 10 15 12 

e n(PUS)=n(P)+n(S) 

a M NS = {Craig, Kylie, Nigel} 
This set represents the people who both Mark and Stephen 

want to invite. 

b M U S = {Michael, Bradley, Craig, Sally, Alistair, Kylie, 

Emma, Nigel, William, David, Sam, Luke} 
¢ 12 guests
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1SET 2B IS b .10 -2 8 s 14 

{6, 12, 18, 24, 30, 36, 42, 48} 4.4_.__!14—.7)_:4_._._.1_:_:__._.. 

{1, 2, 4, 5, 8, 10, 20, 40} 

=i SUNETE T T 
a i A'={1,2,4,6,89} ii B'={1,809} L @i L il 

. . -2 -1 0 1 2 
b i true i true 

- 575 5l a SUP={1,24,8,9,16, 25, 32, 36} 

6 -3 
a | A={AEFHLKLMNTVWXYI} : 

9 a —-b b 3 ¢ —6 d 6 e —6 f2 
i V={AELOU} i ANV ={AEI} 

b EXERCISE 3B MM 
14 15 13 3 

21 18 20 7 2 3 
e 2 a5 3% ® %35 

s 2 5 5 3 _1 _1 

UBcDGJPQR iag b3 ¢ d3 s 1 -3 
3 2 211 3 3 3 

83y h-5 i1 i-% A v 
a in both P and @ b in neither P nor Q@ m % n _% ° v% 

2 2 5 1 4 4 

7 14 

U (n 5 a 60 players b i % il % iii —;—% 

a b 1 12 stidents EXERCISE 3¢ EEENESSSSSs 
i 7 5 7 1 11 3 

iii O students 1 48 13 1 sl f 8 

0 z 2 
U © k —3 I 15 

11 2 11 3 23 7 

T M 3 a % b % or 1% < % or 1% % 

e 43 9 
Mu 45 20 

Ca & a i—% b ;11% 5 a 2% cups b %cup more 
D 

U F-M 107 _17 31 
6 3 5% b -5 <% 

o The sets M and T are not dij{;ir‘;t;i’;zegthe two sets have | EXERCISE 3D M 
elements in common, that is, . 

1 a2 b12 ¢ ¥ o 22 d 2 oor 13 
¢ (M UT)" = {Drama, Music, Foreign Movies, Cartoons} 

This set represents the channels which neither Tom nor e 3—35 or 11% f6 g 2 o 4% h 14 
Margot wish to see. 

. s 2 a 20 b 9 ¢ 25 d $15 e 26m 

d History, News, Sci-Fi f24kg g 24kg h 2Lha i $120 
KERCISE 3A B 3 490 km 

1 a proper fraction b improper fraction 4 a IBE b % ¢ % d % e 2% f % 

¢ proper fraction d mixed number g 3 bl P 1 P2 K12 o o421 

e improper fraction f mixed number 20 5 ‘11 27 25 25 

2 al bI 2 g18 . _4 ¢ _16 g ml ng ©°4 p3 
) ’ ; ® ’ | 5 a-8% b-8 ¢t d4i -8 -1 a 12+4=3 b 42+6=7 ¢ 45+-5=9 15 4 5 16 125 [ 

d 108+9=12 e 132+11=12 f85+5=17 6 < 7 a£ b2 8 32 of a boitle 
h a b6+7=8 b -56+7=-8 9 a% b?% 1 

¢ 56+-7=-8 d —56+—-7=8 

e 99-11=9 f —99+-11= -9 EXERCISE 3E EESS 

9 9+ —-11=-9 h —99+—-11=9 1 a % orlgs b £ or 22 ¢ Xoor1d 
4 1 3 1 1 1 5 16 7 2 20 

6 a _j1 -2 1 5 18 5 5 35 11 
13 3 3 3 2 a — 355 b -8 -3 d —iz O _2E [ 

-1 0 1 3 6 loaves 4 a % or 7% b % ¢ =
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EXERCISE 3F IS 

a 

d 

e 2.005 

a 7000 

2 2 2 3 4 
1+ b 1+ 15 ¢ 1+ 955 + 1000 T o000 

9 9 3 8 2 
9+ 750 T 10000 ¢ o5 T 1000 + 10000 
4.5 b 2.69 ¢ 0.502 d 0.038 

f 4.0104 

b 70 [ 

c
o
j
o
t
 
O
t
 

EXERCISE 3G [ESSssmsmoimms 

o
 
v
 
B
 
W
 
R
 

b 

6 b 8 ¢ 19 d 200 

4.2 b 6.4 ¢ 11.5 d 6.9 

7.54 b 3.97 ¢ 2.16 d 9.00 

5.24 b 37.1 ¢ 0241 d 0.0193 

27.04 b 02572 ¢ 4.002 d 0.01020 

=2 0.046 51162791 

i 0.0465 ii 0.047 iii 0.04651 

EXERCISE 3H B 

1 a 6.88 b 11.2 ¢ 2284 d 24976 e 13.1 

f 2998 g 7.996 h 31.3232 | 39.966 

2 a 4.62 b 4.44 ¢ 7.88 d 1215 e 4.773 

f 7902 g 43.138 h 1.763 i 0.02621 

3 18.35kg 5 3.86 m 

5 a $1870 b $1.30 ¢ $7.10 more 

EXERCISE 31 s 

1 a 153.28 b 1532.8 ¢ 15328 d 153280 

e 1532800 

2 a 93.67 b 9.367 ¢ 0.9367 d 0.09367 

e 0.009367 

3 a b7 b 4.6 ¢ 600 d 0.01 e 0.07 

f 0.0032 g 0.0022 h 0.0000091 i 0.0002005 

EXERCISE 3] [ — 

1 a 48 b 6.3 ¢ 0.36 d 0.84 e 0.09 

f 0.0088 g —6 h —-0.12 i 0.72 

2 a 512 b —7.14 ¢ 60.8 d 2378 e 71.76 

f —6.992 

3 17.6 litres 4 02¢g 5 $12.85 

EXERCISE 3K I 

1 a 0.59 b 3.49 ¢ 0.6374 

2 a8 b 5 c 8 d 40 e 0.15 

f 0.2 g 0016 h —17 i 6 
3 a 118 b 6.7 c 6.4 

4 4 times heavier 5 300 cups 

EXERCISE 3L s 

1 al b 4 ¢ 5 d 10 e 7 f 

g 11 h 9 

2 a l7 b 22 c 24 d 39 e 48 

32 a 2and3 b 3and4 ¢ 5and 6 d 8and 9 

e 10 and 11 

A a = 2.6458 b = 4.7958 ¢ =2 10.2470 

d =~ 13.6382 e =~ 17.6068 

5 a =1.7321 b 2 17.3205 ¢ & 173.2051 

d = 1732.0508 

EXERCISE M Ems=ss—=——v——r 

1 a1l b -1 c 2 d -2 e3 f - 

g b h -5 i0 j 10 k —10 

2 a6 b 7 c 9 d 13 e = 1.260 

f = 2.080 g =~ 3.530 h = 6.300 

EXERCISE 3N BT 

1 a3 b1 c8 dxr e F = 

sf bhm 111 F 
2 a terminating b recurring ¢ terminating 

d terminating ¢ recurring f terminating 

g recurring h recurring 

3 3 is also a factor in the numerator and will cancel with the fac 

of 3 in the denominator. Oliver should have written the fract 

in lowest terms as % 

4 a 0.9 b 0.85 ¢ 04 d 0.12 e 0.62 

f 0.375 g 0.788 h 0.544 

5 a 03 b 0.2 ¢ 036 d 0168 e 05714 
f 05 g 081 h 0857142 

6 a 0.615384 b 0.162 ¢ 0.740 

d 0.43 e 0.681 f 0.7857142 

EXERCISE 30 ESSsSssS===———m 

1 a | rational fi irrational iii rational v irration 

v rational vi irrational vii rational wiii irration: 

SR V2 -2 g NZRVG 
¥ B ¥ 1 v . 

-3 -2 -1 04 Iy 2 3 

02 T2 

2 a true b true ¢ true d false 

3 v/2—1 (Other answers are possible.) 

&4 No. A counterexample is +/2 + (—+/2) = 0 which is rational. 

50= % is rational, but its reciprocal % is not rational as it is 

undefined. 

REVIEW SET 3A == 

oA 41 2} 
-2 -1 0 1 2 

2 abd4+9=6 b 8+8=11 

1 2 7 21 2 
3 a 8 b H < i d —33 e -3 

7 1 14 25 3 4 a3 b -1 ¢ 15 d 3% € —% f 

5 5 5 5 as b com 45 

¢ 120+ -12=-10
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6 a 257 b 10.1 ¢ 0.0515 

a 8.455 b 7.66 ¢ 1.73 

8 a 634.9 b 0.05297 ¢ 5.6 d —11.55 

e 0.08 f 18.7 

9 $39.24 

10 a 72.66m b 3.66 m farther ¢ 9.54m 

11 a % b 11- [ % d Yes, as everyone gets i- of the pie. 

12 13 and 14 13 a 100 b —100 

14 a 0.8 b 0.95 c 0.44 d 0.54 e 0.075 

15 a i recurring ii recurring iii terminating 

iv terminating v recurring 

b | 0432 i 0.583 ili 0.3125 iv 0.476 
v 0.32054 

REVIEW SET 3B IS 
1 5 3 

1 3 2 a4 b 3 ¢ —z 

76 1 3 a q¢ or 53¢ b 2.512 c 6 

d 15.325 e 3 or1i f 2.78 
17 
82 

5 -13 04 02 06 11 
| gl pitiligiily s 3 

--1—2 -1 0 1 

11 13 23 
¢ 7% ® % < 380 
7 [ a 0.359 b 3.59 ¢ 359 

8 | a 0.0084 b 5 ¢ 28.1 

9 || a % b pages 64 to 105 4 % 

10 05 11 8and9 12 a 11 b ~12164 
13 | a rational, % b irrational ¢ rational, % 

d rational, -2-39 e rational, ”77 f irrational 

14  a 03 i 0.6 i 0.06 i 1.6 v 0.06 
L _n1F 1 _n7i9RES ¢ =016, £ =0.142857 

s 1 .1 __ a7 e 1 1 _ 

EXERCISE 5A mmmsmmmemc 
1 a 2 b 3q ¢ 2x4+4y d 3c+e 

e 3+2y+2z f 4a+7 g 24+49 h 3—3d 
I s j s—2t k 543r I 2+2a+2b 

? a5 b 2¢ ¢ 7q d 4fg e 6pg f 9rs 

g 6ab  h 4mn i bab i 2pg k jkl I dhp 

1: a pg+r b 4z + 5y ¢ 2a—b d ab—c 

e b—ac f f—T7g g ac+ad h 12 —6rs 

I & — 3zy 

a3z+y) b Bd—1) ¢ 8w—z) d pglr—2) 

EEERCISE 4B EEESSSS=————— 

' a gt b nt ¢ 3k? d 448 e 2d* 
4pq? g st h 3f2¢% i wlxy® 

axXxaXxaXa 

IxXtXtXtXtEXt 

f 

a b 4xpXpXxp 

4 

e TXfXfxgxgxyg 

S 
i 

d SxzxzxXy 

f 53xaxb5xa 

5XaxXa h pxp+2xgq 

PXpXp—3XgXg 

3 a z?+3 b 2 +2d ¢ m+ m? d n34n 

e y2 — 24 f a2+ 7a g 8 b3 h pg—2p 

i 2pq? + 6r2s | 2h2 — hj k 3z 4 5a® 

I a2+ 203 — ab? 

EXERCISE 4C B 

1 a yplus2 b zplusy 

¢ x minus the product of 2 and y 

d 3 minus the product of 2 and x 

e the square root of m f 4 times b squared 

g 3times xtimesy h 3 times y minus 2 times 

i xtimes y times z | the square root of all of z minus 3 

ke a plus b plus ¢ I b divided by a 

m 3 divided by the square root of = 

n the product of 3 and a, divided by the product of 5 and b 

o the sum of 5 and a, divided by a 

2 a zsquaredplusy b the product of 5 and x, all squared 

¢ 3 minus 2 times z squared 

d y squared minus x squared 

e z squared, divided by 2 

f the quotient of = and 2, all squared 

g 2plus bsquared  h the sum of 2 and b, all squared 

i a squared minus 7 

j the square root of all of 3 times a minus 7 

k the square root of all of 2 squared plus y squared 

I« cubed minus y cubed 

3 ap+7 b yz—=z cg d 32—15 

4 a a-b? b a2 +b ¢ (a+b)? da+b? 

e (a+b)? 
7\ 2 

5 a 7z? b (;) ca?—bv d (a-b)* 

e Vz—p 
6 a z?+4 b 23—-2) ¢ Vz+2 

EXERCISE 4p =GOS 

1 a $100 b $20a ¢ $ad 

a 8 years old b (14— z) years old 

a $55 b $(100 — 15h) ¢ $(100 — hp) 

5 (20+m —n) people 

2 

3 

A (w—6) kg 

6 b (600 —0.8z) m $(0.6a + 0.9p) 7 a 08cm 

8 a 45km b stkm 

9 a 12 cupcakes b cupcakes 
n 

10 a (bz+3) apples 

¢ (bt+7) apples 

11 $(bm + nr) 

EXERCISE 4E NSSS———————— 

b (by+4) apples 

d (bm +n) apples 

1 a3 b 12 ¢ —3 d 15 e —2 f7 

g 15 h 32 
2 a2 b —10 ¢ 2 di14 el 1 -2 

g3 h 12 i -2 j12 k22 I —14 

3 a2 b3 <1 d 4 3 -5 

g % h-E i 2 k 3 I 4 

4 a 10 b0 ¢ —21 d 84
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5 al b 2 c 4 d 3 2 
2 az® b2 ¢ af ey ¢ 1 

6 a 1 llyearsold ii 39 yearsold iii 43 years old 3 T 62 

b 1 (n—2) years old il 3n years old g 2d L;_m i1 i — k 5p% | ?;E'z' 

ili (3n + 4) years old ¢ Y ) 5 v 

¢ Yes, by substituting n = 13 into the expressions in b. m % nl o p 5;: 

7 27 cm? 8 a 5glem® b 7.8 g/lem® # 

9 a 1 4.43m/s i 9.90 m/s b 15.34 m/s EXERCISE 4] EEESS 
2 

EXERCISE 4F W 1 a cln_;) b ;— c5 d 30 e g f 4%) 
x 

1 a expression b equation ¢ equation 1 Y v 

d equation e expression f expression 9 :t_y h 2 

a 3 terms b 4 terms ¢ 5 terms 22 2y 92 222y? 

a3 b -8 ¢1 d -1 e 4 f —5 2 8- b= <73 5 
g 3 h -2 Y Y 

b a5 b —5 ¢ 14 d —7 e —1 f 6 EXERCISE 4K &= 

§ 3 h-2 1 g da 40 cc—2 a ¥ L ¢ I 
5 a2 b —4 ¢ 3 d 2 (] Ty 8 q2 2 4 

6 a expression b 6 terms g ?‘fi h1 

< i2 ii 5 i -7 v -2 d 1 t3 

7 a3zand 5z b 2 and —3y ¢ 2¢ and —5z g 4 3@ Um 4d® 3a? 
3 3 

d zy and —2zy, 3x%y and z%y e bz and -92—: 20 5k 36 10 

f 3z2y? and x2y%, 7and —2 EXERCISE 4L MEEESSSSSSSTTT 

EXERCISE 4G MRS 1 @2 b5 cdoy ddz e -2z 
_ h i — 

1 az+6 b g+11 ¢ 3+3 d 2a+7 g b da 1 3wy 

i 2g | 5o+5 K w? g 5z h 8y iz i Bz k r I3 

| cannot be simplified m 2z n 9ab o 4m 3 a 18 b g €z d 12¢ e ab f abfi 

2 ao b 7p ¢ cannot be simplified 9 3pg h 2ab 062y |5 k 12wz | 12pgr 

d bpq ; 4ab f ezmot bessimplifisd REVIEW SET 5A IS 
12 i3 i g 132y o o 1 a2la% b B4+2 ¢ 24° -3 

k 9d—9 I —10n m —5j—4 n a+ta d 2% —3(2—a) 

o 7g—Tg> p 4s+4s® q cannot be simplified 
¢ cannot be simplified 2 a Txtxtxtxt b 3xbx3xbx3xb 

€ 2xbxb—-3xecxexe 
3 a 6z b —8z ¢ —15m d 7y . 

e 9y i 5y g —3a h 3 a mdividedby 3 b the square of the product of 3 and 

¢ a plus « squared 
4 a —2xr—1 b 5t+3 ¢ 2z—y d 6pg—4 5 

e 10cd f —a g 522 -2 h —3n—-3 4 aatbte b Vuts ¢ k+h 
i —5v—5w | —3z2 Kk Ba—Tb | —Bz—T 5 a 12apples b (18 —3a) apples ¢ (18— ad) apples 

m p—2pq n —4n-5 o —7mn-—-2m 6 a9 b -T2 < T12' 

EXERCISE 4H B 7 a T2 newtons b 0.27 newtons 
1 a 20k b 25 ¢ 283 d 3022 e 8&mt 8 a expression b expression ¢ equation | 

f 106 g 2592 h 1222 i 24zt 9 a -1 b 7 

2 a —8z2 b 5a%b ¢ —6c2 d 3m3n 10 a 13k—6 b z+2 ¢ 17f — 5g 

e —120%0% f 20p° g —35z° h 16g° 11 a 5terms b 12gh and 3gh ¢ -2 
i 24x3y8 j =7z k 922 I —2s3 d 4 e 5g+ 15gh — 2h + 4 
5 3 3 3,4 

m -z n or oNGg P 21z%y 12 a 2023 b —2a4 ¢ —8xZy? 
q 8y° r —823 5 

13 a2 b = Ta 
EXERCISE 4] IS 2y 4p2 

3 3 3 
1 a 2 b; ) d g e x 1w oa 2 b% ¢IOT; 

1 3 2m z Tp 

s 9 2 h = 15 a b 3ab
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REVIEW SET 4B B 

1 a 2a+a? 2 

EXERCISE 50 W 

1 a 24 b 9 ¢ 27.5 kg d 280 m 

e $87.50 f 1.8L g 0.9 km h 6.8m 

i £138.60 i ¥2880000 k 17.5 kg I $74.25 

2 $16640 3 5.28L 4 $437.50 5 588 pears 

6 $17325000 7 a $15750 b $24500 

8 a 138¢g b Tom 

EXERCISE 5E &=+ 

1 a 400 mL b 500 g ¢ €1200 d 70 kg 

e $300 f 40 minutes 

2 600 students 3 = 231000 km? 

L a 56 mL b 126 g ¢ 640 mL d $210 

5 a 250kg b 212.5kg 6 35 cookies 

7 60 children 8 a 1.68kg b 250 ¢ 

9 a 22% 

b i 144 ice creams ii 30 ice creams 

iii 400 ice creams 

EXERCISE 5F.1 EEESSSSSSSSmmmm 

1 a 176 kg b 9 km ¢ $29925 d 390 mL 

e 205L f €369 

2 a 13 students b 78 students 

3 a $210.6 million b $113.4 million 

EXERCISE 5F.2 IES—— 

1 a 1.05 b 0.94 ¢ 112 d 0.75 e (.51 

f 1.34 g 0.925 h 1.038 

2 a $840 b 133.4 kg ¢ 672 m d 1320L 

¢ $1122000 f 1.875L g 217.2m h $352.60 

3 790.5 km? & $265 per week 5 173.6 cm 

6 a $5.50 b $6.05 
¢ The 10% increase was applied to a higher original price in 

November than in May. 

7 Multipliers are 1.1 for 10% increase and 0.9 for 10% decrease. 

The overall multiplier is 1.1 x 0.9 = 0.99. This represents a 

1% decrease. 

8 a 1080 tonnes b 1 2018 ii 2019 

EXERCISE 5C NS 

b 4p® — 6p?q 2 q—p 
3 axaxa—Txaxaxbxbxb 

4 a $14 b $(20—3p) ¢ $(20—cp) 

5 a -9 b 49 6 (20 — 2n + m) muffins 

7 a2 b -3 

B a 2-5z b 12u—5t ¢ 322 —3z+5 

9 a Sterms b —10 ¢ —2 d 3s—2t—10st—2 

e i -8 i -21 

10 a (6n+3) fish b i 15fish il 45fish ¢ 9 fish 

11 a 942 b —5z5 ¢ —z3y? 

12 a 5z2 b Ta 
2b 

13 a——62- b 2 ¢ 56c 14 a2y b 2 
x 3 

EXERCISE 5A EEESSS==—————a 

1 a 048 b 1.1 ¢ 101 d 0.625 

e 0.049 f 0.02 g 5.52 h 0.0001 

i 10 i 0.000025 k 2.352 1 0.273 

2 a 0.065 b 0.138 

AR x % 9% - | 
13 36 Pl 6 1 3 

¢ 350 % '3 I3 o000 | 00 
4 a L bl ¢ £ d 

EXERCISE 5B IS 

1 a 2% b 40% ¢ 37% d 65% 

| e 41.6% f 320% g 125% h 1.5% 

i 33.3% i 0.62% k 3.04% I 105.7% 

2 a 30% b 18% ¢ 84% d 25% 

e 200% f 65% g 80% h 42.5% 

i 87.5% i 175% ke 145% I 112.5% 

3 a 662% b 222% ¢ 831% d 64% e 6.25% 

h a ~429% b ~615% ¢ =86.7% d = 105.9% 

EXERCISE 5C EEEEmSSS—S 

1 a 8% b 40% ¢ ~13.3% d 25% 

e 16% f ~267% g9 6.25% h =~ 16.7% 

i 1.4% j 4.6% 

2 30% 3 Jemima, as she saved 40%, Henry saved ~ 38.9% 

4 a 50% b 10% ¢ ~26.7% d ~86.7% 

Y [ Nome Steps climbed | % already run | % remaining 

Marcel 813 =~ 73.7% ~ 26.3% 

Ariel 672 ~ 60.9% ~ 39.1% 

Shane 901 =~ 81.7% =~ 18.3% 

Emma 866 ~ 78.5% ~ 21.5% 

a | Year Votes Registered voters | Voter turnout % 

2019 | 9359673 18286 865 =~ 51.2% 

2014 | 9723232 18284066 = 53.2% 

2009 | 9946748 18293277 ~ 54.4% 

2004 | 10791215 18449 344 = 58.5% 

2000 | 11559458 17699 727 = 65.3% 

b i 2000 ii 2019 

1 a 20% increase b 20% decrease ¢ 35% increase 

d 35% decrease e 63% increase f 63% decrease 

g 140% increase h 0.5% decrease 

2 a 10% increase b 15% decrease ¢ 40% decrease 

d 50% increase ¢ 15% decrease | = 45.2% increase 

3 a 15% increase b 28% decrease ¢ 12.5% increase 

d 7.5% increase e 12.5% decrease 

=~ 14.3% decrease 4 

5 Year 8 (= 26.5% compared with ~ 22.5%) 

6 i = 36.2% 

= 84.5% 

= 830% 

year 2000: 

year 2020: 

~
 

o
 
o
 
o
 

(-
2 

¢ 1 = 150% increase 

b ~71.1% 

=2 448 000 students, 

=2 1120000 students 

~ 150% increase 

i =~ 19.0% 

iii =~ 162.5% increase 

9 = 38.6% 

¢ =~ 1610% 

il ~ 13.8% 

d =~ 149% 

i =~ 300% increase
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EXERCISE 5H IEEESSSSS————— 

1 a 20cm b 60 kg ¢ $125 d 4000 L 

e 50000 people 

2 80 nations 3 £140 4 450 songs 

5 $420 6 = 2475 black rhinoceroses 

EXERCISE 51 ESSssssa 

1 Profit or loss 

a $30 profit 

b £65 loss 

¢ | $150 profit 

d | €6500 profit 

2 Cost price | Selling price | Profit or loss 

a $56 $76 $20 profit 

b | $420 $345 $75 loss 

< $385 $580 $195 profit 

d $265 $200 $65 loss 

3 a i profit of $20 il ~ 44.4% profit 

b i loss of €1150 il = 16.4% loss 

¢ i loss of $23 il = 60.5% loss 

d i profit of $60 il ~ 31.6% profit 

e | profit of $90 il 37.5% profit 

h ~269% 5 ~647% 6 a RM4500 b 333% 

7 a CNY5100 b ~ 309% 

8 a loss of $1.50 b = 0.469% loss 

9 a $780 b €360 ¢ $2975 d $28000 

10 $2592 11 $140 

12 a $7.50 b 1662% 
¢ Theo might want to know how much profit he is making 

relative to the cost price of each figurine. 

d No, it decreases by 3%. 

13 $167.20 

EXERCISE 5] ENSSSS———— = = = 

1 a $34 b $249 2 $2254 3 £158.40 

& 16% 5 a §171 b $296 < $801 

6 Marked Di Selling | Discount as a % 
price LIS price of marked price 

a $160 $40 $120 25% 

b $500 $170 $330 34% 

¢ | $2.40 $0.36 $2.04 15% 

d | $4.15 $0.75 $3.40 ~ 18.1% 

e | $252 $89 $163 ~ 35.3% 

f €490 €88.20 | €401.80 18% 

g | $5450 $2071 $3379 38% 

EXERCISE 5K EEESsssseeowe 

1 a 156 krona b 1710 rubles 

2 a $29.04 b 5400 cedi 3 a ™tax b 19% tax 

& a HRK61000 b CHF2000 

REVIEW SET 5A EEEsssmmm 

1 a 37.5% b 250% ¢ ~41.67% d 1.5% 

e 2.5% f ~88.89% 

2 a 0.83 b 0.274 ¢ 1.52 d 0.004 

12 3 11 1 

3 a5 b 3% 30 9 oo 
& 72% 5 a 150kg b 240kg 6 150 people 

7 a 59% b % ¢ “Poor” d 500 guests 

8 a 145 b 025 ¢ 3.27 9 640 kg 
10 a = 6.67% increase b a2 23.9% decrease 

11 $5.40 per kg 12 54900 people 

13 a $480 loss b 80% loss 

14 $78 15 ~32.9% 16 $60 

REVIEW SET 5B oo 

1 Percentage | Decimal | Fraction (in lowest terms) 

a 32% 0.32 - 

b | 87.5% 0.875 z 

2 & 3 20% 5 506 g 5 1800 students 

6 a 6 students b 32% < 62.5% 

7 a 41 marks b 50 marks 

8 a $2067.36 b $6546.64 9 =2 10.7% decrease 

10 18% 

1 Offence Old fine | New fine 

Speeding $200 $210 

Drink driving $840 $882 

Not wearing seatbelt $260 $273 

Illegal parking $50 $52.50 

12 a $52.50 b $56.70 13 $60 

14 a 28 serves b SportsLife $382.50, is cheaper by $1.50 

¢ 175 kmv/h 

15 a =~73.3% b i 40% il ~7.14% ¢ $2860 

16 17% VAT T 

EXERCISE 6A B 

1 a 35=243 b 2¢=16 ¢ 5% =15625 
d 37 =2187 e ab f nd g 29 h 8 

2 a22=4 b 32=9 ¢ 78 =343 
d 101 =10 ezt fyt e b b3“~ 

3 a 26=64 b 108 ¢ 38="729 \E 
d 212 = 4096 e xl® fp° g2 h2! 

& a b b v® cyl® d gyl e 47 f 23 

g t3 h a2tn i g3 i n1% kK7 I pb 

5 a (72)3=176 b 2t:r2=2% ¢ 22x27 =29 

d (z3)% =212 e a®xa®=a0 f 5953 =56 

g bt xbP b =00 hfr?srct=e8 i 

i (2%)% =210 + 24 l 

6 a Ba? b 1543 c 16z3y* d Tt ¢ 4z 

t k2 g z* h mb i K8 

7 a2’ b 211 c 27 d 28 

8 aax® b 2t cxzb dz?® e 29 f 26 
9 a The bases should not be multiplied. =~ 25 x 23 = 28 

b The exponents should be multiplied. ~ (32)3 = 38 

¢ The exponents should be added. 2% x 2% = 28 

d The exponents should be subtracted. :c;: =9 

35 

e The bases should not be divided. 3 =32



EXERCISE 6B EEEESSSSSSSSmmmw L 

1 a p?g® b z4yt c a%t d a3b3cB 

¢ 8a3 f 243d° g 32k° h 25¢2h2 

a? 8 J4 16 
2 a — b — [ d — 

b2 8 k4 z4 

16 32 q* 27 
e — e K h = P 5 ST = 

4 27 16 1 
3 a 35 b 54 < 1 d 35 

4 a 4a* b 27b° ¢ 168 d 3240 
e j2k8 t z3y8 g 18g° h 25r4s? 

i 64a2b® i 27hSK3 k 8h3c8 1 498 f2 
2.2 4 3 4 

5 8 IF b o 2 d = 
4 c2d? q3 25 

. 49d* f w? 1672 125¢3 

€2 92 9s4 8h9 

6 a2b? = (ab)? which is a perfect square. 

For example, 22 x 32 = (2 x 3)2. 

7 a®b® = (ab)? which is a cubic number. 

For example, 23 x 3% = (2 x 8)3. 

EXERCISE 6¢ B 

1 al b1 ¢l {&#0} d5 e 9 t5 

g 11 hp® {p#0} i1 il k7 11 

2 al b1 ¢z d 3 e a? ftn?2 ggqg 

2 
h ¥ 

4 

RCISE 6D EEEESTT 
1 1 1 1 1 

a3 b3 ¢ g d3 €3 
1 1 1 Lo 1 

fpr 93 h 5 33 I 133 
1 1 1 

1 1 

8 _ o2 4 _ 41 6 20 _ g4 

1 1 1 1 1 = b - — = - 
t 7 k ‘2 13 ¢ s 

a 372 b 51 c 272 d 32 e 771 

2 1 1 7 1 
a — b — ¢ 2 d — e — f 

x 2z t st a? 2522 

g 1 . e . 1 4 
= h i — —_— 

¥ %3 7 @ ! e 2 
1 

7 al bz ¢ — d z 
z 

XERCISE 6E NS 

1 a2x+14 b 3z—6 ¢ 4a+ 12 d 5a+ 5¢ 

e 6b—18 f"Tm+28 g 2n—2p h 4p —4q 

i 1543z j5y—5z k 8t—64 I 6d+ be 
m 40 — 45 n 7y4Tn o 2n—24 p 88 —8d 

2 a 18 +9 b 3—9z ¢ 10a+15 d 11-22n 

e 18z +6y f5x—10y g 12b+4c h 2a—4b 

i Ta—35b i 244+36d k 24-—-32y | 30b+ 18a 

m 22z —1ly n 7¢—63d o 6m+42n p 64a—8c¢ 

q 422 —4 r 10+ 1502 

-
0
 
o0
 
8 

a
 
o
 
O
 

a8
 
3
 
.
6
0
 

-
 
®
 
o
 
W
 
o
W
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z2 + 2z b 5z — z2 ¢ 2a%2+4a d 5b—3b2 

ab + 2ac f ad+a g 3z —4x2 h 18z — 3z? 

522 —20z j 4da—4a? k TH2 4146 1 a2 +ad 
3b—862 n m?2—-3mn o c—dac p 24p— 42p? 

23+ 422 1 6z — 2 

ac units? b a(b—c) units? ¢ ab units? 

area of blue region = total area — area of red region 

3z + 3y + 12 b 142z +21z — Ty 

10 — 20m + 357 d 202 + 2ab— 16a 
322 4 62y — 15z t 8p% + 12pq + 20p 

—2z—4 b —3z—12 ¢ —-4z+8 d —2545z 

—a—2 f —xz+3 g —5+z h —2z-1 

—~124+3z j —20x+8 k —15+20¢ | —14+4 10z 

—a?—a b —b2 —4b ¢ —5c+c? 
—222 — 4a e —2z + 222 f —3y% — 6y 

—20a + 4a? h —18b+ 1262 i —2zy? + <%y 

3z + 11 b Tz +2 ¢ 25—12z d 10z —2 

11-10z § 842z g 9421z h 4z + 18 

dx + 7 j 642 k —5z—5 | —47+ 15z 

2 + Tz nz2+7z o 4z —a? p 222 —2x 

2 + Tz r z? +4x 

8z + 28 b 8+4z +a? ¢ 6z +18 
5z — 2 4 10 e Ta+7 f —dp — 24 22 

2a? —a+15 h 7224 Tz i —2y2—y—5 

T k 4z — z? I —22—n 

EXERCISE 6F EESSSS==s 

w
 

-
0
 
N
 
B
 
X
 
.
0
 
n
 
D
 

a 

d 

g 

a 

2z+4=2(z+2) b 3a—12=3(a—4) 

15 — 5p = 5(3 — p) d 18z + 12 = 6(3z + 2) 
4z — 8z = da(z — 2) f 2m +8m?2 = 2m(1 + 4m) 

4z + 16 = 4(z + 4) b 10 +5d = 5(2+d) 
5c—5=5(c—1) i cd—de=d(c—e) 

Ba + 8ab = 2a(3+4b) | 6z — 222 =2x(3 - x) 

3(z+3) b 4zx+3) ¢ T(z+5) d42zx+1) 

5(2c¢43) f 4(7b+2) g z(l+a) h alb+c) 

y(z+1) 

4(z—2) b 3y—2) ¢ 3b—-8 d8a—4) 

52n—3) f 6(2a—3) g a(l—b) h z(y—2) 

2b(3 - a) 

3(a+b) b 8=z—-2) < 3pp+6) d142-2x) 

T(z —2) f 6(2+a2) g cla+tbd) h 6(2y — a) 

a(5+b) j e(b—6d) k z(7-1y) I a(l+b) 

yle—2z) 0 pBg+r) o c(d—1) 
z(z + 2) b 3z(z +4) ¢ 2z(z —4) 

z(9 — z) e 9z(2 — 1) f 2z(7 — 3z) 

2a%(x + 3) h z2(3z+7) i 2ab(2b — 3a) 

2x(z? + 2z + 2) b 22(z? 4+ 3z + 6) 

ab(b+ 1+ a) 

7 (3z — 22) still has the common factor z. 

REVIEW SET 6A B 

1 a 

2 a 

b b12 

b 27z°% 

k9 

4b4 

< pB 

a ¢ Bxdy3
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a 4248 b 8ab? ¢ md 

4 a 5° b 514 ¢ 59 

5 2 S C 
d? 64 64 

6 al b 13 ¢ 6 d 2 

7 a} b & < yis d # 

8 a Tr+42 b —b6z — 10 c 4y? -7y 

9 apg+5p b 2a+6b+10 ¢ 325 +2122 — 15z 

10 a 1lz—24 b 5z 44 ¢ 9a + 10 

d —y2-2—5 e 32241724+36 f 5p2 —10p 

11 a 4(x+5) b 6(z —6) ¢ z(7T—y) 

12 a ala+7) b 6z(2x — 3) ¢ 5z%(4z + 3) 

d 4(z + 6y) e 2z(z —4) f 3a(1+ 2b4 3a) 

13 a a2 cm® il ab cm? b a(20+b) cm? 

¢ total area of rug = area of 2 brown squares 

+ area of white rectangle 

=a? + a? + ab 

=2a% +ab 

So, 202 +ab=a(2a+b) {fromb} 

REVIEW SET 6B I 

1 a zb b (b ¢ d%3 

2 a32x3=3 b (@)2=2 ¢ a®+a?®xa’=4df 

3 a 10¢% b 5z ¢t 

125403 
§ a gbyb b53“ ¢ 272543  d 100z2y* 

3 
¢ — f 4k38 

64n3 

5 al b 8 < b? 
1 1 1 1 

6 a BT b 16 ¢ Too0000 d z3 

1 2 3 1 
7 a —= b — ¢ e d — 

z2y? ab y y 

8 a i 36 i 12 b |81 il 27 

¢ When a number is tripled then squared, the result is 3 times 

larger than when the number is squared then tripled. 

d (3a)2 = 9a? = 3(3a2) 

9 a 3z—18 b 8z + 12y ¢ —322 + 24z 

10 a 9z +27 b 72418 ¢ 622 — 19z 

11 a 6z—3 b —y2—6y+4 ¢ 5z2 4 23z + 21 

d 5x+10 e 222 +c-6 

12 a 3(x+9) b 8(z —6) c a(b—d) 

13 a z(z—10) b a(e+8) ¢ 5y(y + 6) 

d 8z(z —3) e 5z(2z—3) f 2z(4 — 11x) 

EXERCISE 7A M 

1 az=1 bz=9 cx=>5 d z=5 

e z=-2 fz=4 g z=-4 h =13 

i =40 fx2=-17 k z=-5 | z2=—4 

2 azxz=2 b z=3 c x=-2 d z=5 

e =—4 fm=1 

3 ac b F cE d A e B 1D 

4 a z=0orl b k=3 ¢ no real values 

d no real values e g=4 fd=0 

g all values of ¢ h all values of g i w=0 

5 aB b D cB d D c B tC 

g B h € iD i A k B I A 

6 a identity b not an identity, k=1 ¢ identity 

d identity e not an identity, t =0 

f not an identity, p =0 g identity h identity 

i not an identity, x =0 

EXERCISE 7B IS 

1 az=5 bxz=9 ¢ be=15 d 7z=z+6 

2 az=4 b 2x=4 c3xr=—-3 ddAdzx=3z+2 

3 az=16 bz—-1=5 ¢ 3z=14 d 3z—4=-40 

h az=-10 bx=-9 ¢2—-z=5 d 2z—-1=11 

5 a2x12-5=24-5=19 / b 2z=24 

¢ z=12 d no 

1 6 6 a2t _8_3 , boy1=6 co=5 dno 
2 2 

EXERCISE 7¢ EEES 

1 a -3 b +38 ¢c+2 dx5 e —-12 f x6 

g+5 h+9 i-2 jx138 k+15 | +% 
2 az bz ¢ x d z ez fp 

9 g h 8 is iz k z I 3y 

3 aa=-10 bb=13 cc=-9 dd=-3 
e e=10 f f=60 g z=-2 h w=-72 

h azxz= b z=10 cz=7 d z=6 

e x=26 fz=-2 g x=-35 h z=- 

i z=-32 j z=-3 k z=-7 I z=-¢ 

m z=-9 nzx=4 o x=9 p z=-] 

q x=-4 r r=-27 s t=-—4 t z=-¢ 

u z=236 v = w =44 x z=14 

5 2=3 

EXERCISE 7D 

] x7 +3 
1 a BU: z| — |Tz| — | T2+ 3 

—3 +7 
UD: T2+3| — | Tz | — | = 

] +3 7 b BU: |2| > |2+3]| = | 7(z+3) 
N 

=7 —3 
UD: | 7(xz+3)| — |2z+3] — |= 

1 -2 X5 
¢eBU |z| —|z—-2| — | B(z—2) 

+5 +2 
UD: |(5(z~2)| — [z—2| — 

[ ] x5 -2 
d BU: |z| — [bz] — [52z—2 

+2 +5 
UD: 52 —2| —= |5z | — |z 

+3 T +1 T 
e BU: —> -] — | =41 

UD Fr| SR (e x5 jd jd 
3 3 b 
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+1 +3 1 7 +6 -1 

BU:B—»aHl—»“' eBU:Ei-._."_’”_,ZE_l 
3 

6 6 

1 3 -1 
P 6 =7 

up: | ZEL ] S a4 ——» Rl ICRNPR I IC R __. 
3 

6 6 

BU- +8 [z] -5 [2 _g -1 %7 —:—6.7(z—1) 

sl — 3|5~ f BU et S| @ -1 | | ——= 

x +5 T X 8 
. < IR . T(x—1 6 =7 +1 

uD: | 2 -5 3 E W B CantD N Bl PRSP (el PR U P 
| 6 

: " +8 x5 5 6 [z | -3 [5 
BU: z| — |z—5B6] — 3 g BU x_. 5z | — _(? o _6£_3 

UD: z=5 | X% z—5 -fi- UD: éf_3 +3 5z | xS 5z A z 

5 176 6 

-3 X5 +6 5(:1:—3) 

2 —6 
h B —_— = —» 15 = | ——t 

BU: T i—» 2| — | 2z—6 B v—3 (=—38) 6 

+6 +2 5(ax—3)| x6 +5 +3 

upD: |2z2—-6| — |22 — | UD: (—6—) |5z —-3)|—|z—-3 —»zl 

+ -3 T +10 T 5 -3 +6 | Bz —3 

BU: —\|= | — T10 i BU X2 sz || 523 | ws 

—10 z x =3 = 6 +3 +5 

UD: _z_+10 — | — | — UD: bz —3 2ol se—3| 5|5z | —|= 

-3 -3 6 

-7 % 8 _ . . 

BU: —_— =7} —> 8(w—7)! i BU: |z X2 o9 3 =25 i 1_2_1: 
3 3 

+ +7 
up: |[8z-7| —|z—-7| — UD: 1_2_::: —-1 | =2z | x3 _op +-2 i 

’ 3 3 

-3 +4 -3 
BU: ——» g—3| —|Z x =2 +1 sa[1-2z 

4 k BU |2z — |1 -2z | — 5 

r—3 X 4 +3 

UD: — | z—3 ——’E 
— 3 1 -2 

4 w: | X 32”” B B B 

I BU: 

3 +2 +5 2 
BU: X0 e | 25 {3z 42| — Skts x —1 +1 X 2 +3 | 2(1 —x) 

S ||l —e || 20 — ) |[— 5 

2 5 -2 =3 

UD: Szhy X2 3z+2|— | 3= ——" 

) 
-1 -1 

5 s 3 ‘2 3 l1—-g|\—>| —2|— 

BU: RN PV i - R = 
5 5 

[ S 
R 2 [32] x5 -3 EXERCISE 7E 

UDb: ?+2 5 i 1 az=2 b =5 cz=4 d z=-8 

e x=4 fw:% gz:l% h z=17 

+2 x 3 +5 |3 2 
BU: “Sle+2|—|3(z+2)|— (z+2) i z=—-2 jz=-2 k z= | m:—4% 

3@ +2) | x5 s 5 2 azx=-3 b z=14 ¢ z=-3 d z=4 

UD: LS— — |3z +2)| — |z +2|—" 
e x=-2 fz=4 g z=>5 h:c—_—% 

iz="7 i z=15 k:c=7% Im=4% 

x 7 -1 +6 Tex—1 

BU: — | Tz | — | Tz 1] — 
3 az=4 b z=22 ¢c z=16 d z2=9 

e z=-21 feg=-24 g z=63 h z=-56 

-1 6 +1 +7 H . 

uD: 7x6 lrz—1| = (7| —|= i o=22 
4 az=9 b z=-6 cg=-12 dz=-4 

e =20 fe=24 
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5 ax=11 bz=9 ¢$=3% z=—7 5 aax=4%43 b x=234 ¢ z=d242 

e x=—4 f = —928 g r=— h =2 d z =44 e xr==+v30 f =420 

i z=-11 g =43 h z=+V7 iz::t\/% 

6 axz=-14 b ax=5 crx=2 dz=14 REVIEW SET 7A 

e z=0 f =33 

7 azxz=10 bzr=2 cz—4% dm:—% 1T &b oA <8 dc¢ 
1 1 2 z=-6 3 a3x=-9 b d=-10 

e z=-3 fz=0 9 z=13 hm=§ 
h az=15 bz=7 ca=-13 dt=-21 

i z= jx=-1 kw:% Imz% 
+6 +1 

8 aa= bo=448 ¢ z= dz=10 5 aBU |z —»—» = N 
e r= fn=4 g a=-—8 h z2=3 

_ 9l _ _ _ -1 [ i z=24% | =175 k z=3 I n=-3 UD: %Jrl _,_X_, o 

mk=7 nz=-% oz 
— 3 —4 4 

9 az=1 bao=-7 b BU: |z| >3 | —>|3c—a| 5| 4@s—a) 
EXERCISE 7F BSOSt 

=4 +4 +3 
1 az=2 b z=-5 cx=15 d y=0 UD: |43z ~4) |— |3z -4 |— |3z |— |z 

ez=3 lm=2% g n=4 hw=2% 

i b=4 ip=15 kt=6 I d=-10 I D e A A PN R R T 
mz=-6 nz=12 ’ 3 

2 azxz==6 bzxz=2 ¢ xc=—4 d z= 2_4z | x3 —2 T 

e x=4 fa:—~2% gxz=1 hz=1 uD: 3 =24z ~| —4e 'E 

i 1 P _ _ 11 I z=35 jz= kz=1 |:1:—1—1§ 6 a bz . g 

3 azx=3 bt=5 ¢ x= d y=5 1 
2 7 az= b =230 ¢ x=-2g5 

e a=3 fp=-3 b 5 

4 az=3 bz= cz=5 daz=2 Shas= e=-4g cz=10 
e z=-1 f$=—2% 9?2 aa=5 b b=-5 co:% 

5 a 7T(a+3)=21+7a reducesto 0 =0. 10 a z=—9 bz=1 cm=$ 

b The equation is true for all real values of a. So, infinitely b 

many values of a satisfy this equation. L A z=10 
¢ Itis an identity. ¢ They both give the answer = = 10. 

6 a Weget 3 =4 which is absurd. So, this equation has no Both mcthols are comvt 
solution. 12 az=+48 b r={-10 (—-215) ¢ z=+v35 

. o o values °f‘: )2 . || REVIEWSET 7B mm— 
ir=3 T=% cr= . r=Tq 1 @ notan identity, z =0 b identity 

e z=-8 fo=-2 g xz=13 h z=3 ¢ not an identity, ¢ = 2 
Pz=—1 fz=-13 k z=-2 I 2= 2 z=-3 3 2243=-2 

8 axz=5 b ax=-1 czg=1 dz=3 4 a dividing by 5 b adding 7 

A Ll 8§ z=2 il 5 aa=7 bo=-0 ce=-10 dd=-9 
iz=1 jz=-3 

-3 1 +8 = EXERCISE 7G IS 6 BU: |o| 2% |—8s] T {180 25|12 83‘"‘ 
1 az=43 b z=47 ¢ z==6 ‘ 

dz=0 e z==+1 fz=+v17 up: (1=8=) x8 [ o] =2 [g] 28 IZ‘, 

g z =423 h z=+10 i no real solutions ’ 8 

| no real solutions k x =427 | no real solutions r—4 b r——48 ¢ p=—1 

2 azxz=2 b z=3 czr=0 2= —1 b oz=-—2 ¢ =20 

d xz=4 e x=-—1 fz=-5 b a 1 

g o=1 h z= 36 (~3.30) A R 
12 _ 2 

3 2 p=x42 b z=143 ¢ z=45 10 az=13 ba=3 
d z=44 e z=26 fz=25 .z . 

1M a i-=-=5 il =15 
g z = ++/50 h =z =444 i z=+/12 3 

h az=1 bar=-2 cz=6 b is(f+2>=21 iz+6=21 i 2=15 
d z =100 e z= Y16 (~2.52) 3 
f z= ¥—800 (~—9.28) 12 a noreal solutions b x= ¥60 (~3.68) ¢ 2==5
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EXERCISE SA EEEENEESSsses—== 

1 atue b tue ¢ false d false e false f true 

2 a MON, obtuse b CAB, acute ¢ ABC, right 

3 a620 b 13 ¢ (90—y)»° dz° 

4L a 95° b 53° ¢ (180—¢)° d n° e (90-—=)° 

5 a AOC and BOC are supplementary angles. 

b C B C 

A 0 B A [o] 

AOB is straight AOB is acute 

EXERCISE 8B 

1 a PQIER) b GQLER) ¢ PX)LER) 
d (XR) || PS) 

2 P, Q, and R are collinear. 

EXERCISE 8¢ NN 

1 a a =061 {angles in a right angle} 

b b=45 {angles on a straight line} 

¢ 2 =100 {vertically opposite angles} 

d ¢=318 {angles at a point} 

e =60 {angles ata point} 

f n =65 {angles ata point} 

g a =135 {angles at a point} 

h 2 =235 {angles on a straight line} 

i 7 =48 {vertically opposite angles} 

j = =17 {angles on a straight line} 

k z =238 {angles on a straight line} 

| z =178 {angles at a point} 

a z+y=90 b i xz=90 ii 2=0 

cx=14 d y=35 

EXERCISE 80 Emmmsss==——ce = 

z =115 {equal corresponding angles} 

f =41 {supplementary co-interior angles} 

h =58 {equal alternate angles} 

j =153 {supplementary co-interior angles} 

t =155 {equal alternate angles} 

d =50 {supplementary co-interior angles} 

z =35 {equal alternate angles} 

z =52 {equal corresponding angles} 

¢ =60 {angles on a straight line, (180 —¢)° and 2¢° 

are equal corresponding angles} 

-
 

T
 
W
 
=
 
b
n
 
o
 

a no {co-interior angles are not supplementary} 

b yes {corresponding angles are equal} 

¢ yes {alternate angles are equal} 

REVIEW SET 8A EEESSSSSSSSSm 

1 a a =142 {vertically opposite angles} 

b b=130 {angles on a straight line} 

¢ ¢=45 {angles in a right angle} 

a 27° b 154° 

a (AB) || (OO b (BE) 1 (AD) 
a a=120 {equal corresponding angles} 

b=60 {angles on a straight line} 

b z =100 {vertically oppositc angles} 
y =280  {supplementary co-interior angles} 

¢ p=T70 {equal alternate angles} 

g="T70 {equal corresponding angles} 

a yes {corresponding angles are equal} 

b yes {co-interior angles are supplementary} 

¢ no {alternate angles are not equal} 

a AOB and COD are supplementary. 

b 602~ B 601 
1200\ 100° 0 20° 

. A A 
c P C 400 40 B 60° B 

- 200 

oY100° 120° o/ 

c D 

¢ BOD = 140° 

REVIEW SET 8B mms . = 

2 

3 

L 

b true ¢ false 

b RaP, right ¢ reflex X/Y\Z, reflex 

b [AB] and [CD] are parallel. 

x =55 {vertically opposite angles} 

z =100 {angles at a point} 

a false 

AaB, straight 

co-interior angles 

z =50 {equal alternate angles} 

m =75 {supplementary co-interior angles} 

k=45 {vertically opposite angles, (k + 55)° and 

(2k + 10)° are equal corresponding angles} 

[AB] L [AD] and [AD] L [DC] 

b Yes, co-interior angles BAD and ADC are supplementary. 

n
 
o
 
C
o
 
o
 
o
 

¢ ABC and BCD are also supplementary co-interior angles. 

BAD + ADC + ABC + BCD = 180° + 180° 
= 360° 

EXERCISE 9A EEEEESSSS===SSemae—— 

1 a E e € fD b A ¢ H d F 

g G h B 

2 a diameter 

3 a A diameter is made up of two radii, one on each side of the 

centre. 

b i 8cm ii 6cm 

a 3cm b 5cm ¢ 6cm d 10cm ¢ 2cm 

f 8cm 

a,b X 
60% reduction 

A 4cm B 

¢ AXB is a right angle. 
¢ The angle in a semi-circle is a right angle.
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ab 

80% reduction 

p¥ Q 

¢,e POQ is double the size of PRQ. 

EXERCISE 9B EEEENEEESSSSsms=ss=————— 

1 a isosceles b scalene ¢ equilateral 

2 a acute angled b right angled ¢ obtuse angled 

3 a [AB] b [BC] 4 a PRQ b PQR 

EXERCISE 9C 

1 a a=130 {angle sum of a triangle} 

b b=190 {angle sum of a triangle} 

¢ c¢=43 {angle sum of a triangle} 

d d =129 {exterior angle of a triangle} 

e e =53 {exterior angle of a triangle} 

f £ =131 ({exterior angle of a triangle} 

2 50° 3 a true b false c false d false 

4 a [AB] b [BC] ¢ [AC] 

5 a [AC] b [AC] ¢ [BC] 

6 aa=5 b b=55 ¢c¢x=20 da=55 b="77 

e x=45 y=T70 f a=45 b=85 c=130, d=50 

EXERCISE9D =il 

1 a z=69 bzxz=24 ¢ z=45 d z=225 

e z =103 f =233 

2 azx=12 b xz=8 ¢ z=90 d z =50 

e z=5 f z=90 g =140 h z=14 

I =50 

3 67° h a r=66 b isosceles, BC = AC 

5 a ABD=48° b isosceles, BD = AD ¢ 3cm 

6 base angles = 58°, vertical angle = 64° 

7 z =56, 59, or 62 

8 a AOPRisisosceles {OP = OR = radius} 

s PRO=a° {base angles of isosceles triangle} 
AOQR is isosceles {OQ = OR = radius} 

QEO = B° {base angles of isosceles triangle} 

b 2+ 22 =180 {angle sum of APQR} 

¢ Fromb, 2(a+ 8) =180 

a+3=90 

PRQ = (a + 8)° = 90° 

9 Label a triangle ABC so that BAC is B 

the largest angle. 

Suppose we construct an isosceles 

triangle BAC’ with vertical angle ABC 
and base [AC']. A 
The base angles are the average of BAC ¢ B 

and BCA. They are less than BAC since 

BAC is the largest angle. 

So, C’ must lie on [BC]. ) 
C A 

But AB = BC’ ({isosceles triangle} 
AB < BC c 

Using the same procedure, we can construct an isosceles triangle 

BAC with vertical angle ACB and base [AB']. 

Following the same argument, AC < BC. 
So, BC is the longest side, and it is opposite the largest angle. 

EXERCISE 9 E=s=————— 
1 a =t t X X 

x x 

POPP 
LT LT 
£ &7 

2 azxz=90, y=5 b =50 ¢ z=20 

d z=60, y=90 e a=6, b=28 fz=14 

3 a true b true ¢ false d true 

4 a arhombus {diagonals bisect each other at right angles, 

and diagonals are not equal in length} 

b A B 

al 

D i C 

5 a a=250, 6=120 b a=42 b=96 

¢ a=40, =2 

6 a z =090 {opposite angles of a parallelogram are equal} 

The figure is a rectangle. 

b =45 {angle sum of a triangle} 
The figure is a square. 

EXERCISE 9F IEESSSSSSSRsSs 
| 

1 a z=65 b =93 ¢ z=235 d z =40 

e z =50 f z=90 

2 aa=65 b=91 b m=60, n=65 

ca=170 d =41, y=59 

EXERCISE 9¢ EEEESSSSS=————— 

1 a 540° b 900° ¢ 720° d 1800° e 2340° 

2 az=108 bao=150 ¢z=60 dz=120 
e x=125 f =135 

3 135° 4 13 sides 

5 a Regular | Number | Sum of Size of 
polygon of sides | angles | each angle 

triangle 3 180° 60° 

quadrilateral 4 360° 90° 

pentagon 5 540° 108° 

hexagon 6 720° 120° 

octagon 8 1080° 135° 

decagon 10 1440° 144° 
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[ 

7 

8 

REVIEW SET 9A 

11 

b I The sum of the angles of an n-sided polygon is 

(n — 2) x 180°. 
ii The size of each angle of a regular n-sided polygon is 

(n — 2) x 180° 
EE— 

150° 

3 reflex angles b 

1260° 

b A=280° B=100° C =260°, D=100° E = 80°, 

a, 

T
 
o
 
a
n
 

o
 

o
 

1080° {angle sum of an octagon} 

F =100°, G =260°, H = 100° 
with sum 1080° 

< b 44 mm 

z =155 {angle sum of a triangle} 

=70 {equal corresponding angles, 

angle sum of a triangle} 

a =55 {vertically opposite angles} 

b =280 {angles on a straight line} 

¢ =45 {angle sum of a triangle} 

[Xz] b [XY] 

a square b a rhombus ¢ arectangle 

scalene, right angled b isosceles, obtuse angled 

equilateral, acute angled 

z =90, y=42 {isosceles triangle theorem} 

y =70 {equal corresponding angles} 

z =40 {angle sum of a triangle} 

z =4 {isosceles triangle theorem} 

z =090, y=60 b =255 ¢ a="70 

1620° g azxz="70 b =130 ¢ =260 

[ 
B 

- 
T}
 

2
 

a
n
 
T
 
o
 

i 70° ii 70° iii 40° 

It is isosceles, as it has two equal sides. ¢ 70° 

[BC] || [AE] e a trapezium 

AABC is right angled isosceles, so BAC = 45°. 

GAF = 45° {diagonals of a square bisect its angles} 

Diagonals of a square bisect each other at right angles. 

IGA = 135° {AGII is right angled isosceles, 
exterior angle of a triangle} 

REVIEW SET 9B s 

1 8cm 2 a isosceles b obtuse angled 

3 O et 

+ A 

4 a =138 b =20 cz=282 y=16 

5 a true b true 6 49° 

7 a a=90 {diagonals of a kite cut each other at right angles} 

b=>50 {angle sum of a triangle} 

¢ =70 {one diagonal of a kite bisects one pair of angles 
at the vertices, angle sum of a triangle} 

d =120 {one pair of opposite angles of a kite are equal} 

b z =45 {angles on a straight line, angle sum of a triangle} 

y=4 {equal sides of isosceles triangles} 

8 a z=90 {co-interior angles are supplementary} 
The figure is a rectangle. 

Diagonals bisect each other at right angles. 

{isosceles triangle theorem} 
The figure is a thombus. 

-2
 

¢ One pair of sides are parallel. {equal alternate angles} 
The figure is a trapezium., 

9 135° 

10  a 2 reflex angles b 

11 a right angled isosceles b right angled isosceles 

¢ Yes, AXF = 90° 

[AE] || [BD] {equal corresponding angles} 

d No, FX =10.5¢cm, so AB=ED = 19.2cm but 

BD = 21 cm. 

12 ab C 

D 60% reduction 

¢ e ACB and ADB are equal. 

EXERCISE 10A Emmmmmmm 

1 a b 

Input | Calculation | Output Input | Calculation | Output 

1 1+6 7 2 3x2 6 
2 246 8 3 3x3 9 
3 346 9 6 3x6 18 
4 446 10 9 3x9 27 

c d 

Input | Calculation | Output Input| Calculation | Output 

1 [1x4-3]| 1 0 | (0+5)x2| 10 
4 [4x4-3) 13 3 | (3+5)x2]| 16 

192 192);%1— 33 Zg 7|8 x2 | 24 
10 |(10+5) x 2| 30 
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e f fi 8 regions iii 14 regions 

Input | Calculation | Output Input | Calculation | Output 

2 2x2 4 4 42 2 A 

5 5x5 25 8 8+2 4 

8 | 8x8 | 64 12 | 1252 | 6 VA 
10 10 x 10 100 20 20+2 10 

8 h ¢ 
Input| Calculation |Ouiput| |Input| Calculation | Output 

5 | (5—4)x10| 10 7 | (7T+8)=+3| b b 92 regions ¢ 13 circles 

7 | (T—4)x10| 30 16 |(16+8)+3| 8 EXERCISE 10D 
9 |(®9—4)x10]| 50 22 [(22+8)=3| 10 .. 
11 [(11-4)x10| 70 || 28 |(28+8)+3| 12 0 O T O I A I O I 

1+n : 
2 a M=5n b M=3n-4 «c M= 5 b Figure number (n) 1(2] 3 4 5 

d M=n2+7 - Number of matchsticks (M) | 5 | 9| 13 | 17| 21 

EXERCISE 10B I ¢ M=dn+1 d 69 matchsticks 

1 aM=n+3 b M=5n ¢ M=2n+3 2 /S N 
d M=4n+2 e M=13—-n f M=3n-1 /\/\ \/\ \/ /\ /\/\/ 

¢ M=20—5n h M=6n—1 /\/\/\ , \/\/\ \_- 
2 aM=2m+4 by=liz ¢ P=7a—4 NS ~S 

d N=27—4m ¢ C=3d-2  {L=9%-1 b [ Figwenumberm) | 1]2] 3| 4] 5 
g D=4t+1 h y=34-3z I y=17—35z " Number of matchsticks (M) | 3 | 9 | 15 | 21 | 27 
j P=6n-19 ¢ M—=6n—3 

EXERCISE 10C EEEENSSTT d | 57 matchsticks ii 147 matchsticks 

I b t=9 3 a Number of rungs (n) 1({2] 3 4 5 

2 a 1 C=8 i C=-12 i ¢ =38 " Number of metal pieces (M) | 5 | 8 | 11 | 14 | 17 
i d= — 28 3 

b id=3 i d=% or 53 b M=3n+2 ¢ 38 metal pieces 

3 a i A=1 i A=5 il A=14 d A ladder with 16 rungs. 

b 1b=28 iib=4 il b=-24 4 a|  Pigeonholes(p) | 1| 2| 3 4 5 

4 a $224 b $320 ¢ $620 Cardboard pieces (C) | 4 | 7| 10 | 13| 16 
5 a B = 400. There are 400 bread rolls in the bakery at the . 

start of the day. b C=3p+1 ' ¢ 82 pieces of cardboard 

b i 300rlls ii 150rolls Iii 375rolls ¢ 8 hours d 19 complete pigeonholes 
6 a 18420 ii $13.20 b 23 minutes 5 a ® eesoe 
7 a M=604kg b x=557kg . e 

' 
8§ a IM=1 i M=7 i M=31 cee 

b in=0 lin=%3 ii n=16 ¢ 

10 a i P=14 i P=1 b iz=7 lic=8 Ry S [ sy 1520 ]2 
¢ ly=6 i y=9 ¢D=n2+4 d 125 dots e figure 9 

11 a 56 people ba=T7 cb=13 6 a L_I o | | 

12 a 40000 newtons b 300 Pa :_D___:j:l__l 
13 a ~133glm® b 24969.6 g or 24.9696 kg . 

e b | H=5m+2 il V=4n+2 il T=9n+4 
14 a n must be a positive integer. | 94 toothpick il 42 toothnick 

_ _ . . c 1 toothpicks 1 toothpicks 
b i L=2r W L=7 i L=192 d 122 toothpicks 

¢ in=6 i n=17 iiil n=11 
15 {2 reqi EXERCISE 10E 

@ 1 4regions 1 a$lsp b C=15p+5 ¢ i $50 i $125 
2 a Each of the b boxes has mass 20 kg and the pallet has mass 

30 kg. 

9 the total mass is W = 20b+ 30 kg. 

b 250 kg ¢ 38 boxes
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C = 8000n + 4000 ¢ 84000 cards d 17 years 

A =28400+(2300—e)n b A=12600 ¢ e=1650 

3 a S=17n+200 

b i 221 shells il 284 shells iii 389 shells 

¢ 4 years 2 months 

b a $75n b M = 5000 — 75n 

¢ | $4400 ii $1100 d 40 weeks 

5 a 5% people b P=300-5¢ 

¢ i 280 people ii 255 people 

6 a i 20000 cards ii 28000 cards iii 36000 cards 

b 

a 

a 

[ 

d 

T=4n-2) b I=(n—-2)2 

i T =28 il I=49 

i n=11 ii I=81 e n=12 

REVIEW SET 10A EENS==————— 

1 | Input | Output 2 a M=4n+1 

2 3 b y=Tec -2 
5 15 
8 97 3 a W=11 

12 43 b n=10 

H a [ P=19 i P=147 

b i n=41 i n=45 

5 a $188 b §75.50 6 a$55 b b=5 ca=9 

7 a 
N T R T I N O I I 
NIANININ/ NINANSNINS 

b Figure number (n) 112 3 4 5 

Number of matchsticks (M) | 4 | 7| 10 | 13 | 16 

¢ M=3n+1 d 76 matchsticks 

8 a Y 

3K 
o e @ 

® & e @ 
e o 0o 0 @ 
e o 0o o 
* 0o @ 
3 
° 

b | Figure number (n) 1 (23] 4 5 

Number of dots (D) | 1 | 4 | 9| 16 | 25 

¢ D=n2 d 144 dots e figure 22 

9 a $25w b A=25w+ 450 ¢ | $550 i $700 

10 a There is a fixed credit card fee of $3, and each ticket costs 

$19, so n tickets will cost C = 19n + 3 dollars. 

b I $41 ii $98 ¢ 4 tickets 

11 a N=20+(12-b)d b N=11 ¢ b=14 
L e e T I B 

b | Figure number (n) 101 2 3 4 5 

Number of matchsticks (M) | 6 | 10 | 14 | 18 | 22 

¢c M=4n+2 d 42 matchsticks 

f i When n=1, T=2(12+4(1)=6 
When n =2, T=2(22+4(2)=16=6+10 
When =3, T =2(3)% +4(3) =30 

=6+10+4+14 v 

e figure 17 

ii 880 matchsticks 

REVIEW SET 10B e 

1 a M=§ b M=4n+3 

2 a Q=6p—2 b D=3t+2 

3 a L=22 b n=28§ 

4 a 300 kg m/s b 20 m/s 

5 a 
YA YA VAVENAVANVAV AV 
NNNN NNNNN 

b Figure number (n) 112 3 4 5 

Number of matchsticks (M) | 2 | 6 | 10 | 14 | 18 

c M=4n—-2 

d i 58 matchsticks fi 166 matchsticks 

6 a Figure number (n) 11| 2 3 4 5 

Number of matchsticks (M) | 4 | 13 | 22 | 31 | 40 

b M=9n-5 ¢ 67 matchsticks d figure 11 

7 a i pP=11 i P=123 iii P=681 

b in=5 i n=10 i n=8 

8 a i 450km ii 225 km b 8 hours 

a 95 grams b 635 grams ¢ 9 plums 

10 a There is $60 in the money box, and each of the ¢ cupcakes 

sold adds $1.50, 

the total amount is A = 60 -+ 1.50¢ dollars. 

b i $90 ii $135 

11 a 20n pages b (150 + 20n) pages 

¢ 290 pages d 18 days of the holidays 

12 a [ 7 regions ii 11 regions 

> 
b 79 regions c M=n+1 

EXERCISE 11A 

1 a 7cm b 12000 m ¢ 1.2m d 382cm 

e 1.25 km f 35cm g 434 mm h 3200 mm 

i 1.24m 

2 a 0356km b 35600 cm 

3 a 7371cm b 48286 m 4 24.1 mm 

5 a Mens: 1829 cm, Womens: 1550 cm 

b 279 cm farther 

6 45 biscuits 7 a 297cm b 600 coins 

8 247.5 cm 9 38.448 m 

EXERCISE 11B == 

1 a 23cm b 15cm ¢ 22 cm d 26 cm 

e 56m f 38 cm 

2 a 3900m or 3.9 km 

¢ 79.5mm or 7.95cm 

3 a 1500 m b 6000 m 

5 5 laps 

b 470 cm or 4.7m 

¢ $2292 4 T7m
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6 a P=3zcm b P=4lm 

¢ P=(0Q2z+2y)m d P=4z cm 

e P =(3z+10) cm f P=(4z +14) cm 

g P=(6z+4)cm h P =16z cm 

i P=(8z+6)cm 

7 a P=(5z—2)cm b 13 cm ¢ x=12 

8 a P=(6z+1)m b iz=7 ii 9m 

9 a P=(5zx+y)cm b P=50 cx=4 

EXERCISE 11€ B 

1 a =~126m b =~ 20.7 cm ¢ ~28.9cm 

d = 102 mm 

2 a s 1030 mm ~~ 87.9 cm 

3 a =~2388m b = 106.81 cm 

4 a ~565m b ~50.3 cm ¢ ~42.7 km 

5 ~12.6 cm 6 ~9.425m 7 4.7l m 

8 =~ 56.5 cm 

9 a =220cm b = 44.0 km ¢ = 20500 times 

10 =~ 10.2 cm 11 Both paths have equal length, 4w metres. 

12 ~63.7m 13 a =~ 15.9155 cm b =~ 0.0628% 

14 a P =(3z+6+2rz)cm b ~43.1cm 

¢ 5630 

EXERCISE 11D EEESSST 

1 a B b € ¢ C 

2 a 6m2 b i 200 rows, 300 columns i 60000 cm? 

3 a 500 mm? b 25 cm? ¢ 70000 m? 
d 36000 cm? e 40 ha f 8300 mm? 
g 800000 m? h 1.56 m? i 12 km2 

J 9cm? k 7.6 ha I 280 mm? 

m 25 ha n 124800 cm? o 9200 mm? 

4 15000 mm? 5 a Bruno b Carlos 

6 a 3420kg b $2719.45 7 = 4050 m? 

EXERCISE 11E B 

1 a 225m2 b 40 cm? ¢ 108 m? d 36 mm? 
e 9cm? f 425 cm® g 120m? h 15 cm? 

i 450 cm? 

2 a 36m? b 72 cm? ¢ 576 m? d 42 cm? 

e 85 m?2 f 52 cm? 

3 a 60mm® b 9000 cm® ¢ 9000 cm? 
b a i 57912cm? i 67130cm? b =~ 15.9% larger 

5 a 135m? b $263.25 6 9.9 m? 7 37.5% 
8 640 bricks 9 al1l44m?® b i 24m? i 12m? 

10 a 5400 cm? b 13.5m? 

11 a A=3z2cm? b A:(w—;—i—&v) cm? 

¢ A= (6a?+ 12a) cm? 

12 12cm 

EXERCISE 11F IS 

1 a ~7854cm? b ~4778.36 cm® ¢ ~ 1661.90 mm? 

d ~21.24m? e = 39.27 m? f = 63.62 mm? 

2 a =~1508cm b = 18.10 cm? 

3 = 531 cm? 4 7 40.7 m?2 

5 a——g—— bA:(ixwr2>cm2 
360 360 

EXERCISE 11G B 

1 a 44m2 b 46 m? ¢ 38 cm? d 21 mm? 

e 126 cm? f 19.5 cm? 

a 33.5 m? b 31 cm? 

3 a ~ 4463.5 m? b = 37.7 cm? ¢ ~~ 14.7 m? 

d = 22.7 cm? e = 34.1 m? f =~ 64.2 mm? 

4 180 tiles 5 =~ 320 mm? 6 = 2.80 m? 

7 =~ 526 mm? 8 = 258 cm? 

9 a i 2400em? i ~314cm? b x13.1% 
¢ =~ 1040 cm? 

10 a A= (i10x + 65) cm? b A= (2z? + 80z) cm? 

¢ A= (322 +9z) cm? d A= %177'2 cm? 

1 adx b ~81.2% 

12 aA=(60~3?m)m2 b z=4 

13 a 48cm? b 21 m? 

REVIEW SET 11A B 

1 a 95cm b 4800 m ¢ 2.7m 

2 a 32.8cm b 832m ¢ ~314m 

3 a ~~352cm b =~ 98.5 cm? 

5 a 55m? b 34000 cm? ¢ 1.85 ha 

5 a 50cm? b x28.3m? ¢ 22.5 m? 

6 a 184 ha b 3680 trees 

7 a | 350cm? i 175 cm? 

b 19 x 350 cm? 4+ 2 x 175 cm? = 350 cm x 20 cm 
= 7000 cm? 

8 a 915 mm? b & 23.4 m? ¢ = 31.7 cm? 

9 a ~6.68m b = 2.73 m? 

10 a = 2.01m? b =~ 0.534 m? 

11 a A= (30— 3z) km? b z=2 

12 a i ~14lcm ii 221590 cm?® 
b | 434mm i = 1360 mm 

13 a 1500 cm? b i 495cm? il 66.9 cm? 
¢ 376.2 cm? d 25.08% 

REVIEW SET 11B B 

1 150 days 

2 a =~ 18.8km b =73.7m ¢ 100 mm or 10 cm 

3 a 34000 mm? b 0.327 ha 

4 a 60 cm? b 42 cm? ¢ 120 m? 5 20 cm? 

7\'1:2 

6 P=(4z+nz)m, A= <2m2+—2-—) m? 

7 Eliza’s is & 254.5 cm?, Claire’s is 256 cm? 

Claire’s is larger. 

8 124 floorboards 

9 a 128cm® b 8m? 10 43.73m? 11 1566 cm? 

12 a 135cm b 2m ¢ 2125 cm? 

13 a 1 7140 m? il 664.95 m? iii ~ 284 m?2 
b ~3.97% ¢ 83m 

EXERCISE 12A M 

1 a 54 cm? b 24 mm? ¢ 13.5 m? 

2 a 432cm? b 128 m? ¢ 970 mm? 3 $960
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4 a 120 cm? b 1120 cm? ¢ 520 m? 

5 a 950 cm? b 480 m? ¢ 984 cm? 

6 a 156 cm? b 360 mm? ¢ 564 m?2 

7 184 cm? 8 $974.12 

EXERCISE 12B I 

1 a ~188 cm? b = 1730 cm? ¢ =126 cm? 
d ~ 1600 mm? e =~ 100 m? f a2 0.754 m? 

2 = 1355 cm? 3 ~ 35.6 L of paint 

4 a ~25900cm? b = 103000 cm? 
5 a 106 jars 

b Assumes that 106 whole labels can be cut (without joins). 

EXERCISE 12C¢ IEEENNNSNESSSSST 

1 a ~50.3m? b ~ 11300 cm? ¢ = 763 cm? 

2 a 36w m? b 1447 cm? ¢ 757 cm? 

3 ~ 154 cm? & = 515000000 km? 

5 ~2.82cm 6 a ~27.1cm? b = 67.9 cm? 

7 ~ 4880 km 8 565 balls 

EXERCISE 12D ENSESSSSSSSSm 
3 1 acm® b md ¢ em® d md e em® f mm 

2 a 48000 mm? b 0.029 m® ¢ 1200000 cm? 
d 12.485 cm® e 450 cm® f 0.0145 m? 
g 295 mm? h 0.00143 cm® i 5600 cm3 

3 235000 cm® 4 200000 pieces 5 ~1.14 m? 

EXERCISE 12E NSNS 

1 a 96m’ b 343 mm? ¢ 12 cm3 

2 a = 226 cm? b & 754 mm® ¢ ~ 56.5 m3 

d =~ 942 cm3 e = 15.7 m? f ~4.00 m® 
3 a2 8140 cmd 4 =2 4320 cm® 5 l.4dcm 

6 = 0.813 cm 7 = 1.50 cm 

8 a 60cm3 b 272 m? ¢ 82.5m? 

d 112.5 cm?® e 2.6 m? f 2.8 cm® 

9 a 168 cm? b 960 ecm® ¢ ~0.188 m3 

d 65536 cm® e 15000 mm?3 f =~ 2390 cm? 
10 105m3 11 18cm 12 a 8352cm® b 7938 cm® 
13 a ~120mm® b 62rings ¢ ~249g d $152.34 

14 = 93.2 cm® 15 30 cm® 

EXERCISE 12F EEsssssssssseowos 

1 a 108 cm® b 2 1900 mm® ¢ 120 cm® 

d = 3390 cm® e 480 cm® f 12 cm3 

2 a ~838md b 1530t ¢ ~ $10 300000 
3 3 

B k) R S S A 
3 6 6 

E)f(ERCISE 12 BN 

1 a =905 cm3 b =~ 14.1 m3 ¢ = 268 mm® 

d ~ 2570 cm3 e = 262m3 f = 3620 cm® 
k 9727 cm3 3 a ~38500mm® b = 385 cm? 

4 a n~382cm? b & 7.25 cm 

EXERCISE 12H 

1 a mL b mL ¢ ML d kL e L f kL 

2 a 296L b 3010 kL ¢ 0.0991 kL 

d 1.8 ML e 6600 L f 18700 mL 

g 0.056 kL h 350 L i 30000L 

3 1116L 4 1h 15 min 5 11900000 doses 

EXERCISE 12] NSNS 

1 a 90 mL b 75L c 33L 2 360L 

3 ~217L 4 200 kL 5 =761L 

6 a =~ 27TI0kL b = 2.71 ML 7 7 full jars 

8 =~ 4.68 cm 

REVIEW SET 12A EEESSSSSS 

1 a 96 cm? b 142 mm? ¢ 528 m? 2 $104 

3 a ~ 170 cm? b 168 cm? ¢ =462 cm? 

4 a 2800000 cm® b 4.2md ¢ 1100 mm?® 

5 a = 1130 cm® b 195 cm® ¢ 168 cm? 

6 a ~275m? b = $6 600000 

7 a 64n cm? b %fiw cm? 

8 a 150 cm® b 230 cm? ¢ 130 bases 

9 750 mL 10 480 L 11 ~ 1.87kL 

12 a acircle and a rectangle b = 817 cm? 

¢ = 2510 cm3 d no 

REVIEW SET 12B EESSSSS——— 

1 a 76 cm? b 84 m? ¢ 123.6 cm? 

2 = 13.6 cm? 3 19 vases 4 m521.1cem 

5 1.2md 6 40000 cm® or 0.04 m® 

7 a 72.6 mm® b 170 cm3 ¢ = 46.0 m? 

8 a = 37.7cm® b 23873 hourglasses 

9 a 0.82L b 3070kL ¢ 720000 mL 10 0.72 kL 

11 ~4.61 cm 12 Hint: Let 7 be the radius of the cylinder. 

EXERCISE 13A.1 BN 

1 a 1020 min b 23 min ¢ 4320 min 

d 268 min e 693 min f 3180 min 

2 a 42 days b & 2922 days ¢ 6 days 

d 48 days e 3 days 

3 a 420s b 8255 ¢ 21600 s 

d 4560 s e 86400 s f 16020s 

45 a 1h47 min b 4h 42 min ¢ 8h 12 min 

d 12 h 17 min 

5 a 3mn6s b 3min34s ¢ 5min 50 s 

d 14 min 11 s 

6 a 1lday19h b 2days 13 h ¢ 4days6h 

d ldaylh 

7 1h 20 min 8 134 min 9 = 11 days 

10 2h 7 min 11 a 7h35min b 1h 5 min 

12 3 min 16.86 s 13 1min 1.86s 

EXERCISE 13A.2 HEEESSSSSSSmsmmm 

1 a 70 years b 1200 years ¢ 3000 years 

d 450 years e 35 years f 2250 years 

g 230 years h 5400 years 

2 a 2 centuries b 43 centuries 

3 a 500 centuries b 50 millennia 

4 = 165000 millennia 

EXERCISE 13B B 

1 a 812pm b 7:12 am ¢ 4:04 pm d 4:19 am 

e 12:15pm £ 11:50 pm the previous day g 7:44 am 

h 4:30 am the next day 

2 1:45 pm 3 4:45pm 4 2pm 5 4:45 pm
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6 4:57 pm 8 a 0947 b 12:49 ¢ 19:17 d 00:26 

7 a 4h25min b 7h 16 min ¢ 2 h 48 min 9 a 12h 23 min b 13:04 10 a 9pm b 9am 

d 3 h 46 min ¢ 9h 3 min f 1day 2 h 20 min 11 a 1 10h ii 7 h 30 min b Thursday c 65h 

8 1h 42 min 9 4h 23 min 12 a intheevening b 10h 24 min ¢ Prague and Brno 

10 a 10 h 55 min b 52 min d 17:36 e Dresden to Prague 

11w Doborgh b Ty ¢ mo 933750 | ppviEW SET 138 memmmm—“— 
12 a 40h b $840 13 34 h 52 min . 

1 a 7h37 min b 3days10h 2 194s 
14 a Otter Odyssey b 3D Underwater World 3 11.7 millennia & 17 h 4 min 5 821 am 

¢ 2:05 pm d Whale Mania and 3D Underwater World 
o 9:45 am f 2h 25 min 6 a 845am b 10:22 am 7 7:34 am 

8 a 7:12am b 3:02 pm ¢ 9:59 pm d 3:48 am 

g8 i 2h55mn i = Show = e 9 2h 48 min 10 4:30 am Saturday 

Diving Dohins | ZI9PD | | 41 a 2h5min b The ltalian Job 
+40 pm ¢ The Sound of Music, 12:24 am 

SR QA greall ) | L Er d Gone With the Wind, The Sound of Music, Singin’ in the 
Otter Odyssey 10:00 am Rain, The Godfather 

3D Underwater World | 12:30 pm e 2h55 min 

Marine Park Parade | 4:00 pm 12 a 4 pm Bangkok time b 3h 35 min 
¢ i 2h25min ii 10 h 40 min d 16 h 40 min 

EXERCISE 13¢ EEEENSSNNTTTT 

1 a 0347 b 10:12 ¢ 1800 d 13:35 e 08:41 | EXERCISE 14A S 
f 21:25 g 12:00 h 18:39 i 00:07 1 a 12 i 0 iii —5 

2 a 249am b 11:53am ¢ 3:24pm d 800 pm b 10 i1 iii —4 ¢ iC i E 

e 9:00am  f 12:34pm g 11:23pm h 12:20 am 2 a P(4,2), Q(—1,-3), R(3,—1), 8(-2,5), T(7,—3) 
3 a 3h20min b 5h 5 min ¢ 9h 45 min b 2nd quadrant ¢ Rand T 

d 437 min e 7h47 min f 5h 41 min 3 T Tk 
5 a 10h43min b 19h20min ¢ 40h o 

5 | Departure | Travelling time Arrival o of 

07:25 2 h 15 min 09:40 G, 
11:30 41 35 min 16:05 e el 
10:39 29 min 11:08 °H 

08:49 3h 41 min 12:30 s 
23:52 5 h 3 min 04:55 (next day) D, 

6 a 12h48min b 13:07 R 
7 : 3(: n?l rfhghts . 3;i Ir.i',infl1ghts s 1?51111};1125 min 4 a 3rd quadrant b 1st quadrant ¢ 2nd quadrant 

d 4th quadrant 
EXERCISE 13D B 5 a (-13) b (3, —5) 

1 a 7am b 2pm ¢ 8 pm d 8pm 

2 a 11 am Wednesday b 3 am Wednesday e = e 

¢ 8 am Wednesday d 7 pm Tuesday 

3 a 11 pm Thursday b 8 am Friday 

¢ 10 am Friday d 3 pm Friday 

4 5pm 

5 a 4pm b 12amthenextday ¢ 10am d 12 pm 

6 7:55 pm 7 7h 45 min 8 10:45 pm 7 a Ay b yes 

9 8 am the next day 10 7 h 30 min 11 12 h 10 min ® 

12 a 7:50 pm Tuesday HK time b 1h 30 min 10 i ¢ | 13cm 

¢ i 1h55min 0 3h55min  d 22h 30 min 5 i 17 om 
REVIEW SET 13A IS B * 

1 al4h b 436 s 2 30 crossings o 

3 a 32 decades b 210 decades 4 

4 a 1:20pm b 346pm ¢ 449pm d T:31am a1 
5 a 5h 10 min b 5h 15 min ¢ 3 h 30 min z 

d 3h 37 min T T 

6 3 h 45 min 7 2:08 pm 
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¢ (2,0 il (0, —4) 

al[z[=2[-1Jo0]1]2 
| 6] —3|0[3]6 

b ERE 
123 

c 012 
321 

“T]o0]1]2 
0|14 

1L 

e 0]1 2 

1101 -3 

f 01| 2 

01| 8 

a A Ay b Ay 
3 - 3 . 

[ | 
z T 

- i r - 
=1 3 =l L 13 

9 ‘_3 -.-3“' 

¢ d 
P i 31 } 

=T ; 3 3 P T 

1 4_3' ! -3 

a y b y 

z z 

The points on the 
y-axis are not included. 

< v 

The points on the axes are 

not included. 

a quadrants 1 and 3 

The points on the 

x-axis are not included. 

d y 

8
 

The points on the axes are 
not included. 

b quadrants 2 and 4
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A 

EXERCISE 14B 

1 a Y 41\ 

2 U=1 

——p 

-2 T 2 =z 

-2 

Y 

[4 AY 

13 
2 ¥=3 

B - 

-2 P 2T 

-2 

v 

2 a 

hY 

b T T 

y=_4 

4 Ay b | rectangle 

" 5 ii 88 units? 

-+ _2 b = 

g =G 

e==2y 

i| z -3 2| -1({0]1 3 
= 1 1 1 1 
| 13| 1f—3]0]s|1]15 

~8 

= 2 3 
1 1 & -1 -1 

1[2] 3 
58| 11 

| 3] 2] -1 1] 2| 3 
"y | 11 ] 8 | 5 =1 =T =7 

Yy 
12 

. 
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z | -3 -2]| -1 0 1 213 i i 3| -2 -1 0 1 2 
- = - _ - = 1 1 1 1 y 9 7 5 3 1]1]3 vy | 33| 2 | -1] -2 | -4| -5 

ii 

1 2 3 

5| -7 —9 

k i[a] 8] 2] -1]o0]1]2]3 
y| 16| 11| 7| -3[1[5]9 

ji Y 

8 y=4z—3 

4 

1 2 3 

2% | 23 | 23 

1o 123 
7111 | 15 

ii 

1 2 3 

12 | 13 | 13 

—3 —2 -1 0 1] 2 3 

~5% | —4| 22| -1|1]|2]3i 2 2 2 2 
5 ay=4dx by=xz+2 ¢ y=-2z 

dz+y= e y=2z+1 fy=2z—-1 

a yes b no ¢ yes d no 

ab b -2 8 a9 b4 

EXERCISE 14¢ EESSSS==————a 
2 1 4 1 

1 a3 b —1 €3 d -3 e 3 

1 - 
f undefined g =3 h —5 io0 

2 a b c\ d/ 
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3 

ha% 

5 a 

b 

6 a 

¢ 

e 

9 

7 a3 

i0 

vli undefined 

i0 

g w1 v2 vid 

vii 4 ix —3 
ii undefined 

s
Y
 

a
¥
 

8 a 1;y Al b i A(50), 

B(0, —3) 
— A - '™ 3 

ini 5 z 1l 5 

- B [ 

PRSI &) i 
v T= 

? a b trapezium 

3 

a4 
1] -3 

i3 

= 7 v 3 

d Parallel lines have the same gradient. 

10 a (1, —1) and (3,1) b y 

c 1 

11 a (1,2) and (3,0) b 

¢ —1 

12 a (0,3) and (2,5); gradientis 1 

b (0,1) and (2, —-1); gradientis —1 

¢ (0, —1) and (2, 3); gradientis 2 

d (0,3) and (2, —1); gradientis —2 

e (0,0) and (2,1); gradientis 3 

f (0,4) and (2, —2); gradientis —3 

g (0,1) and (2, —2); gradient is ——% 

h (0, —3) and (2, 5); gradientis 4 

EXERCISE 14p Emmms=— 

1 a-2 bl ¢ —4 

2 a-1 b4 <3 d5 e —3 f —4 

3 a gradientis 4, y-int. is 8 b gradient is —3, y-int. is 2 

¢ gradientis —1, y-int. is 6 ¢ gradientis —2, y-int. is 3 

e gradient is 0, y-int. is —2 

f gradient is —3, y-int. is 11 

g gradient is %, y-int. is —5 h gradient is -2, y-int. is 3 

i gradient is %, y-int. is % j gradient is %, y-int. is -é— 

k gradient is %, y-int. 1§ —2 

| gradientis —3, y-int. is 4
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EXERCISE 14E 

1 a 

lines intersect at (1, 2) lines intersect at (—2, —3) 

c A,y lines intersect 
at (9,1) 

1 y=1 (9’ ll.-{ 

- % = 

Y= %.1: -2 

-T2 

‘V 

lines intersect at (2, —6) 

f AY 4 

(3,4), " 
/' 

A 

\
 

w
 

[}
 

a
¥
 

r r 

lines intersect at (3, 4) 

EXERCISE 14F = 

1 a x-interceptis 1, y-interceptis —2 

b z-intercept is —3, y-intercept is —1 

¢ x-intercept is 4, y-intercept is 3 

d z-intercept is 3, y-intercept is 2 

e g-intercept is 2, y-intercept is —4 

f zx-intercept is 0, y-intercept is O 

2 a | z-interceptis —1, y-interceptis 1, gradientis 1 

Il z-intercept is 3, y-interceptis 4, gradient is —% 

ili z-intercept is —4, y-intercept is 3, gradient is% 

b We cannot determine the gradient of a line from the axes 
intercepts if the line passes through the origin. In this case 
the z-intercept and y-intercept are both 0, which only tells 
us that the line passes through (0, 0). This is not enough 

information to determine the gradient of the line. 

3 a3 b -4 ¢-3 d-8 ¢9 f 18 
c 

4 a —— b m#0 
m 

¢ i m=0 ¢c#0 it m=0, ¢c=0 

EXERCISE 14G 
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gradient is % gradient is —% 

EXERCISE 14H B 

1 a |2 i 1 il y=3z+2 

b io0 ii % i y:%m 

¢ i2 -1 il y=—2+2 

d 10 i -3 i y=-32 

e i -2 ii 2 il y=2z-2 

foi-1 i -2 i y=—-Iz-1 

2 a the line is horizontal; y =3 

b the line is vertical; © = —2 

3 aV=3t+1 b N=3-d ¢ C=4%t+3 

REVIEW SET 14A W 

1 a A(2,3), B(—2,2), C(3,0), D(-3,—-4), E(1,-3) 

b 3rd quadrant c C 

2 a y b yes 
[+) 

12 ¢ i 20 minutes 
Q - . 

ii 23 minutes 
8 o 

4 & 

Q 

9 a z-interceptis —3, y-intercept is 6 

b z-intercept is 5, y-intercept is —3 
¢ z-intercept is 6, y-intercept is 4 

10 a -2 b 6 c 1 

11 a A: 2nd quadrant, B: 4th quadrant 

b 61\1/ < —% 

d -1 
4 

A(-5,2) 

g ¢ = 
-6 —-4 -2 X 2 4 6 

_2\ 

4| BG-3) 

-6 
L} 

12 a 

¢ | 
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14 a i -3 i 1 il y=2z—-3 

b i1 i -3 il y=-3z+1 

¢ 00 i —2 il y=—2z 

REVIEW SET 14B EE 

1 2 z+y=>5 

=
 

=
 

[
S
I
E
 

| -
 

| (O
] =
 

A | 
9 a (2,3) and (4,4) b 

1 
€3 

10 a5 b -7 c12 

11 a i gradient:—%, 

y-intercept = 2 

12 lines intersect 

at (3,7) 

13 

14 

b y=—-llz:+b 
a 

EXERCISE 15A EENSSSSSSSSmmmms=———— 

1 aé6:11 b 5:2 ¢ 12:25 d 165 : 152 

e 1:3:8 f2:5:9 

2 a2:5 b 4:3 ¢ 2:3 d 3:2:2 

3 5:21 

L a 93:100 b 36:11 ¢ 14:31 d 240: 80 

e 23:120 f 225: 750 

5 a 1600 :1807: 2120 b 860 : 1280 : 940 

¢ 105:120: 134 

6 a2:7 b 3:1 ¢ 5:4 d 120:37 

e 10:7:3 f 1000 : 250 : 400 

EXERCISE 15B ESSSSSSSS===—saa 

1 a 12:30 b 2:5 2 a 8:20 b 04:1 

3 a 14:21:56 b 05:0.75:2 

4 Bach part of 4:5 is multiplied by 3 to obtain 12 : 15.
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512+6=2 and 9+3=3 6 a Ben $1000, Alice $1600 b §720 ¢ $975 

So, we cannot (.iivide each part of 12 :9 by the same non-zero 7 480 g of ricotta, 240 g of mozzarella, 80 g of parmesan 

aumfer o obiain 6 : 5. 8 6 tonnes 9 a 6000 guests b 4500 guests 
6 a equal b not equal ¢ notequal d not equal 10 3910 A and 11 to B 11 21 Limes 

e not equal f equal g equal h not equal 

7 25:35 EXERCISE 15F EEEESSssssme=——— 

8 a4:6 and 8:12 b 6:9:9 and 24:36:36 1 a 1:100, scale factor is 100 

4:6=4x2:6x2 6:9:9=6x4:9x4:9x4 © 1:100000, scale factor is 100000 
—8:12 =924:36:36 ¢ 1:3000, scale factor is 3000 

9 a2:1 b 41 d 1:2000000, scale facto.r is 2000000 

¢ No, we cannot multiply each part of 2 : 1 by the same € 1:250000, Begle fcigris 2.50 aap 
non-zero number to obtain 4 : 1. When a square is enlarged, f1:20000000, scale factor is 20000000 
its area does not increase in the same ratio as its side length. 2 a 1 cm represents 2.5 m b 1 cm represents 40 m 

¢ 1 cm represents 5 m d 1 cm represents 250 m 

ETERC“IE 1:C _b 0.1 T8 R - e 1 cm represents 1.5 km f 1 cm represents 220 km 
a H : [4 M H e : 

t3:5 g9:7 h8:9 i3:4 2:12]| ° 2172000 b 1:6000000 
Kk 11:7 1 7-13 4 a 35m b 1.6 km ¢ 520 m d 64m 

2 a3:4:7 b 3:8:11 € 14:4:7 5 a50cm b 13 cm ¢ 24cm d 28em 
3 a8:1 bd4:1 ¢1:1 d2:1 e1l:1 6 a 384mbyl7.6m b ¢ 
5 a 2:5 b 5:1 c 4:1 d 7:1 e 1:24 7 a 488m b 64 cm ¢ 1.44m d 1.12m 

f6:11 g 1:2 h 5:9 i 7:9 8 a 38m b 25m ¢ 14m 

5 al:2 b 4:3 c4:9 d 15:4 e 4:15 9 a 

f3:4 

6 al:3 b 4:7 c11:9 d 1:2 e 4:1 

f3:5 g 1:9 h1:3 i27:20 

7 a@8:5 b 5:6 c4:3 d5:3 e 3:7 

f1:3 g 3:16 h 7:2 id:1 j4:7 

k 3:10 | 3:14 

8 a notequal b notequal ¢ equal d equal Scale: 1 cm represents 10 m 

e not equal f equal g equal h not equal b 

EXERCISE 150 HEEESSSSSSsmsss—— 

1 ald=8 b O=24 c O0=10 d 0=25 

e 0=9 fO=6 g 0=3 hO=3 

iO=3 jO=2 Kk O=5 I D:% Scale: 1 cm represents 2 km 

m O=15 n O0=3 o 0=233 p d=12 € 

q O0=32 r O=43 

2 al=12 A=14 b O=6 A=27 

e 0=35 A=15 

3 a 6 women b 66 men 
Scale: 1 :500 

4 36 chicken kebabs 8 Size | Width | Length d 

5 15 hours small 6 cm 8 cm 
6 181 regular | 9cm | 12cm 

1 medium | 12 cm | 16 cm 

7 1z cups large 24 cm | 32 cm 

9 a2l0g b 120 g 

10 stocks $43200, shares $28800 Scale: 1 : 250000 

EXERCISE 15 B 10 Note: Other answers are possible. 
1 a i £ b i 8balloons i 12 balloons a b 
2 35 amateurs 3 $250 and $200 

4 a 14 kg of soil and 6 kg of sand 

b 35 kg of soil and 15 kg of sand Scale: 1 :200 
5 a 20mlL b 30 mL Scale: 1 : 1000 
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REVIEW SET 16B B 

1 a 66kmh b 18 km/L 2 $12000/year 

3 a 50kmh b 6.5hours ¢ ~13.9m/s 

4 7km 5 720g 
6 Density of cylinder ~ 0.707 g/cm®, which is lower than the 

density of water. So, the cylinder will float. 

7 12.5 mm/month 8 a 6000 L/h b 1008 kL/week 

9 a 150 km b 2 hours ¢ 50 km/h 

10 a Time(s) | O 5 10| 15 ] 20 | 25 

Distance (km) | 0 | 15 | 30 | 45 | 60 | 75 

b b distance (km) ¢ 21km 

60 

45 

30 

15 
time (s) 

O 10 1B 2 = 

11 a A ~120g/cm? B ~7.37 gem®, C =~ 10.5 g/cm® 

b i A Palladium, B Tin, C Silver 

ii Measurements made are not exact or have been rounded. 

¢ 1 7722¢g 

EXERCISE 17A I 

ii Iridium 

1 & unlikely b slightly more than 50-50 chance 

¢ highly unlikely 

2 a Lions b Strikers ¢ 41% d false 

3 a Patricia b Rob 

¢ 100% = 1, which means it is certain that one of the students 

will win the race, 

35% = 0.35 

e It is highly unlikely that Rob will win the race. 

t i P(F)=022 

ii E’ is the event that Edward will not win the race. 

ili P(F')=0.78 

-8
 

4 a B50-50 chance b certain ¢ impossible 

d highly unlikely 

5 a S is the event that it will not snow tomorrow. 

b P(S) =097 

6 No, both R and 5 could occur at the same time. 

EXERCISE 178 B 

1 {1, 2, 3,4, 5, 6}, 6 outcomes 

{A, B, C}, 3 outcomes 

{summer, autumnn, winter, spring}, 4 outcomes 

{hearts, spades, clubs, diamonds}, 4 outcomes 

{10, 11, 12, 13, 14, 15, 16, 17, 18, 19}, 10 outcomes 

{1, 2, 4, 5, 8, 10, 20, 25, 40, 50, 100, 200}, 12 outcomes 

ii 3 outcomes 6 outcomes b i 4 outcomes 

A spinner 
i 

U
 
0
 
-
 
®
 
a
0
 

6 outcomes 
purple 

orange|—— ¢ @ 

green 

b 4 spinner 

3] e © © e o o 

2l o © o o © o 

1] © © © © o o 

1 2 3 4 5 6 g 

< %vowel 

(8] ® @ e e e 

1 e o e o e 

E| © © © ¢ @ 

o & o ¢ © 

G N P R S consonant 

a¢d A spinner 
| i | i 

D|—¢ J oo 
T ! D 

c —+ ‘r‘“"‘*‘ (® 
& 

B T i 

A (&b kD) b)) 
A S 2B A A 4 

1 2 3 4 5 6 

b 24 outcomes 

a,¢cd 4 box 2 
] 

B B © @ 
° o E]—»—— 

Pl e o~@»~o~ 

_—— - 
R Y B G poxl 

18 outcomes 

20 outcomes 

b 12 outcomes 

EXERCISE 17€¢ W 

2 

3 

5 

[ 

a g 
a1 
3 15 
a3 
a i 

b i 

¢ i 

a 
a % 
a % 
a 

a 

o
o
 

o
 
o
 
o
 
O
 

=
 
o
o
l
 
w
m
i
=
 

A B C 

|
 

o
o
l
 
=
 

ov
je

o 
G
l
 

n
 

ol
en

 

2 

(4 

[ 

[ d 0 

ii blue is more likely 

il red is more likely 

ii red is more likely 

[4 

5l
 k
s 
<
 

Sh
ke
 8

ls
 <
t
 

spinner 

2_1 
6§ 3 

2 3 
€ 3 fe 

2 1 
3 b 3 

4 i1 
¢ 3 f i 

9 
25 
29 
50 

b 4 outcomes 

= 1 = 1 
[4 I 1 1] 3 

e 3 
i g 

b 6 outcomes 

-1 - 1 
¢ ig i 5 

sy ] . 1 
i 5 v o3 

1 
Vo3
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i1 1 
12 a AbagA b i3 iz 

| 3 blue| o o o o i v iv 3 

red e o o o 3 

| vz 
R 

=] o g8 §F £ G bawB 
(1] = w 

3] B 

13 a nspiunerIZ b i % ii % 

s 2 2 3 oo » i £ v 5 

2 e o o 1 s o4 vy vig 

1 e 9 o 

1 2 3 spinnerl 

P 3 14 a 4 prime b iz iz 

1 3 
7| & e e e e i ¢ v 35 

59 e o o L i - 
vz Vo 

3 o & & o o 

2 6 oo o 

10 composite 

EXERCISE 170 memmmmm 

1 a4 bi 2 ad b1 

3 ad o i ¢4 d2 

5 a £ bl ¢ 2 

5 a 0% i 2 i § v & 

b They both miss the target. 

[ % + % + % + 1;45 =1, exactly one of the events in a will 

occur. 

6 a 042 b 0.58 

EXERCISE 17E e 

1 a =078 b ~0.22 2 a ~0.325 b = 0.675 

3 a =0.0324 b =~0291 

4 a =021 b 1 =0.0441 ii =~ 0.6241 

5 a i =0426 il ~0.463 iii =~ 0.446 

b We expect a lii to be the most accurate because it uses the 

largest sample size. 

EXERCISE 17F EESSSSSSSsmmmmms 

1 a Tpe Frequency | Relative frequency 

Shortbread 62 ~ 0.332 

Chocolate chip 125 = 0.668 

Total 187 1 | 

b I ~0.332 il =~ 0.668 

2 a Bype Frequency | Relative frequency 

Platinum 419 =~ 0.213 
Gold 628 ~ 0.319 
Silver 921 = 0.468 

Total 1968 1 

b 1968 members ¢ i 0468 ii ~0.787 

3 a Brpe Frequency | Relative frequency 

Espresso 49 ~ 0.098 

Milk coffee 187 ~ 0.375 
Tea 150 = 0.301 

Hot chocolate 113 = 0.226 

Total 499 1 

b i =~0.226 il ~0.399 

4 a City Frequency | Relative frequency 

Helsinki 750 0.3 

Tallinn 600 0.24 

Klaipeda 400 0.16 

Gdarisk 750 0.3 

Total 2500 1 

b 103 i 0.4 iii 0.76 

EXERCISE 17¢ EEEENESNSSSISm=—ec 

Mathematics b 54 students 

Yes | No | Zotal 

Yes 29 6 35 

No T 12 19 

Total | 36 18 54 

English 

¢ 7 students completed their Mathematics homework but not 

their English homework. 

d =~ 0.667 e = 0.171 

2 a Preference 

Like | Dislike | Undecided | Total 

Age ~ Under 40 29 49 26 104 

Over 40 48 14 34 96 

Total 77 63 60 200 

b 49 people surveyed were under 40 and disliked the new show. 

i ~0.315 ii =~ 0.17 

3 a Gender 

Male | Female | Zotal 

Instrument Yes 39 14 53 
No 17 2 19 

Total 56 16 72 

b ~0.875 ¢ =~ 0.304 

d The estimate in ¢ is more likely to be accurate, since it 

involves a larger sample size. 

4 a Mathematics 

A B | C| Total 

A 7 5 [l 3 15 

Science B 6 8 4 18 

C 4 1 2 7 

Total | 17 | 14 | 9 40 

i =~0.15 i = 0.625 il ~0.425 ¢ =02 

5 a University b ~0.0875 

Yes | No | Total 

Children Yes 80 21 101 

No 45 14 59 

Total | 125 | 35 | 160 

EXERCISE 17H I———— 

1 a 24 students b i ii 

o
=
 

N
I
H
 

R
N
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2 a b %g 8 a =0.35 b =~ 0.423 

P B S 
9 a Reason Frequency | Relative frequency 

Homework 29 =~ 0.186 

@) Social networking 43 =~ 0.276 

U Playing games 15 =~ 0.096 

2 Downloading music 69 ~ 0.442 
3 a b 2 

15 Total 156 1 
R w 

b 1 ~0.186 il ~0.558 

10 a Age 

U 2) Lessthan | 3-10 More than Total 
3 years old | years old | 10 years old 

4 1 b 1—30 Type - Automatic 9 17 9 35 

F S 13 Manual 1 7 6 14 

@ €3 Total 10 24 15 49 

0 b 1 ~0.714 ii = 0.265 ¢ = 0.257 

U 23 

49 5 a b 2 G H ¢ U 

c G 14 

M cm | (o) 
U (9 

12 13 times 

EXERCISE 171 s REVIEW SET 17B BN 

1 250 times 2 75 times 3 5000 hatchlings 1 a highly likely b 0.07 
4 < 569 hooks 2 a {red, pink, white, brown} 

5 a 80 times b 60 times ¢ 40 times d 20 times e é;fl,g(l)f),gi(}), 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75, 80, 

6 a 100times b 300 times ¢ 200 times L 
, . ) . 3 al b 1 

7 a 25times b 50times ¢ 225times d 225 times 5. 
e 75 times f 100 times 4 Choosing a whole number from 1 to 20. . 

5 a le spinner b Iz 
REVIEW SET 174 B pupes o 
1 a{abecdefighijklmnopdqnstyy,wsx, R s 

v, z}, 26 outcomes 2l e o e o o 

b {blue, white, yellow, red, black, green}, 6 outcomes 1| o e e o o 

2 a E’ is the event that Ned’s bike will nof get a puncture next > 

week. 1 2 3 4 & redspinner 

N — 

b P(E') =0.87 6 a 1% B E  bNo S+i-S#1 
I b0 ¢ 4 ai v 4 3 ag 20 3 3 9 7 = 0417 

5 a Acoin b ik : ; 
10 8 a | Year level | Frequency | Relative frequency 

T| o o e o o ii % 7 38 =~ 0.308 

H o o o o o 8 29 ~ 0.234 
N 9 57 = 0.460 

1 2 3 4 5 spinner Total 124 1 

o b 1 & il b i ~0460  ii ~0.766 
2nd spin 16 g T e 9 ano b i2=04 I £=03 ¢ 18 —0144 

7 a 7 . . 
= I35 W 5 d Use the relative frequency of students with a food allergy in 

GE==—g——1 either or both Class 8A and Class 8B. 
3l e o e o 10 a Radio station 

1] o e o o Mash | Planet | Gold | 7otal 

SEE S SR =S I 4 Under 30 | 43 14 24 81 
. ge 

1 3 5 7 1stspin Over 30 12 35 22 69 

7 a 0.03 b 0.68 ¢ 0.17 b i ~0.16 i ~0.367 Iii ~0.673 ¢ = 0.218 



486 ANSWERS 

7 
11 a b 5 

I @ S 

9 v &) 

12 a % b 12 times 

EXERCISE 18A 

1 a acensus b a sample ¢ a sample d a census 

2 a In general, people at a beach are more likely to be able to 
swim. People in other places do not get asked. 

b Could be biased since sunlight may not reach the plants 
because of the barn and so growth could be slower. 

¢ Workers in Liverpool are likely to take longer to travel to 
work than workers in the rest of England, as Liverpool is a 

large city. 

d People who live in the CBD are likely to eat out more than 

the average person. 

3 Maura’s sample is very small. 

4 a T0% preferred tea 

b The estimate is reliable as the sample is random and 
sufficiently large. 

EXERCISE 18B Emmmmmm 

1 a Could be: strawberry, lime, chocolate, banana, vanilla, 

raspberry, orange, and so on. 

b Could be: Dbicycle, car, bus, train, aeroplane, ship, and so 

on. 
¢ Could be: string, wind, brass, percussion, and so on. 

d Could be: talking, phone, email, TV, radio, and so on. 

2 a Response Tally Frequency b 13 students 

Beach [T ] 8 ¢ movies 

Movies [MIHTIII| 14 | o 4 
Park M 6 

Shopping | AT HiT |l 13 
Video games | T ||[| 9 

Total 50 

3 a 36 guests 

b England. There were more guests who lived in England than 
in any of the other countries. 

¢ 4 more guests d ~11.1% 

4 a | Cuisine Tally Frequency 

Chinese | ||| 3 

Greek | M | 6 

Indian | ||| 3 

Ttalian | AHT |{l| 9 
Thai i 4 

Total 25 

b Choice of cuisine 
10 frequency 

8 

6 % g 

ImlE Tl 
fl & | E 

0 cuisine 

Italian, Greek, Thai 

50 households 

C, brand C was the most common brand. 

d 14% 

T
 
o
 
n
 

A brand 

[=—=—1 
== 
V| 

—| 

= 
e —] 
0 2 4 6 8 1012 14 

frequency 

>
 
w
0
 
o
m
m
 

i £170000 
£80000 higher 

Food Galore 

i =~ 4479 supermarkets 

ifi & 1610 supermarkets 

i ~38% 

i = 29 children 

1500 performances 

a2 5.77% decrease 

$1307.1 million 

i =~ $92.8 million 

=~ 18.3% < 

3 
20 

ii £270000 

¢ = 24.4% lower 

g
 
o
 
T
o
 

ii ~ 617 supermarkets 

il =~ 19% 

ii a2 10 more children 

b 350 performances 

d 2012 

b 6.7% 10 ¢ teaching hospitals 

ii =~ $48.4 million 

11 

T
 

v
 
O
 
v
 
A
 
o
 
T
 
o
 

12 a = 2700 students b ~ 25.9% ¢ 2017 

13 a i ~39.2% 

il ~16.1% 

~16.1% 

Shakespeare 
~39.2% 

EXERCISE 18¢ e 

1 a numerical b categorical ¢ categorical d numerical 

e numerical {1 categorical g numerical 

2 a 37teenagers b 30 teenagers ¢ % d =~ 43.2% 

a 3 residents b 76% ¢ an outlier 

a 26 tomato plants b 5% 

< Tomato crop d no 

10 frequency 

N
 
s
 

[] [ . 
5 6 7 8 9 10 

tomatoes
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5 a | Number sold | Tally | Frequency 

8 | 1 

9 0 

10 0 

11 Il 3 

12 M 5 

13 I 3 

14 I 4 
15 M 5 

16 M 3 

17 I 2 

8 Il 2 

Total 28 

b Sales of doughnuts 

3 frequency i i 

4 

3 

2 ey 1 
(N | 

1 Il 
oln 1N I I il | 
"8 0 10 11 12 13 14 15 16 17 18 

oughnuts 

¢ =~ 42.9% d “8” is an outlier. 

6 a ° 
[} 

(] 

[} 

[ Q 

] ) 

o [ [ 

[} [} [ [ [ 

@ ° Q (] [} [ 

_© o © o o o o e 

0 1 2 3 45 6 7 8 9 10 
number of litres of milk 

b Yes, “10” is an outlier. ¢ 10% d =~36.7% 

EXERCISE 18D B 

1 a Score Tally Freguency 

70to 74 | T ||| 8 

75 t0 79 | T MM | 16 
80 to 84 | M -HT || 12 

851089 | ||| 4 

Total 40 

b 4 scores ¢ 20% d “. T5t079..” 

2 a 33 students b 80 to 89 words ¢ 5 students 

d 3 students e no 

3 a | Number of customers Tally Frequency 

T0to 79 M 7 

80 to 89 M 8 

90 to 99 M 7 

100 to 109 MM 10 
110 to 119 Pl 12 

120 to 129 T 6 

Total 50 

b Customers in a delicatessen 

12|lfrequency 
10 

8 

6 

4 

2 

0 Y70 80 90 100 110 120 130 
number of customers 

¢ 110 to 119 customers d 56% 

EXERCISE 18E B 

a 46 b 56 ¢ 3 data values d 15 data values 

a 73 b 122 ¢ 12 data values d 4 data values 

e 6.25% 

a 1989 b 1899 
2179741 2114779 

3|464305 31034456 
4] 286 Scale: 4 | 268 

51216 1|9 means 19 51126 

¢ 30to 39 

a 0| 175966948 b 0| 145667899 

1| 3424639 1|1 2334469 

2103347 2103347 
3] 20 3102 

4 Scale: 4 

5|5 1|3 means 13 5|5 

¢ highest: 55 points, lowest: 1 point d 0 to 9 points 

e 16 games f Yes, “65” is an outlier. 

a 1| 68709267544 

21134989536740532 
3| 578344312 

411931 

5| 2 Scale: 1|6 means 16 

b 1| 02445667789 

21 012333445567899 
31123344578 
411139 

512 Scale: 1|6 means 16 

¢ highest: 52 absences, lowest: 10 absences 

d 12.5% e 47.5% 

EXERCISE 18F == 

1 Mean | Median | Mode Range 

a 6 5 9 10 

b 15.4 16 18 9 

[ 10.6 10 11 14 

d | ~ 3.87 3.85 undefined 0.7 

e | ~882 8.9 8.3 4.2 

t 128 127.5 115, 127 45 

a 2.3125 bedrooms b 2 bedrooms 

¢ 2 bedrooms d 4 bedrooms 

a The range is 6. It is the difference between the largest and 
smallest shoe size. 

b 8 
¢ 8 and 8.5, these are the most common shoe sizes. 

d No, as the owner would need less of the small and large sizes.
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4 a ~$4.67 b $3.97 6 a | Grade Tally Frequency 
¢ No, each data value is different. d $12.04 HD | 1 

5 - Median | Mean D il 4 

a[ 35 3.7 C | M 8 
b 2 2.5 P T | 1 
4 44 ~41.1 F M 5 

6 72 7 11 data values 8 $1287 ] 2 
9 a 19cm b 26 cm ¢ ~17.7cm b Quantum Physics grades 

10 2,3,3,3,4,5.6,6 12y frequency 
10 

EXERCISE 183G MRS 8 

1 a2 b 2 ¢ =~ 1.89 d 3 6 

2 a | Number of occupants | Frequency b 55 cars 4 

1 9 ¢ i2and3 3 
2 15 : 0 1 - 
3 15 ii 3 HD D C P F grade 

4 11 W ~2.78 ¢ P, it was the most common grade obtained d =~ 17.2% 
5 5 iv 4 

Total 55 7 a | Satisfaction rating Tally | Frequency 

10to 19 | 1 
3 a i3 ii 3 jii =~ 2.87 iv 8 20 to 29 0 

International holidays 30 to 39 0 

40 to 49 0 

50 to 59 i 4 

60 to 69 M 5 

70 to 79 Il 3 
80 to 89 M 7 

90 to 100 MM 10 

Total 30 

number of holidays 

mean  mode, median b Customer satisfaction 
12 

4 a 90 students 10 frequency 

b 15, this is the most common age of the students participating g 
in the competition. 

¢15  d ~148 g 
¢ The median age is greater. From the graph, we can see that 4 

there is an outlier which is less than the general body of data. 2 — m 
This outlier will lower the mean more than the median. 000 20 30 40 50 60 70 80 90 100 

REVIEW SET 16A IS raiing 
1 a numerical b categorical ¢ numerical £ SOaEi00 d ~56.7% 

2 a 18 netballers b Yes, “2” is an outlier. ¢ 7 goals g a 09 
1|88 

3@ adulis d 2| 58492650387 
b 20% — 3|52493491656352 
P % 20% 25% 4|00 Scale: 3|5 means 35 

- b 0|9 
Adults 1] 88 
~236.7% A 2| 02345567889 

3112233445556699 

4100 Scale: 3|5 means 35 

& ‘8 The Gamgle docs not Gak= info aceount ([IST GiERD 9f o!der ¢ We can see the individual scores in the stem-and-leaf plot. 
students. Also, this sample only takes one location into d 31 X 20% 

account so it is not representative of all high school students. TEAS ¢ ° 
b Diners on other days and times are not represented in the 9 a $24.80 b $6.64 

sample. 10 a 206 b 10.5 
5 a 1075 billion barrels b 155 billion barrels more ¢ Patrons leaving a children’s movie are likely to be younger 

¢ ~14.4% than the average patron.
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11 a 42and5.1 b 5.1 ¢ ~5.23 d 3.2 5 a Position Tally Frequency 

12 a | Number of beverages | Tally | Frequency Striker AT AT 10 
0 M 3 Midfielder | HT-HT |||l 14 

1 gl 6 Defender | MT-HT | 11 

5 gl v Goalkeeper | M{[ 5 

3 il 3 Total 40 

4 i 4 b Midfielder, this is the most common position. 

5 | 1 2—% e Soccer positions 

6 0 d 40% b position 

7 0 _G?alkceper 

g g Defender | 

10 | 1 Midfielder | 

Total 25 Striker '[ 

0 2 4 6 8 10 12 14 
b [ 2 beverages fi 2 beverages iii 2.4 beverages frequency 

< Hot beverages d “10”is an 
8 frequency outlier 6 a | Number of calls Tally Frequency 

10 to 19 AT 6 

20 to 29 M 7 

) 30 to 39 MM I 12 

H 0 40 to 49 M 5 

0012345678910 Total 30 

median, mo de mean number of beverages b Telephone calls received 

12 frequency 
¢ The mean is most affected by the outlier because il the data 10 it 

values are used to calculate the mean. 8 

§ 8 
25 6 - 

13 a Thriller/Crime b 26% 4 I 

¢ i 400 customers ii 84 customers 2 | : 

REVIEW SET 18B Emmsmmmmms 0 0 20 30 10 50 
1 a acensus b asample number of phone calls 

2 People who visit the library are more likely to want the library ¢ 30 1to 39 phone calls d ~56.7% 

upgraded. 7 a 32kg b 91kg ¢ 55 kg d 59 kg 

3 a 28 students e 5students f 20% 

b . 8 a 419 b 0.56m 
: 4211478 

o o 43 [ 578 

e e 44 | 368 
° 82 45| 2488 
: : : 46 | 48 

o6 o o number of siblings 47| 5 Scale: 4.1|9 means 4.19 
0 1 2 3 4 

No. th Hatn values that e . 9 a1l b 85 ¢ 8.65 d 7 
4 b(:)&y oefrc:i:tr; no data values that are separate from the main | o 00 b A 55.1% 

d ~ 28.6% ' ¢ 65 - 74 years and 75 years and over 

& a 30 to 39 pages 11 a9 b = 8.47 ¢ Well above average, much fitter. 

b [ Number of pages read | Frequency ¢ ~19.2% 12 a | Number of assists | Frequency b 128 assists 

0t09 2 d 13 students 0 0 ¢ 1 2assists 
10 to 19 5 ; 150 il 3.5 assists 

20 to 29 6 3 3 lil = 3.56 assists 

Zg t(c; ig g 4 4 iv 5 assists 

50 to 59 2 5 6 
Total 26 g 8 

Total 36 
No, as we do not know the exact data values. 
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EXERCISE 19A W 

1 ayes b no ¢ no d yes e yes f no 

2 Band E 3 ACandD 

h a 10em b 98° ¢ 37.8 cm 

5 ab5cm b 53° ¢ 6cm? 

EXERCISE 19B B 

1 The equal sides are not in corresponding positions. The angle is 
included in one triangle, but not the other. 

2 a yes {SSS} b yes {RHS} 

¢ No, equal sides are not in corresponding positions. 

d yes {AAcorS} ¢ yes {AAcorS} 

f No, no equal sides. g No, insufficient information. 

h yes {SAS} 1 yes {SAS} 

j No, equal sides are not in corresponding positions. 

ke yes {AAcorS} I yes {AAcorS} 

3 C 4 Band D 

a | AABC = APQR {AAcorS} 

ii PRQ=ACB, BC=QR, and AB=PQ 
b i AJKL= AXZY {SSS} 

ii KL = XZy, KIL =zXY, and KLJ=Z¥X 
i not congruent 

d i ARST= AYXZ {SAS} 

Il RST = YXZ, TRS =2ZYX, and RS =YX 
e | AABC = AEDC {AAcorS} 

ii ABC=EDC, BC=DC, and AB =ED 
f 1 APQT = ASQR {AAcorS} 

ii PQT = SQR, PQ=SQ, and PT =SR 
g i AABC= ADFE {AAcorS} 

i BAC=FDE and BC =FE 
not congruent 

EXERCISE 19C B 

1 a In triangles ABD and CDB: 

e ADB = CBD {equal alternate angles} 

e ABD = CDB {equal alternate angles} 

e [BD] is common to both triangles 

AABD 22 ACDB  {AAcorS} 

Equating corresponding sides, AB = CD and AD = CB. 

Opposite sides of a parallelogram are equal. 

In a kite, one diagonal bisects one pair of opposite angles. 

The diagonals of a square are equal in length. 

The opposite sides of a rhombus are parallel. 

The diagonals of a rhombus bisect the angles at each vertex. 

APSM =2 ARSM  {SAS} 

i SMP = SMR = 90° 
The diagonals of a thombus bisect each other at right angles. 

7 Hint: Draw P on [AB] such that [CP] || [MX] and [NY]. Then 
show that AMAX = AACP and ACBP &2 ABNY. 

w
 
o
W
 
N
 

T
 
e
 

A
 

a
 

O
 

EXERCISE 19D HE 

1 a reduction, scale factor% b enlargement, scale factor 2 

¢ enlargement, scale factor 4 

d enlargement, scale factor 3 

e reduction, scale factor% f reduction, scale factor% 

2 a 

b T 4 

Ead 

I 
3 al<k<«l1 

1 
b Enlarge the image with scale factor 7 

4. f o2 24 TS5 g k=15 
6 3 5 

b corresponding angles are the same size; = 94%0, 55%", 30° 

EXERCISE 19E EEEENESSS 

1 a similar b not similar ¢ not similar d similar 

140 100 2 1o, 155 # 6o 100 7~ 60 

o D 

3 a true 

¢ true d false s fot . 

1y [ 1 " I 

4 a zx=87 b x~3.86 ¢ x =96 d z =127 

5 6cm 6 k=15 7 a6cem b & 
8 EF=24m 

9 a zxz=48 bz=9 ¢ =100 d z=16 

10 a . m 

- 1" - = 8 

b 

12 

& A 5 10 
5 10 

11 no 

12 Hint: The large rectangle is (y + 2z) cm by (z + 22) cm. 

EXERCISE 19F.1 IEES—— 

1 a viw=xYW {given} 

VWU = XWY {vertically opposite angles} 

b FGH = FDE {given}, angle F is common
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12 

13 

14 

16 

17 

19 

20 

21 

23 

25 

27 

1005 m 9 1 day 

E=5 H=2, 8=6 

10 13 triangles 11 36 cubes 

D B 

155 844 holes 15 

& NG 
& & & 

l)fi"-i ENE /e 

In the table below, the mass to be measured is placed on the left 
side of the scale. 

Mass (kg) Left Right 

1 - 1kg 

2 1kg 3 kg 

3 - 3 kg 

4 - 1 kg, 3 kg 

5 1 kg, 3kg 9 kg 

6 3 kg 9 kg 

7 3kg 1kg, 9kg 

8 1kg 9 kg 

9 - 9 kg 

10 - 1 kg, 9 kg 

11 1kg 3 kg, ke 

12 - 3 kg 9kg 

13 - 1 kg, 3 kg, 9kg 

18 2% = 32 ways 

a anticlockwise b 2 revolutions 

Not possible for 10, 11, 13, 14, 18, and 19. 

9 ostriches, 8 giraffes 

4 . 4 4 4 — 4+4+44 _ 4—4 
1=g¢+q 2=3+% 3="255 4= +4 
5=Axadt g iy T=444-%, 8=4+4+4-4, 
9=4+4+4% 12= (4—§)x4, 15 =4x4- % 

4xX4X4 . 4 — 4 16=24X4 17 -4x4+%, 20=(4+%) x4 

Note: Other answers are possible. 

~11.1% 22 3% minutes 

a 20 balls b 120 balls 24 1% days 

a 35 km per hour b 60 km 26 -1 

S B is located % of the 

IB distance between R and S. 

AR 

B Q 

A P 

Celine 29 14 days 30 352 = 1225 

31 

B= 

32 Adam should leave a multiple of 11 marbles on the table after 

each of his turns. 

REVIEW SET 21A I 

1 a The number is 38. b The number is 4. 

2 45 minutes 3 15 cm 

& a If x is greater than 13 and 3z + 4y = 40, then y will be 

negative. 

b 

123 [4|5|6]| 7|8 9]|10)11(12]13 

y|ot |8l |73 |7|6d|52 (43 |4[3 (2518|113 

czrz=4, y=T7, =8, y=4; and =12, y=1 

5 15 marbles 

6 al6em b 10cm 7 13 cupcakes 8 8 pm 

9 a $(z—0.80) 

b doughnuts: $1.75 each, lamingtons: 95 cents each 

¢ 26 lamingtons 

10 a If one side of the triangle is longer than 10 cm, then the sum 
of the remaining sides is at most 10 cm, which is impossible. 
Each side in a triangle must be shorter than the sum of the 
lengths of the remaining sides. 

b[Sidel(em)| 1|23 [3[4[4[5][5]5]6[6]7 
Side 2 (cm)| 10| 9 | 8 |9] 7 [8] 6 
Side 3 (em) | 10| 10| 10| 9| 10|09 10] 9|8 9|87 

-3
 

oo
 

»
 

~3
 

-3
 

¢ | equal sides: 6 cm, base: 9cm 

ii 2cm, 9 cm, 10 cm 

REVIEW SET 21B B 

1 The number is 12. 2 bracelet: $11, necklace: $22 

3 18 4 12 minutes 5 8 when a =2 and b=4 

6 10, 14, 15, 21, 22, 25, 26, 33, 34, 35, 38, 39, 46, 49, 51, 55, 
57, 58, 62, 65, 69, 74, 77, 82, 85, 86, 87, 91, 93, 94, and 95. 

7 $73 8 14 years old 9 k:xz=1:3 

10 a i z+(z—3) coins i 20z + 50(z — 3) cents 

b 1 9 20 centcoins, 6 50 cent coins ii $4.80 

11 a Dean b Ange ¢ Ange, Chad, or Eve
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INDEX 

2-dimensional grid 
24-hour time 
acute angle 
acute angled triangle 

addition 
algebra 
algebraic common factor 

algebraic flowchart 
algebraic fraction 

algebraic product 
algebraic quotient 
allied angles 
alternate angles 
angle 
angle sum of a quadrilateral 

angle sum of a triangle 
angle sum of an n-sided polygon 

angles at a point 
angles in a right angle 
angles on a straight line 
apex 
arc 
area 
arm 
average speed 

axis 
axis intercept 

base 
base angles 
BEDMAS 
biased sample 
bimodal 
capacity 

Cartesian plane 
categorical data 
categorical variable 
census 
centimetre 
centre of a circle 
century 
certain event 

chord 
circle 
circumference 

class interval 
co-interior angles 
coefficient 
collecting like terms 
collinear 
column graph 
common fraction 
complement 
complementary angles 

complementary sets 

342 
271 
161 
173 
13 
76 
91 

145 
88 
87 
88 

165 
164 
160 
184 
174 
186 
163 
163 
163 

177,254 
170 
222 
160 
325 
280 
295 

15,177 
177 
22 
365 
379 
257 
280 
367 
367 
365 
212 
170 
266 
340 
170 
170 

218,219 
374 
165 
84 
86 

160 
368, 372, 375 

48 
341 
161 
33 

composite figure 
composite number 
compound events 
concurrent 
congruent figures 

congruent triangles 
constant 

231 
17 

347 
160 
392 

396 
84 

converses of the isosceles triangle theorem 778 

converse of Pythagoras’ theorem 
coordinates 

corresponding angles 
cost price 
counting number 
cube root 
cubic centimetre 
cubic metre 

cubic millimetre 
cumulative frequency 
data 
day 
decade 
decimal number 
degree 
denominator 

density 
dependent variable 

diameter 
discount 
disjoint 
distributive law 
division 

dot plot 
element 

empty set 
enlargement 
equal fractions 

equal ratios 
equal sets 
equal sign 
equation 
equation of a straight line 
equiangular 
equilateral triangle 

evaluate 

expansion 
expansion laws 

expectation 
experimental probability 
exponent 

exponent laws 
exponent notation 
expression 
exterior angle 
exterior angle of a triangle 

427 
281 
164 
109 
12 
65 

248 
248 
248 
383 
364 
264 
266 
57 

161 
48 

327 
332 
170 
111 
34 
128 
13 

372 
30 
31 
402 
51 

306, 308 
31 
138 

84,138 
285 
404 
172 
81 
128 
123 
358 
350 
15 
119 

15,77 
25,76, 84 

174 
174
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factor 
factor pair 
factor tree 
factorisation 

factorised 
formula 

fraction 
frequency 
Fundamental Theorem of Arithmetic 

goods and services tax 
gradient 
gradient-intercept form 

Greenwich Mean Time 
hectare 
highest common factor 
horizontal bar chart 
horizontal line 
hour 
hypotenuse 
identity 
impossible event 
improper fraction 
independent events 

independent variable 
index 

infinite 
instantaneous speed 
integer 

interior angle 
intersection 

inverse operation 
irrational number 
isosceles triangle 
isosceles triangle theorem 
kilolitre 
kilometre 
kite 
length 
like terms 
line 
line segment 
litre 

loss 

lowest common multiple 
lowest terms 
marked price 

mean 
median 
megalitre 
metre 
millennium 

millilitre 
millimetre 
minute 

17 
17 
18 

132 
17 

194 
48 

350, 367 
18 
113 
288 
293 
273 
222 
19 

368 
285 
264 
420 
139 
340 
48 

348 
332 
15 
12 

325 
12 

174 
34 

142 
69 

172,177 
177 
257 
212 
182 
212 
84 
160 
160 
257 
109 
20 

51,307 
111 
378 
378 
257 
212 
266 
257 
212 
264 

mixed number 48 
modal class 374 
mode 367, 379 
multiple 20 
multiplication 13 
multiplier 104, 106 
natural number 12 
negative exponent law 126 

net 242 
number line 12, 49,57, 70 
numerator 48 
numerical data 372 

numerical variable 372 
obtuse angle 161 

obtuse angled triangle 173 
ordered pair 281 
ordered stem-and-leaf plot 376 
origin 280 
outcome 342 
outlier 372 
parallel lines 162 
parallelogram 181 
percentage 96 

percentage change 103 
percentage decrease 103 

percentage increase 103 
percentage loss 109 

percentage profit 109 
perimeter 215 
perpendicular lines 162 

pie chart - 368 
plane 170 
plane figure 170 

point 160 
polygon 172 
population 364 

power 15 
power equation 153 

prime factored form 18 
prime factorisation 18 
prime number 17 

probability 340 
product notation 76 
profit 109 
pronumeral 76 
proper fraction 48 

proportion 310 
proof by exhaustion 436 
Pythagoras’ theorem 422 
quadrant 280 
quadrilateral 181 
radius 170 

range 379 
rate 322
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ratio 
rational number 
ray 
real number 
reciprocal 

rectangle 
recurring decimal 
reduction 

reflex angle 
relative frequency 
repeated division 

revolution 
rhombus 
right angle 

right angled triangle 
rounding 

sample 
sample space 

scale 
scale diagram 
scale factor 
scalene triangle 
second 
sector 

segment 
selling price 
semi-circle 

set 
significant figures 
similar figures 

similar triangles 
simplest form 

solution 
speed 

square 
square centimetre 
square kilometre 
square metre 
square millimetre 
square root 
standard time 

statistics 
stem-and-leaf plot 
straight angle 
straight line 
subject 

subset 
substitution 
subtraction 

supplementary angles 
surface area 
tally 
tally and frequency table 
tangent 

173, 

313, 

51, 

81, 

304 

66 
160 
48 
36 

181 
67 

402 
161 

350 
18 

161 
181 

161 
420 

58 
365 
342 
376 

313 
402 
172 
264 
170 
170 
109 

170 
30 

38 
404 

408 
307 
138 

325 
182 
222 

222 
222 
222 

64 
273 
364 

376 
161 
284 

195 
31 
198 
13 

161 
242 
367 
367 
170 

tapered solid 
term 

terminating decimal 

theoretical probability 
time 
time zone 
transversal 
trapezium 

triangle 
two-way table 
union 
unitary method 
universal set 
value-added tax 

variable 
Venn diagram 

vertex 

vertical angle 
vertical line 
vertically opposite angles 

volume 
whole number 
T-axis 
z-intercept 

y-axis 
y-intercept 
year 
zero exponent law 

254 
84 
66 

343 
264 
273 
164 
182 
172 

353 
34 

101 
32 
113 

76, 84 
36 

160,172 

177 
285 
103 
248 
12 

280 
295 
280 

292 
264 
124


